MIT 6.7220/15.084 — Nonlinear Optimization (Spring ‘25) Thu, Feb 20 2025

Lecture 5
The driver of duality: Separation

Instructor: Prof. Gabriele Farina (& gfarina@mit.edu)*

In Lecture 3 we guessed the expression for the normal cone to the intersection of halfspaces.
We then saw that our guess, natural in its graphical intuition, quite surprisingly implied
immediately strong linear programming duality. In light of this, whatever proof techniques
confirms our guess for the expression of the normal cone correct, rightfully deserves our
attention, as it must encode the grain of duality.

As it turns our, the key idea behind the proof is the concept of separation.

L5.1 Separating a point from a closed convex set

An important property of any convex set € is that whenever a point y is not in 2, then we
can separate y from € using a hyperplane. In other words, flat separating surfaces are enough
for certifying that a point y ¢ Q.

Theorem L5.1. Let Q C R™ be a nonempty, closed, and convex set, and let y € R™ be a
point. If y ¢ Q, then there exist u € R", v € R such that

(u,y) <, and (u,z) >v V€.

Proof. The proof of the result rests on a very simple
idea: the direction of the halfspace will be made orthog-
onal to the line that connects y to its projection z* onto
), and the halfspace boundary will be set so that it passes
through z*. We now make the argument formal.

First, since ) is nonempty and closed, a Euclidean pro-
jection x* of y onto  exists,! as we discussed in Lecture
1. In other words, the nonlinear optimization problem

min 3z — 3

st. x e

*These notes are class material that has not undergone formal peer review. The TAs and I are grateful for
any reports of typos.

Tn fact, it is easy to prove that the projection is unique (see strict convexity, Lecture 4). However, we do
not need uniqueness for the argument that follows.
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must have at least a solution z* € Q. Furthermore, since the objective function is differ-
entiable and Q is convex, from the first-order optimality conditions (see Lecture 2) we

know that
(z*—y,z—x*) >0 VreQ.
Let now
ui=a" —y, [> this is the direction that connects y to ¥
and v := (u, z*). [> so that the halfspace boundary passes through z*]

Note that u # 0, since z* € Q but y ¢ Q. So, |u| > 0 and therefore

(u,y) = (u, 2% —u) =v— [ul <v.

(1)

Thus, to complete the proof, we now need to show that (u,z) > v for all z € Q. But this

is exactly what (1) guarantees, since u = * — y and v = (u, z*) by definition.

O

The result above might not seem like much. After all, the proof is pretty straightforward,
and the geometric intuition strong enough that one might be tempted to just take it for
granted. Instead, the consequences of the result are deep, far-reaching, and intimately tied

to some of the most significant breakthroughs in mathematical optimization theory.

Remark L5.1. The result of Theorem L5.1 holds even if we insist on only having strict
inequalities, that is (u,y) < v and (u,z) > v for all z € Q. We can see this in two ways:
e Graphically, in the proof we could have chosen v so that the halfspace would pass

through the midpoint of the line connecting y and z*.

e Algebraically, let u,v be as in Theorem L5.1. We will show that we can always
perturb v to make both inequalities hold strictly. The key is the observation that

1 1 1
<u7y> = §<u)y> + §<u7y> < 5(1)4— <u7y>)
() 2v=g0+0)> 0+ (wy) Vren

Hence, in both cases we have that the scalar v' := (v + (u, y)) satisfies (u,y) < v/,

(u,z) > v for all z € Q.

L5.1.1 Separating a point from a convex cone

Before we prove the expression for the normal cone at the intersection of halfspaces, we will
find it helpful to use the following corollary of separation for convex cones. A cone is a set
with the property that the ray {\-z: X > 0} generated by any point z in the set is fully

contained in the set.

Definition L5.1 (Cone). A set S is a cone if, for any z € S and A € Ry, the point A -

x€S.
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Convex cones are among the simplest convex sets, and they appear all the time in optimiza-
tion theory.? In particular, in the next theorem we show that separation of a point from a
nonempty closed convex cone can always be achieved using a hyperplane passing through

the origin.

Theorem L5.2. Let S C R™ be a nonempty closed convex cone, and y ¢ S be a point in
R™. Then, there exists a hyperplane passing through the origin that separates y from S;
formally, there exists u € R™ such that

(u,y) <0 and (u,z) >0 Vze€S.

Proof. We already know from Theorem L5.1 that there exist u € R™, v € R such that
(u,y) <v and (u,z) >v Vz €S. (2)

Consider any point a € S. By definition of cone, A-a € S for all A > 0. Thus, the separa-
tion condition on the right in (2) implies that v < A (u,a) for all A > 0. In particular,
by plugging A = 0, we find that v <0, yielding (u,y) < 0. Furthermore, dividing by A we
find that

<

YA >0 = (u,a) > sup — =0.

u,a) >
< > >\—>00>\

>

Since a € S was arbitrary, the statement follows. O

L5.2 A second look at the normal cone of linear constraints

In Lecture 3, we considered normal cones at the intersection
of halfspaces. On that occasion, we drew a picture and were
convinced that the normal cone at a point at the intersection of
halfspaces was given by the conic hull of the directions orthogonal
to those halfspaces (see the figure on the right).

This led to the following guess, which was left unproven.

Theorem L5.3. Let 2 C R™ be defined as the intersection of m linear inequalities
— o] —
Q:={zeR": Az < b}, where A= : e R™™ beR™.
— al —

Given a point z € Q, define the index set of the “active” constraints

I(z) := {j e{l,..,m}: aJTa: = bj}.

2Hiriart-Urruty, J.-B., & Lemaréchal, C. [HLO1], referring to convex cones, write: “they are important in
convex analysis (the “unilateral” realm of inequalities), just as subspaces are important in linear analysis (the
“bilateral” realm of equalities)”.
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Then, the normal cone at any z € §2 is given by

{Z Aja; i A >o}:{ATA:AT(b—Ax)zo,AeR’gO

gel(

where the second equality rewrites the condition j € I(z) via the complementary slack-
ness (see Lecture 3).

We now give the proof of the above result. We will do that by invoking the machinery of
separation to argue that a direction outside of the normal cone must form an acute angle
with at least one direction that remains in the feasible set €.

Proof of Theorem L5.3. Fix any x € () and let

{j; WIS >0}

We will show that Ny (x) = C(x) by proving the two directions of inclusion separately.
e We start by showing that any d € €(x) belongs to Ny (), that is,

(d,y—z) <0 forall y € Q.

Let d be expressed as Zjd(m) Aja; with A; > 0. Then, for any y € Q,

<Z A,y — >= Z Aaj,y —

JeI( jel(z

Z )\ aj, y —b; ) (by definition of I(z), <aj,x> =b;)

jel(z

Z)\ (b; —b;) (since y € Q and A; > 0)
jel(x

This shows that d € Ny (x) and concludes the proof of this direction of the inclusion.

e We now look at the other direction. Take any d ¢ C(x). Since € is a nonempty
closed convex cone [> you should verify this claim], by the conic separation result of
Theorem L5.2, there must exist u € R™ such that

(u,d) <0, and (u,a) >0 VaeC(z). (3)

We argue that for § > 0 small enough, the point y := x — ¢ - u belongs to Q. We do
so by showing that it satisfies all the inequalities aTx < b, that define
» if j € I(z), then (a;,z —6-u) =b;—6 - <a],u> < b; since (a;,u) >0 by (3).
» if j ¢ I(x), then b; — (aj, x) > 0. By continuity, small enough perturbations of
z, in any direction, will not affect the strict inequality.

Thus, the direction ¢ - u remains inside of €2 starting from xz. We now argue that it
forms a strictly positive inner product with d. Indeed, note that from (3)

(dyy—z)={(d,—0-u) =—6-(d,u) > 0.
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This shows that d ¢ C(x) = d ¢ Ny (x), completing the proof. 0O

L5.3 Separation oracles

The result established in Theorem L5.1 justifies the following definition.

Definition L5.2 ((Strong) separation oracle). Let 2 C R™ be convex and closed. A strong
separation oracle for Q is an algorithm that, given any point y € R™, correctly outputs
one of the following:

o (Ly E Q”’ or
o “(y ¢ Q,u)”, where the vector u € R™ is such that

(u,y) < (u,x) YV e Q.

L5.3.1 Finding separating hyperplanes in practice

Theorem L5.1 guarantees the existence of a separating hyperplane. In many problems of
interest, constructing a separation oracle is simple.

Example L5.1 (Separation oracle for a convex polytope). Let © be a convex polytope,
that is, the convex set defined by the intersection of a finite number of halfspaces (linear
inequalities)
— o] —
Q:={xeR": Az < b}, where A= g e R™*" b e R™.
— a], —

Then, given a point y € R™, we can implement a separation oracle as follows:

o if Ay < b, return “y € Q7

o else, at least one of the inequalities a]Ty <b;, j€ {1,...,m} is violated. In other

words, there exists j such that a;y > b;, while by definition of €2, a;-rm < b, for all
. This shows that the response “(y ¢ Q,—a;)” is a valid response.

Remark L5.2. Example L5.1 shows that whenever we have a finite number m of inequali-
ties, a separation oracle for the polytope defined by those inequalities can be implemented
in time that depends linearly on m and the dimension of the embedding space. This
result establishes a blanket guarantee, but in some cases, one can do better: depending on
the structure of the inequalities, sometimes one can get away with sublinear complexity
in m. In some cases, one might be able to construct an efficient separation oracle even
for polytopes that have an infinite number of inequalities!

We proceed with another classic example of a feasible set that admits a simple separation

oracle.
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Example L5.2 (Separation oracle for the semidefinite cone). Let Q = {M € R™*" : M »
0} be the set of semidefinite matrices, that is, all symmetric matrices such that v Mv >
0 for all v € R™—or, equivalently, such that all of M’s eigenvalues are nonnegative.

Then, given a point Y € R™ ", we can implement a separation oracle as follows:

o if Y is not symmetric, then there exist i,j € {1,...,n} such that Y¥;; <Y};; return

iz
“(Y ¢ Q,E;; — E;;)”, where E,; is the matrix of all zeros, except in position 4, j

where it has a 1.

e else, if Y is symmetric, we can compute all of its eigenvalues and eigenvectors. If
one eigenvalue is negative, then the corresponding eigenvector w must be such that
w'Yw = (Y,ww") < 0. Hence, return “(Y ¢ Q,ww')”.

e otherwise, return “Y € Q7.

As we show next, a fundamental result in optimization theory reveals that under mild
hypotheses, if the feasible set admits an efficient separation oracle and the objective function
is convex, then the solution can be computed efficiently.

L5.4 Optimization via separation

In a major breakthrough in mathematical optimization, Khachiyan, L. G. [Kha80] proposed
a polynomial-time algorithm for using separation oracles to find the minimum of a linear
function. The algorithm, which goes under the name of ellipsoid method is actually more
general, and applies to general convex objectives on sets for which separation oracles are
available. The result builds on top of previous work by Sor, N. Z. [Sor77] and Yudin, D. B.,
& Nemirovskii, A. S. [YN76].

In particular, Khachiyan’s result was the first to show that linear programming problems
can be solved in polynomial time. This was an unexpected result at the time, and in fact, the
complexity of linear programming solvers was conjectured to be not polynomial (more on
this in the next section). The result of Khachiyan stirred so much enthusiasm in the research
community that the New York Times even advertised it on its first page.

Despite the enthusiasm, the ellipsoid method turned out to be very impractical. Still, it is a
great theoretical idea, and its consequences are pervasive.

L5.4.1 The intuition behind the ellipsoid method

Formalizing the details of the ellipsoid method is rather complex. A major source of difficulty
is the fact that the algorithm needs to approximate square roots using fractions to be
implementable on a finite-precision machine, and that causes all sorts of tricky analyses
that the approximation error can indeed be kept under control. These details are certainly
important, but are notoriously tedious, and fundamentally they are just that, details. If you
are curious to read a formal account, I recommend the authoritative book by Grotschel, M.,
Lovész, L., & Schrijver, A. [GLS93]. For this lecture, we just focus on the idea behind the
ellipsoid method.
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Weathe:: Mostly sunny, cool today;
dlear, cd tonight. Suany omorrow.
Tempenure, rge todey 435
yestrdey 44.56. Desaia on page A28

VOL.CXXIX .. No.44,394

NEW YORK, WEDNESDAY, NOVEMBER 7, 1979

certseyund s e
b ey e

1 e New Yok Cte

25 CENTS

Similar Transportation Bond Issues
Are Passed in New York and Jersey

Con Ed Tak: Action | D in Kentuck
Fails in Westch — | and Mississippi Victors
Simon Wins in Bronx in Races for Governor
By FRANK LYNN ByADAM CLYMER
Voters approved mass transportation| Democrats overcame stiff I‘(Wullkzn

bond issues yesterday in New York and
New Jersey, while rejectingg a state col-
lege building bond issue
at least two constitutional amend.
ments in New York.
In Westchester County, voters rejected
a potential county takeover of the Con-|
soldated Edison Company's lectrical
disiribution system. [Page
In contests for public umce‘ Borough|
President Stanley Simon of the Bronx, a|
Democrat, and Peter F. Cohalan, the Re.
publican candidate for Suffolk County|
[Exacutive,

e in New Jersey| day

challenges and held onto the gove
ships in Kentacly and Mimissippl yzslen

CARTER SAID T0 ASK
FOR LOYALTY CHECK
OF AIDES ON POLITICS

Ouster Implied for Those Unwilling
to Help His Drive — Strauss
to Head Re-election Unit

ByT)

-ngry yuung Democratic Mayur. Do

e Kenuuky and Mississippi results
signified that a national Republican
resurgence, seena year ago in a net gain

of six 300 legisative

Spocal o The New York Times
WASHINGTON, Nov. ident
Carter instructed his Cabinet officers last
night o check the political *dependabil-
ity” of their subordinates and strongly
prepared

seats, had been checked. The Republi-

cans, looking tovard next year's Presi-
tial r ned has

thetw governorships hecause President

Simon Getting 55% of Vote

167, He won hen with ‘major helpfrom
Democratic Governors who were ireligi-

be dimissed, White House seurces sald

“The Presiden, at a biuntly political
dinner in the family dining room of the
White House last night, said that he ex-
pected all the political appoiatees in his

]

M
Simon was pollng 55 percentof the vote,

!oeph L Galiber,an nd

lependent, were
neck r second place with
b 17p pemenl cachne potential em-
barrassment for the Conservative Part

the Right t0 Life Pary candidate, Ie

o be “actively engaged
ough Mr. Carter did

Cleveland

h
i1,
mnyur-x rece andthe cny Hall vicory in

not explicitly say e those unwiling to

Wiliam 3. Green , were the

key races in scattered off-year elections | 53
that included contests for several other
majr clty halls nd ballot peopodtions
returnable tottles

Conservative, Terrence J. Dwyer.
Ir Suffolk County, Mr. Cohalan, who
hac defeated the Republican incumbent,
County Executive John V. N. Klein, in the|
Republican primary on Sept. 11, was de-
feating his Democratic opponent, Dr.
Martin J. Feldman, by a margin of better,
than2 10 L and wes eading a Republicas
sweep in the count
In three other ngnmum contests, Dis-
trict Attorney Thomas R. Sullivan was|
‘wirning re-election on Staten island, Eriel
County Executive Edward J. Rutkowski,
a Republican serving an interim term,|

Page B4, Column 4

i,
Brown Wins in Kentucky
In Kentucky, John Y. Brown Jr.,a vet-

eran Democratic fund-raiser makiag his | Pans

tirst run for public office, beat former
Gov. Loule B, Mums, wha hnd waged
hard personal campaign against hi
Mr. Brown cu into his opponent’s
strength in Republican areas and rolled
up heavy majorities in Democratic re-
gions of the state.

In Mississippi, William Winter, a
Democratic former Lieutenant Gover-
nor, defeated Gil Carmichael, a Meridian|

C , Column1

F.A.A. Seeks Fine of $1.5 Million
For ‘Unairworthy’ Braniff Flights

By RICHAR

The Federal Aviation Administration
moved yostrday to lupose  record fine
f $1.5 million against Braniff Interna-

tiomai Airways for conducting hundreds
of fights with planes that were allegedly.
“nasicemesy

said that the violations, in
n.ms o Bocing 147 Jombojes a3 welas

D WITKIN

tions they might have about any alieged
discrepancies.”

Braniff, which operates a vast dames-
tic network and flights to Europe, Asia
and South America, has one o the best

records in the industry. Mr Cox
Said the Tast majrrr accident was the 1963
crast British-made BAC 1-11. The

lanes, “aj

pear to reflect a basic pattern of continu-

ing disrega aircraft-maintenance

rules by the management of the Texas-
based carrier.

Specifically, Branitt was accused of
using “improper and unapproved main-
tenasce procedures,of operatng planes
that had not been given the required in- |
pections and of fallng 10 keep adequate

heed Electra turboprop planes abcut a

\decade earlier.

‘The airline has 20 days to file a formal
answer to the 16 pages of accusationsthat
form the basis of t :x.s mil-

e dinner
puess " That was i whote e

T aniie development, Robert

mittee. The White House announced ths
S0l M. Linowitz, whohelped negotite the
treaties, would replace
MrStrauss inthe Middle Eastpost.
Political Atmosphere Reflected

‘The White House dinner last night was
the first full-scale discussion of Mr. Car-
ter's forthcoming camy

President has held with his Cabinet and
top members of his staff, and it reflected
the atensely politca

gripped the Carter White Eouse inai
ucipuien of the challenge for the Demo-
cratic Presidential_nomination from
Senator Edward M. Kennedy, who plars
o announce his candidacy frmally in
Boston tomorrow.

Mr. Carter accepted an invitation to
garticipate in a foint appearance with
Senator t an ““open forus
Des Moines in January. The Des Moines
Register and Tribune, sponsor of the
forum, said that Mr. Kennedy had also

] Presidents_acceptance
nmy sppeared to be an effrt to pre-
Mr. . who is reportedly
plansing io dnlllen;e M, Carter tomor.
rowto re the primaries.
nthe lowa lnmm. Mr Carter and Mr.
will charo'a platform and an-
v questions from & panel o reporters
and editors and from the pubiic. James
Gannon, the newspaper's executive edi-
tor, said that Gov. Edmund G. Brown Jr.
alifornia was not being invited to join

IRAN’S CIVIL GOVERNMENT OUT;
HOSTAGES FACE DEATH THREAT;
OIL EXPORTS BELIEVED HALTED

Unlied Pres nterations!
In Teheran, a demonstrator held up pictures with the faces of President Car-

STUDENTS WARN U.S.

Ayatollah Instructs Secret
Revolutionary Council
to Form a Cabinet

By JOHN KIFNER
SpeattoTheNew Yora T
HERAN, Iran, Nov. 6 — Prime
Minister Mehdi Bazargan's provisional
revolutionary  Government _ dissolved
today, conceding power to the Islamic au.
thority of Ayatoliah Ruhollah Khomeini.

‘The United States had been counting on
Mr. Bazargan's Government to insure
the safety of 60 or so American hostages
seized Sundzy at the American Embassy.
‘The Government's abrupt collapse, after
‘months of frustration and impotence, ap-
peared to farther dampen the already
dim hopes for a ncgotiated relcase of the
hostages.

Militant Islamic students holding the
embassy said today that they would kill
the hostages if the Uit
military force in a rescue attempt. The
sutents ary demanting that the Urkted
Mohammed Riza
dergoing medical

t

nm me riyiay would mmuauy [

an religious authorities.
Kna at the United Nations,  Patestine
Liberation Organization spokesman
said that Yasir Arafat, head of the

the Americans” and others held hos-
tage. Page Al4.]

Main Iran Oil Port Reported Closed
And Prices of Spot Petroleum Soar

By ANTHONY J. PARISI

Iran was reported yesterday to have
stopped loading all oil tankers at the
country’s major port at Kharg Island in
the

Iranian demand that the United States re-

Councils

AcceptingMr. Bazargan's resignation,
Ayatollah Knomeini ordered the Revolu-
tionary Council, whose membership is se-
cret but is believed to consist of Islamic
leaders, to take over the government
‘The political change appeared to mark
break between the Western-oriented in-
tellctuals, who opposed the Shah and
hoped 17 establish a parliamentary
the Is-

Later yesterday, the State Department
saidit

Tarmlc Cirgy, determmined o impove the

of
the forum
serious campaign in
Democeatc cacuses on Jan. 31 will b =

lion fine. But oftea ne-

gotiated. Ultimasely, the Fedenl agency

e the issue to:
*The proposed penalt fes are about our

Continued on Page A25, Column3

“The switch to Mr. Strauss, a l-year-old
former chairman of the Demacratic Na-
tional Committee, as head of tne Carter-

, and oi
the spot market as a result. The report,
which stemmed from oil industry
sources, was later circulated by the Cen-
tral Intelligence Agency, the State De-
partment and White House aides

Continued on Page A19, Column |

The hether
the reported action was connected to the

in Iran to start withdrawing American
employees. Earlier, many had said they
were ot planning (0 do so. [Page D1.]
‘Because almost all of Iran’s oil leaves
the counts Island, a stoppage
there would all but halt Iranian oil ex-
ports. That, according to oil experts in-
terviewed yesterday, would soon put con-

Since the deposing of the Shah In mid.

February, real power here has been cor
centrated inthe person of Ayatollah Kho-
meini, the vhite-bearded ascetic of the
Shilte branch of Islam who emerged from
15 years in exile to become the symbol of
the Iranian revolution.

Since they assumed their offices in Te-
heran's im buildings,

A Braniff spokesman, Jere L. Cox, said
that the company felt it gave its fleet the
flnes and chont meticulus’ carwal azy

auru the
were “not in context

-mn me Sacts and voiced confidence
‘would be able to “satisfy any ques-

Interior Dept. Assailed
On Missing a Deadline
For Species Protection

By PHILIP SHABECOFF
Specialto The New YorkTimes

WASHINGTON, Nov. 6 — To the dis-
may and anger of environmentalists,
abott 1,700 plants and a hundred animals
are being dropped from consideration for
protection as endangered species be-
cause a deadline Congress set a year ago
for Interior Department action is about to
pass.

Department officials say that they
have no choice. Last Nov. 10, President
Care sgned amendments o he Endan:

pocies Act requiring, among other
hins, hat i species had been pro.
r protection and the agency had

ot scted on 1t 1o two years or more, the
agercy then had one year to place it on
the endangered or threstened sptc\:s list

" That year I up neat Monday, and the

President Carter after announcing that Robert S, Strauss, right,
Cyrus R. Vance and Sol M. Linowitz,

“The New York Tincs/ Teresa Zabala
At

g s in the same s
faced this time last year, when Iranian
peoductionfics akered
in spot market oil prices
negnn early in the day, after reports that

North Sea contract prices. [P-ge D5}
tion turned int some in

the lawyers and other specialisis Who
served in Mr. Bazargan'

had been overshadowed
whogathersd, s,
around Ayaeliah Khomeini n the dusty

. | halycityof Gum.

*“You are weak, old man,” the Ayatol-
lah chided Mr. znrg.an carly on. The
friction was zargan

const
po-espelli iRy o

Continued on Page DS, calumn 3

Continued on Page Al4, Column 4

Energy Dept. Accuses 9 Refiners
Of $1.18 Billion Oil Overcharges

By RICHARD D, LYONS
Jalto The New

WASHINGTON, Nov. 6 — Department
of Energy investigators announced today
the filing of formal charges against nine
major oll refiners, accusing them of hav-
ing overcharged the public by $1.1 bil-

lion from 1973to
Morsover, dministration_oficials
said the investigation of refiner over.
Charaing times e 1015 Aret Sniares
might eventually result In. allegations
that consumers paid up to 525 billon (00
h h for petroleu products in the last

six
& general, spokesmen for the nine
[

e position that the alle-
gations were both unwarranted and in-

Ener Department

By investigators
previously charged 15

major_refiners

with having overchnrgm by $6.4 billion
from 197 through

s the lurgesl legal offensive and
counisrolieaive i the bistory, of the

Continued on Page DS, Column 4

INSIDE

$25,000 Scotto Gift Cited
A dock unkn offcal teetted that Ao-
M. Scotto gave him a $25,000 cash

agercy has met the amendment

they would have

contelbotlor sk year for. Governor
Cart age

ly 37 species.
Snall Darter vs. a Dam
ed environmentalists, warning
that many of the species being droj
‘may face extinction, charge that bureau-|
cratic slowness and ineptitude are the|
losiny

A Soviet Discovery Rocks World of Mathematics

to study the charges, none conceded that
the Federal allegations were correct.

e specilc complaints, lstng the al-
echnically

By MALCOLM W. BROWNE
A surbrise dscovery by an
Soviet as mcked the

oot prodictian

rial proc roleum relining, the
St of worwers at arge facire,

‘The Russian discovery offers a way by
which the: number in @ solution

any chance of protection.

The Endangered Species Act has gen-|
erated controversy since it was passed in
1973. The most recent political turmoill
surrounding the law was the battle over|
the snail darter, an endangered three-

Continued on Page B7, Column 1

vorld of mathematis. an
analysis, and experts have begun plect
ing its practical applications.
Mathematicus describe the dhcor-
ery by hachian as a method
which cnmpmen can find gunurl:ed

secret

"1 have been deluged with calls from
virtually every department of
men for an interpretation of the Sgnif.

| cance of this,” a leading expert on com.
puter methods, Dr. George B. Dantzig of [requl

solutions to a class of very

rm. |quickly whether a problen

ca rediced. It also of-
fers the mathematician away of learning
has a solution
or not, without having to complete the en-
tire immense computation that may be

red.
According to the American journal Sci-

as notices of pvwable Vilation, were
issued today against the Mobil Oil Corpo-
ration, $274.7 million; the Sh

pany, '$211.6 million;
Company (Ohio), $179 million; the Sun
Company, $129.7 million; Chevron USA, a
subsidiary of the Standard Oil Company
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The idea behind the ellipsoid method is rather elegant. At its core, it is a generalization of
binary search from one dimension to multiple dimensions. At every iteration of the algorithm,
the space is “cut” by using a separating hyperplane.

m Feasibility. To build intuition, ignore for now the objective function, and consider the
following problem: given a separation oracle for Q (closed and convex), either find z € Q, or
determine that € is empty. You are given two radiuses:
o the radius R > 0 guarantees that if  is not empty, then Q N Bx(0) # 0;
e the radius r > 0 guarantees that if € is not empty, then it contains a ball of radius r
in its interior.

If this problem were one-dimensional, then € would be either empty or an interval, and a
separation oracle would be an algorithm that, given any y € R, would return whether y € €,
or one of the statements “y is too small” / “y is too large”. Solving the problem now appears
easy: start from the interval [— R, R], and perform a binary search using the separation oracle
to guide the search. Once the size of the search interval drops below r, we know that 2
is empty.

The ellipsoid method generalizes this idea to multiple dimensions. At every iteration, it keeps
track of a “search space” (the generalization of the search interval above). Then, it queries
the separation oracle for the center ¢, of this search space. If the point does not belong to (2,
and the separation oracle returns the separating direction u € R™, then the search space is
cut by considering now only the subset of the search space that intersects {z € R™ : (u,z —
¢,) > 0}. The process continues until the volume of the search space becomes smaller than
the radius r. The reason why this method is called the “ellipsoid method” is that the search
space in the multi-dimensional case is not kept in the form of an interval, but rather as an
ellipsoid. This is mostly for computational reasons, since we need to have an internal way of
representing the search domain that is convenient to use.

m Incorporating the objective. The above idea can be extended to incorporate an objective
function f(z). To do that, we will need to start cutting not only the search ellipsoid, but also
the feasible set to make sure we end up at the optimum. In other words, you can think of this
extended ellipsoid method as having “two modes”: while it has not found a feasible point in
Q, it cuts the search ellipsoid; then, once feasible points are found, it cuts the feasible set to
exclude all values above the current value.

o Initialize at time t =1 with the starting point y; := 0 € R", starting ellipsoid & :=
Bx(0), and starting feasible set £, := Q.

o At each time ¢, we ask a separation oracle for {2, whether the center ¢, € R™ of the
search ellipsoid &, belongs to 2, or not.? There are only two cases:

» If the center ¢, is not feasible, then set Q, , := €};, and cut the search space by
setting &, to an ellipsoid that contains the intersection between & and the
halfspace containing {2, returned by the separation oracle.

3There is a caveat here: technically, we are assuming as given a separation oracle for €2, not Q,. Yet, because
Q, is obtained from Q by intersecting with halfspaces, it is easy to see that one separation oracle for Q, can
be constructed efficiently starting from that for € and the description of the intersected hyperplanes. Try
working out the details!
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» If the center ¢, is feasible, then we know for sure that all points x € €, such
that (Vf(c,),z — ¢,) > 0 are such that f(x) > f(c,). This follows trivially from the
linear lower bound property of convex functions (Theorem 14.1 of Lecture 4):

(Vf(e)),z—¢;) >0 = f(@) > fle,) +(Vfle),x—c) > fley)-

Hence, we can cut both the search ellipsoid &, and the feasible set 2, by consid-
ering their intersection with the halfspace H, := {z € R" : (Vf(¢;),x —¢;) < 0}.In
particular, we set Q, ; := Q, N H,, and set &, ; to a smaller ellipsoid that contains
& N H,.

» Finally, after the volume of the search ellipsoid has gotten sufficiently small (this
happens after T = O(n?) log(R/r) iterations), we output the following:
— If we never encountered a center ¢, that was feasible, then we report that
was infeasible.
— Else, we output the ¢, that minimizes f, out of those that were feasible.

Assuming that we can ignore all sorts of tedious rounding issues, the following guarantee can
be shown [Gup20].

Theorem L5.4. Let R and r be as above, and let the range of the function f on
Q be bounded by [—B, B]. Then, the ellipsoid method described above run for T >
2n? log(R/r) steps either correctly reports that Q = (), or produces a point x* such that

2BR T

o (‘m

f&®) < fla) + ) o

L5.4.2 Takeaway message: Separation implies optimization

If you squint your eyes, what the ellipsoid method proves constructively is the following: if
we know how to construct a separation oracle for a set €2, then we can optimize over 2. Of
course, this is a bit of a simplification (and there are all sorts of little conditions here and
there as we have seen above), but nonetheless it is a good first approximation of the general
message.

In a later lecture, we will discuss how the opposite direction is also known to be true, even
when by “optimization” we simply mean optimization of linear objective functions.

Further readings and bibliography

If you want to read more about the ellipsoid method, the book by Grotschel, M., Lovasz, L.,
& Schrijver, A. [GLS93] is a standard and accessible reference on the topic. The bound on
the approximation error incurred by the ellipsoid method was taken from Gupta, A. [Gup20].

[HLO1] Hiriart-Urruty, J.-B., & Lemaréchal, C. (2001). Fundamentals of Convezr Analysis.
Springer. https://link.springer.com/book/10.1007/978-3-642-56468-0
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[Kha80] Khachiyan, L. G. (1980). Polynomial algorithms in linear programming. USSR
Computational Mathematics and Mathematical Physics, 20(1), 53-72.

[Sor77]  Sor, N. Z. (1977). Cut-off method with space extension in convex programming
problems. Cybernetics, 13(1), 94-96.

[YN76] Yudin, D. B., & Nemirovskii, A. S. (1976). Informational complexity and efficient
methods for the solution of convex extremal problems. Matekon, 13(2), 22—45.

[GLS93] Grotschel, M., Lovész, L., & Schrijver, A. (1993). Geometric Algorithms and
Combinatorial Optimization. Springer. https://link.springer.com/book/10.1007/
978-3-642-78240-4

[Gup20] Gupta, A. (2020). The Centroid and FEllipsoid Algorithms. https://www.cs.cmu.
edu/~15850/notes/lec2l.pdf

Changelog
e Feb 20, 2025: Added Remark L5.1 and edited Definition L5.2.
* Feb 24, 2025: Changed compact — closed in Definition L5.2. (Thanks https://piazza.
com/class/m6lg9aspoutda/post/m7jzmkp7jyvexd)
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