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Chapter 1

Introduction

Engineering design and optimization require not only understanding of the principles of
physics, but also application of necessary mathematical tools. Mathematically, many
components/systems and processes in applied science and engineering are modeled by
partial differential equations that describe the underlying physics. Typically, the quan-
tity of primary importance is not the full field variable, but rather certain selected outputs
defined as functionals of the field variable. Typical outputs include energies, and forces,
critical stresses or strains, flowrates or pressure drops, temperature, and flux. These out-
puts are functions of system parameters, or inputs, that serve to identify a particular con-
figuration of the component or system; these inputs typically reflect geometry, properties,
and boundary conditions and loads. The input-output relationship thus encapsulates the
behavior relevant to the desired engineering context. However, its evaluation demands
solution of the underlying partial differential equation (PDE). Engineering design and
optimization typically require thousands of input-output evaluations in real-time.
Virtually all classical numerical approaches (e.g., FEM/FDM/BEM etc.) consider
effectively “dense” approximation subspaces for the underlying PDE: the computational
time for a particular input is thus typically very long despite continuing advances in
computer speeds and hardware capabilities. An implication of this is that: we can not
address many in-operation/in-service applications in engineering design, operations, and
analysis that require either real-time response or simply many queries; and hence we
can not perform adaptive design and optimization of components or systems, robust

parameter estimation of properties and state, or control of missions and processes.



A goal of this thesis is to remedy this deficiency and specifically to develop a com-
putational approach that can provide output predictions that are certifiably as good as
the classical truth approximations but literally several order of magnitude less expensive.
Another goal of this thesis is to apply the approach for numerical analysis of inverse
problems in engineering and science with special emphasis on real-time capability and

robust handling of uncertainty.

1.1 Problem Definition

1.1.1 Forward Problems

We consider the “exact” (superscript e) forward problem: Given u € D C RP, we
evaluate s®(u) = f(u®(p)), where u®(p) satisfies the weak form of the p-parametrized
PDE, a(u®(p),v;p) = f(v), Yv € X° Here p and D are the input and (closed) input
domain, respectively; s°(u) is the output of interest; u®(u;x) is our field variable; X¢ is
a Hilbert space defined over the physical domain Q C R? with inner product (w,v)xe
and associated norm ||w||xe = \/(w, w)xe; and a(-,-; 1) and f(-), €(-) are X°-continuous
bilinear and linear functionals, respectively.

It should be emphasized that the evaluation of input-output relationship demands
solution of the parametrized PDE. In general, the PDEs are not analytically solvable,
rather a classical approach like the finite element method is used to seek a weak-form
solution. We henceforth introduce X C X°¢ a “truth” finite element approximation
space of dimension N. Our finite element approximation of the exact problem can then

be stated as: given p € D, find

() = Llulp)) | (1.1)

where u(u) € X satisfies a discrete weak formulation

alulp),vip) = F(v), VoeX . (1.2)

We assume that X is sufficiently rich that u(u) (respectively, s(u)) is sufficiently close to



u®(p) (respectively, s¢(u)) for all p in the (closed) parameter domain D. The dimension
N required to satisfy this condition — even with the application of appropriate (and even
parameter-dependent) adaptive mesh generation/refinement strategies — is typically very
large, and in particular much too large to provide real-time response in the design and
optimization contexts. We shall also assume that the forward problem is strictly well-
posed in the sense of Hadamard, i.e., it has a unique solution that depends continuously

on data.

1.1.2 Inverse Problems

In inverse problems we are concerned with predicting the unknown parameters from
the measured-observable outputs. In the context of inverse problems, our input has
two components, u = (v,0), where v € D" is characteristic-system parameter and o
is experimental control variable. The inverse problems involve determining the true but
unknown parameter v* from noise-free measurements {s(v*, o), 1 < k < K}. In practice,
due to the presence of noise in measurement the experimental data is given in the form

of intervals

T (€exp, Ok) = [S(V", 01) — €oxp |S(V", 08)|, S(V*, 0k) + €exp |V, 0%)|] s E=1,..., K ; (1.3)

where €qyp, is the error in measurement.
Our inverse problem formulation is thus: given experimental data Z(eexp,0%), k =
1,..., K, we wish to determine the region P € D" in which the unknown parameter v*

must reside. Towards this end, we define

P={veDs(v,ok) € L(€exp, k), 1 <k < K} (1.4)

where s(v,0) is determined by (1.1) and (1.2). Geometrically, the inverse problem for-
mulation can be interpreted as: find a region in parameter space such that every point
in this region has its image exactly in the given data set.

Unfortunately, the realization of P requires many queries of s(v, o), which in turn

necessitates repeated solutions of the underlying PDE. Instead, we shall construct a



bounded “possibility region” R such that P C R. The important point is that R can
be constructed as suitably small as P but very inexpensively (see Section 1.2.4 for the

definition of R and Chapter 8 for the inverse computational method for constructing R).

1.2 A Motivational Example

The primary focus of this thesis is on: (1) the development of real-time methods for
accurate and reliable solution of the forward problems, (2) robust parameter estimation
methods for very fast solution region of inverse problems characterized by parametrized
PDEs, and (3) application of (1) and (2) to the adaptive design and robust optimization of
engineering components or systems. To demonstrate the various aspects of the methods
and illustrates the contexts in which we develop them, we consider a simple inverse
scattering problem relevant to the detection of an elliptical “mine” [30, 35] and present
some indicative results obtained by using the methods.

Before proceeding, we need to clarify our notation used in this section (and in much
of the thesis). In the following subsection, we use a tilde for those variables depending
on the spatial coordinates to indicate that the problem is being formulated over the orig-
inal domain. Since the original domain is usually parameter-dependent, in our actual
implementation, we do not solve the problem directly on the original domain, but refor-
mulate it in terms of a fixed reference domain via a continuous geometric mapping (see
Section 10.2 for further detail). In the reference domain, the corresponding variables and

weak formulation will bear no tilde.

1.2.1 Problem Description

We consider the scattering of a time harmonic acoustic incident wave (pressure field) " of
frequency w by a bounded object D in n—dimensional space R™ (n = 2,3) having constant
density pp and constant sound speed cp. We assume that the object D is situated in a
homogeneous isotropic medium with density p and sound speed c¢. The incident field is a

plane wave

@t (3) = ehd, (1.5)
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Figure 1-1: Schematic of the model inverse scattering problem: the incident field is a
plane wave interacting with the object, which in turn produces the scattered field and its
far field pattern.

where the wave number £k is given by k& = w/c, and d is the direction of the incident field.
Let u be the scattered wave of the sound-hard object (i.e., pp/p — o) then the total

field @' = @' + @ satisfies the following exterior Neumann problem [29]

At + k*at =0 in R"\D, (1.6a)
. )

%%4:0 on 9D, (1.6b)
ﬁnlﬂ”4V2(g%-—Mﬂ)::o, P =|7| (1.6¢)

where 7 is the unit outward normal to dD. Mathematically, the Sommerfeld radiation
condition (1.6¢) ensures the wellposedness of the problem (1.6); physically it characterizes
out-going waves [30]. Equation (1.6¢) implies that the scattered wave has an asymptotic
behavior of the form [33]
(i) = (D, kyd,d%) + O - 1.7
U(ZC)——UOO( ) vy &y )+ 7:(”""—1)/2 ) ()
as |Z| — oo, where d* = #/|#|. The function @ defined on the unit sphere S C R is

known as the scattering amplitude or the far-field pattern of the scattered wave. The

Green representation theorem and the asymptotic behavior of the fundamental solution



ensures a representation of the far-field pattern in the form

L Bk E Hu(F)
lioo (D, ki, d, d°) = 3, (7 — T 1.
u<,,,>ﬁ/8b{u<x> —— -2 (1.9
with
i, ]2 e-in/4 n=2
ﬂn: 4\ nk (19)
% n=3

The proof of (1.7) and (1.8) is given in Appendix A.

The forward problem, given the support of the object D and the incident wave @,
is to find the scattered wave u and in particular the far field pattern u.,. Whereas, the
inverse problem is to determine the support of the object D from measurements of the
far field pattern Z(€exp, ¥, d, (js) with error eq,. In the language of our introduction, the
input consists of D, k, J, d* in which D is characteristic-system parameter and k, cz, d* are
experimental control variables, and the output is .

In this section, we shall consider a two-dimensional scattering problem in which D is an
elliptical cross-section of an infinite cylinder. Many details including a three-dimensional
inverse scattering model will be further reported in Chapters 10 and 11. The object D
is then characterized by three parameters (a, b, ), where a, b, « are the major semiaxis,
minor semiaxis, and angle of the elliptical object, respectively. In this particular case,
the forward problem is to calculate @ and ., for any given set of parameters pu =

(a,b, o, k, d, cis) € R%; and our inverse problem is:

Given the far field data Z(eexp, a*, b*, o™, k, d, OZS) measured at several direc-
tions d* with experimental error €, for one or several directions d and wave
numbers k, we wish to find the shape of the elliptical object modeled by three

parameters (a*, b*, a*).

1.2.2 Finite Element Discretization

Due to the complex boundary conditions and geometry, obtaining an exact solution to
the continuous problem (1.6) is not easy. Instead the finite element method is used to find

a good approximation to the exact solution. In the finite element method, the partial



differential equation is transformed into an integral form called the weak formulation.

The weak formulation of the problem (1.6) can be derived as: find u(p) € X such that

a(u(p),v; p) = f(via;p), YoveX; (1.10)

the far-field pattern is then calculated as

s(p) = L(u(p); x5 p) + € (x5 1) - (1.11)

Here a(-,-) is a parametrized bilinear form, f, ¢, and ¢° are linear functionals, and X is a
finite element “truth” approximation space; note that w(u) is complex and X is thus a
space of complex continuous functions. The precise definition of X, a, f, ¢, and ¢° can
be found in Section 10.3.

We then form the elemental matrices and vectors over each elements by representing
the approximate solution as the linear combination of basis functions and substituting
it into the weak formulation. Finally, by assembling elemental matrices and vectors and
imposing the boundary conditions, we transform the weak formulation into a finite set of

algebraic equations (see Section 2.4 for details of the finite element method)

Alp) u(p) = E (1.12)

where A(p) is the N x N stiffness matrix, F is the load vector of size N, and wu(u) is
the “complex” nodal vector of the finite element solution u(u); here N is the dimension
of the truth approximation space X. By solving the algebraic system of equations, we
obtain nodal values from which the approximate solution u(u) and the far-field pattern
Uso (1) are constructed.

As an illustrative example, we present in Figure 1-2 the scattered wave u(u) near
resonance region for a = b = 1,a = 0 and k£ = 7. Here the incoming incident wave is a

plane wave traveling in the positive x—direction.



Figure 1-2: Pressure field near resonance region (a) real part (b) imaginary part.

1.2.3 Reduced-Basis Output Bounds

Using the finite element method, we can calculate numerically the far-field pattern s(u)
for any given parameter p. As the dimension of the truth approximation space increases,
the error in the approximation decreases. We shall assume that N is sufficiently large
such that numerical output is sufficiently close to the exact one. Unfortunately, for
any reason error tolerance, the dimension A needed to satisfy this condition is typically
extremely large, and in particular much too large to provide real-time solution of the
inverse scattering problem.

Our approach is based on the reduced-basis method. The main ingredients are
(i) rapidly uniformly convergent reduced-basis approximations — Galerkin projection
onto the reduced-basis space Wy spanned by solutions of the governing partial differen-
tial equation at N (optimally) selected points in parameter space; (ii) a posteriori error
estimation — relaxations of the residual equation that provide inexpensive yet sharp and
rigorous bounds for the error in the outputs; and (éii) offline/online computational pro-
cedures — stratagems that exploit affine parametric structure to decouple the generation
and projection stages of the approximation process. The operation count for the online
stage — in which, given a new parameter value, we calculate the reduced-basis output
sn(p) and associated error bound A% (1) — depends only on N (typically small) and the

parametric complexity of the problem.



We can thus provide output bounds sy (1) = sy () — A% (1) and sk (1) = sy(p) +
A% (1) that satisfy a bound condition sy(u) < s(u) < si(p) and an error criterion
A% (p) < €. Unlike the true value s(u), these output bounds can be computed online

very expensively.

1.2.4 Possibility Region

Owing to the low marginal cost, the method is ideally suited to inverse problems and
parameter estimation for PDE models: rather than regularize the goodness-of-fit objec-
tive, we may instead identify all (or almost all, in the probabilistic sense) inverse solu-
tions consistent with the available experimental data. Towards this end, we first obtain
s3:(1) = sy(p) £ A% (p) by applying the reduced-basis method to the discrete problem
(1.10), and thus — thanks to our rigorous output bounds — s(u) € [sy (1), s (u)]." We

may then define
R={veD" |[syW,on), shv,00)] NL(€exps k), 1 <k < K} . (1.13)

Recall that v = (a,b,«) and 0 = (Js, d, k). Clearly, we have accommodated both numer-
ical and experimental error and uncertainty, and hence v* € P C R.

Central to our inverse computational method is a robust algorithm to construct R.
However, in high parametric dimension constructing R is numerically expensive (even
with the application of the reduced-basis method) and representing R is geometrically
difficult. It is therefore desired to have more efficient and visible geometry for representing

R in high-dimensional parameter space. A natural choice is an ellipsoid that includes R.

1.2.5 Indicative Results

We turn to the inverse scattering problem that will serve to illustrate the new capabilities
enabled by rapid certified input-output evaluation. In particular, given experimental data

in the form of intervals Z (e, o) measured at several angles d* for several directions d of

!'Note for this particular example that our error estimators are not completely rigorous bounds in
theoretical aspect. However, numerical results in Section 6.6.6 show that in practice the bounds are
valid for all u € D — to be rigorous, they must be provably valid — since the non-rigorous component
is quite small relative to the dominant approximation error.



the fixed-frequency incident wave, we wish to determine a region R € D*** in which the
true — but unknown — obstacle parameters, a*, b* and o*, must reside. In our numerical
experiments, we use a low fixed wavenumber,” k = 7/8, and three different directions,
d = {0,7/4,7/2}, for the incident wave. For each direction of the incident wave, there
are I = 3 output angles d = (i — 1)7/2,i = 1,...,I at which the outputs are collected;
hence, the number of measurements is K = 9. We show in Figures 1-3(a), 1-3(b), and 1-
3(c) the possibility regions — more precisely, (more convenient) 3-ellipsoids that contain

the possibility regions for the minor and major axes and orientation — for experimental

error of 5%, 2%, and 1%.

14
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Figure 1-3: Ellipsoid containing possibility region R for experimental error of 5% in
(a), 2% in (b), and 1% in (c¢). Note the change in scale in the axes: R shrinks as the
experimental error decreases. The true parameters are a* = 1.4, b* = 1.1, o* = /4.

As expected, as €.y, decreases, R shrinks toward the exact (synthetic) value, a* = 1.4,
b* = 1.1, o = w/4. More importantly, for any finite €ep, R rigorously captures the
uncertainty in our assessment of the unknown parameters without a priori assumptions.®
The crucial new ingredient is reliable fast evaluations that permit us to conduct a much
more extensive search over parameter space: for a given e, these possibility regions
may be generated online in less than 285 seconds on a Pentium 1.6 GHz laptop thanks to

a per forward evaluation time of only 0.008 seconds. We can thus undertake appropriate

real-time actions with confidence.

2For low wavenumber, the inverse scattering problem is computationally easier and less susceptible
in practice to scattering by particulates in the path; but, very small wavenumber can actually produce
insensitive data which may cause bad recovery [21, 38, 50].

3In fact, all uncertainty is eliminated only in the limit of exhaustive search of the parameter space to
confirm R.
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1.3 Approach

1.3.1 Reduced-Basis Methods

The reduced-basis method is a technique for accurate, reliable and real-time prediction
of functional outputs of parametrized PDEs, and is particularly relevant to the efficient
treatment of the forward problem 1.1-1.2. The method has been applied to a wide variety
of coercive and noncoercive linear equations [93, , , |, linear eigenvalue equations
[85], semilinear elliptic equations (including incompressible Navier-Stokes) [110, 99], as
well as time-dependent equations [53, 51]. In this thesis, we shall provide further extension
and new development of the method for: (1) noncoercive problems in which a weaker
stability statement poses seriously numerical difficulties, (2) globally nonaffine problems
where differential operators do not admit either an affine decomposition or a locally
nonaffine dependence, (3) nonlinear problems where highly nonlinear operators are also

of our interest. In this section, we briefly review three basic components of the method.

Reduced-Basis Approximation

Recognizing that the field variable is not an arbitrary member of the truth approx-
imation space X, and that rather than it evolves in a low-dimensional manifold in-
duced by the parametric dependence, the reduced-basis method constructs a reduced-
basis approximation space to the manifold and seeks approximations to the field vari-
able and output in that space. Essentially, we introduce nested sample, Sy = {uy €
D,---,uy € D},1 < N < Npax and associated Lagrangian reduced-basis space as
Wy = span{(; = u(p;),1 < j < N}, 1 < N < Nppax, where u(p;) is the solution to (1.2)

for p = p;. Next we consider a standard Galerkin projection
a(uy,v;p) = f(v), Yove Wy, (1.14)

from which an N x N linear system for the coefficients uy ;,1 < j < N, is derived

N

Za(Cjag;M)uNj:f(Ci)? i=1,...,N. (115)

Jj=1

11



The reduced-basis approximations to solution and output can then be calculated as
uy(p) = Zfil upy G and sy () = L(un(p)) , respectively.

Typically [25, 121], and in some cases provably [93], ux(u) (respectively, sy(u)) con-
verges to u(u) (respectively, s(u)) uniformly and extremely rapidly and thus we may
achieve the desired accuracy for N < N. Sufficient accuracy can thus be obtained with

only N = O(10) — O(100) degrees of freedom.

A Posteriori Error Estimation

Despite its rapid and uniform convergence rates, without a posterior: error estimation the
reduced-basis approximation uy () raises many more questions than it answers. Is there
even a solution u(u) near un(p)? This question is particularly crucial in the nonlinear
context — for which in general we are guaranteed neither existence nor uniqueness. Is
|s(n) — sy ()] < €, where €2, is the maximum acceptable error? Is a crucial feasibility
condition s(u) < C (in, say, a constrained optimization exercise) satisfied — not just
for the reduced-basis approximation, sy(u), but also for the “true” output, s(u)? If
these questions can not be affirmatively answered, we may propose the wrong — and
potentially unsafe or infeasible — action. A fourth question is also important: Is N too
large, |s(n) — sn(p)] < €, with an associated steep (N?) penalty on computational
efficiency? In this case, an overly conservative approximation may jeopardize the real-
time response and associated action. Do we satisfy our global “acceptable error level”
condition, |s(u) — sy(p)| < €, YV € D, for (close to) the smallest possible value of
N? If the answers are not affirmative, then our reduced-basis approximations are more
expensive (and unstable) than necessary — and perhaps too expensive to provide real-
time response.

It is therefore critical that we can rigorously and sharply bound (a posteriori) the
approximation errors. In fact, in this thesis, we pay great attention to the development

of procedures for obtaining inexpensive error bounds Ay (u) and A% (u) such that

[u(p) = un(p)llx < An(u); s(p) = sn(p)] < Ay () - (1.16)

For efficiency, we must also require Ay (p) and A% (i) are sharp bounds.

12



Offline-Online Computational Procedure

The remaining question we need to address is that can we calculate sy (1), Ay (p),A% (1)
inexpensively? To this end, we decompose the computational effort into two stages: an
expensive (offline) stage performed once; and an inexpensive (online) stage performed
many times. The operation count for the online stage — in which, given a new value of
the input, we calculate sy (u), An(p), and A% (1) — depends only on N (typically very
small) and the parametric complexity of the operator. This very low marginal cost is

critical in the inverse-problem context.

1.3.2 Robust Real-time Inverse Computational Method

The reduced-basis method overcomes the deficiency of the classical approaches by provid-
ing real-time prediction sy (p) that is certifiably as good as the classical truth approxima-
tion s(u) but literally several orders of magnitude less expensive. The method is endowed
with three basic features that account for its superiority over other competing methods.
First, with regard to accuracy, the unform and rapid convergence of the reduced-basis
approximation is facilitated by exploiting the low-dimensional structure and smoothness
of the solution manifold and by choosing the optimal approximation space. Second,
with regard to reliability, a posteriori error procedures for several classes of PDEs are
developed to quantify the error introduced by the reduced-basis approximation. Third,
with regard to efficiency, online complexity is independent of the dimension of the finite
element truth approximation space.

These advantages are further magnified within the inverse-problem context in which
thousands of output predictions are often required effectively in real-time. In particular,
based on the reduce-basis method we develop a robust inverse computational method
for very fast solution region of inverse problems characterized by parametrized PDEs.
The essential innovations are threefold: first, we apply the reduce-basis method to the
forward problem for the rapid certified evaluation of PDE input-output relations and
associated rigorous error bounds; second, we incorporate the reduced-basis approximation
and error bounds into the inverse problem formulation; and third, rather than strive for

only one regularized inverse solution, we may instead identify all (or almost all, in the

13



probabilistic sense) inverse solutions consistent with the available experimental data.
[ll-posedness is captured in a bounded “possibility region” that furthermore shrinks as
the experimental error is decreased. Hence, not only can we rigorously accommodate
numerical uncertainty, but also robustly accommodate model uncertainty. Moreover, our
inverse computational method enables real-time responses in several (admittedly rather
simple) contexts: nondestructive evaluation of crack and material damage in a thin plate

in Chapter 9 and inverse scattering analysis of elliptical “mines” in Chapter 10.

1.4 Literature Review

1.4.1 Reduced-Basis Method

The reduced-basis method has first been introduced in the late 1970s [, 101] for single-
parameter problems in nonlinear structural analysis, further extended by Noor [102] for
multi-parameter problems, and subsequently developed more broadly [15, , ] to

include a prior: error analysis. Much of the earlier work focused on the efficiency and
accuracy of the approach through local approximation space. Consequently, the compu-
tational gain compared to conventional numerical methods are modest. In [9, (5], global
approximation space spanned by solutions of the governing partial differential equation
at globally sampled points in the parameter space was suggested; accuracy and efficiency
have been much improved. Nevertheless, at the time no rigorous error analysis especially
a posteriori error estimation has been proposed to certify the approximation error.
Recently, Patera et. al. [109, 85, 93, , , , , , , , 99, 14, 53]
have greatly developed and brought in the technique with several useful insights and new
features which differ from the earlier efforts in several important ways: as stated [143]
“first, we develop global approximation spaces; second, we introduce rigorous a posteriori
error estimators; and third, we exploit off-line/on-line computational decompositions”.
In particular, Maday et. al. [93, 94] presented a first theoretical a priori convergence
that demonstrates uniform exponential convergence of the reduced-basis approximation.
Machiels et. al. [25, 80] developed the method for affine-parameter coercive elliptic

linear and eigenvalue problems. In [131], Rovas analyzed the technique in great detail
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and extended it more broadly for many different classes of parametrized partial differential
equations including noncoercive elliptic and parabolic linear problems. Veroy [139, ,

| generalized the concept of bound conditioners relevant to the a posteriori error
estimation. In her work, several bound conditioners was developed to yield rigorous and
sharp error estimators. The use of the reduced-basis method for quadratically nonlinear
problems — the steady incompressible Navier-Stokes equations — can be found in other
work of Veroy [111, 110]. Also, Solodukhov [135] proposed several reduced-basis strategies

for locally nonaffine problems and nonlinear problems.

Reduced-basis method has also found its applications in many areas such as nonlinear

structural analysis [101, 45, 116], fluid flow problems [113, 65, 66], bifurcation and post-
buckling analysis of composite plates [102], and nonlinear steady-state thermal analysis
[100]. With regard to the current developments, Machiels et. al. [37] used the technique to

find the optimal shape of a thermal fin. Ali [3] combined the method with assess-predict-
optimize strategy to obtain the “best” worst case scenarios of a system under design
in the presence of data uncertainty. In [51, 54], Grepl proposed new error estimation
methods for linear and nonlinear time-dependent problems and applied the technique to

adaptive (real-time) optimal control.

1.4.2 Model Order Reduction

Generally, there are three approaches in model-order reduction (MOR): 1) MOR al-
gorithms based on Krylov subspace methods, 2) techniques using Karhunen-Loeve ex-
pansion (or Proper Orthogonal Decomposition), 3) methods based on Hankel norm ap-
proximants and balanced truncation. A driving force behind the development of MOR
approaches is the need for efficient simulation tools for dynamical (time-varying) systems
arising in circuit simulation, structural dynamics and micro-electro-mechanical systems.
The basic and common idea applied by all of these approaches is a projection from high-
dimensional state space to very low dimensional state space, which in turn produces the
reduced-order model of the original system.

The Proper Orthogonal Decomposition (POD) has been used widely to obtain low

dimensional dynamical models of many applications in engineering and science. The idea
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is to start with an ensemble of data, called snapshots, collected from the experiment or a
numerical procedure of physical systems. POD technique is then used to produce a set of
basis functions from the snapshot collection and in turn implicitly captures the dominant
dynamics of a system [134]. A model of reduced complexity is finally generated by the
application of Galerkin projection onto a subspace spanned by these basis functions.
The method has been widely used to obtain the reduced-order model of many large-
scale linear dynamical systems: computational fluid dynamics [57, |, fluid-structure
interaction [37], turbo-machinery flows [148, 119], optimal control of fluid flows [34, 1206].
Recently, there has been a rapidly growing number of researches into the application
of POD for nonlinear systems [72], nonlinear structural dynamics [96], nonlinear MEMS
devices [26]. The POD has been also used to develop reduced-order models for parametric
applications such as turbomachinery flows with sampling in both time and over a range
of inter-blade phase angles [13] and inverse design of transonic airfoils [22].

Over past years, a great deal of attention has been also devoted to Krylov subspace-
based methods for efficient modeling, effective realization, and fast simulation of system
dynamics. The basic idea is to approximate the transfer function of original systems
by generating a subspace spanned by orthogonal basis functions and projecting original
systems onto that subspace [55]. Owing to their robustness and low computational cost,
the Krylov subspace-based methods have proved very attractive for producing reduced-

order model of many large-scale linear systems and have been broadly used in engineering

applications: structural dynamics [7], optimal control of fluid flows [75], circuit design
[28, 50], turbomachinery [150]. A number of linear MOR techniques based on Krylov
subspace have been extended to deal with weakly nonlinear problems [27, 114]. The merit

idea is to be able to represent the nonlinearity with a simplified form that can be treated
with standard linear or bilinear MOR procedures. The simplest form of these approaches
is to linearize or bilinearize multidimensional nonlinear functions using polynomial Taylor
series expansion [115]. The trajectory piecewise-linear method [129] has been proposed to
effectively obtain reduce-order models for highly nonlinear systems. In this approach, the
nonlinear system is represented as a combination of linear models, generated at different
linearization points in the state space about the state trajectory when driven by a fixed

“training” input.
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Finally, we have few general remarks concerning model order reduction techniques:
first, reduced-order modeling to capture parametric variation based on interpolation pro-
cedure is somehow heuristic; second, due to lack of efficient representation of nonlinearity
and fast exponential growth (with the degree of the nonlinear approximation order) of
computational complexity in the reduced-order model, the development of model order
reduction methods for nonlinear problems remains a continuous and open task; third,
although a priori error bounds to quantify the error in the model reduction have been
derived but only in the linear case, a posteriori error bounds have not been adequately
considered yet even for the linear case in MOR approaches; and fourth, while most MOR
techniques concentrate mainly on reduced-order modeling of time-variation systems, the

development of reduced-order models for parametric applications is much less common.

1.4.3 A Posteriori Error Estimation

A posteriori error estimation has received enormous attention in the finite-element con-
text where choice of mesh to define the finite-element approximation spaces becomes a
trade-off between computational efficiency and accuracy: A very fine mesh ensures accu-
racy but implies high computational cost which is prohibitive to many important applica-
tions in engineering optimization and design; on the other hand, a relatively coarse mesh
guarantees efficiency but the accuracy is uncertain. To minimize the computational effort
while honoring the desired accuracy, we must provide a posteriori rigorous, accurate error
bounds for the discretization error. A posteriori error estimation technique for finite ele-
ment discretization of partial differential equations was first introduced in the 1970s [0],
and subsequently extended [74, 10, 1] to a broader class of partial differential equations.
Most finite element a posterior: error estimation procedures developed measure the error
in the energy, H!, or L” norms. However, more relevant to engineering purposes is the
prediction of the bounds for the engineering output of interest (typically articulated as
a functional of field variables). In [I7, 18], Becker and Rannacher proposed a refined
approach to residual-based error estimation: in essence, the residual estimators — based
on a priori stability and approximation constants and presumed-exact mesh adjoint func-

tions — enable rapid evaluation for adaptive refinement, but not necessarily accurate and
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rigorous quantification for the quantities of interest. In [107, , , |, Paraschivoiu
et. al. introduced an a posteriori finite element method for the efficient computation of
strict upper and lower bounds for linear-functional outputs of coercive partial differen-
tial equations. The methods are thus appropriate for both confirmation of accuracy and
mesh adaptivity. The bound techniques are further extended to treat a variety of different
problems — including the Helmholtz equations, the Burger equations, [111], eigenvalue
problems [90], as well as nonlinear equations (incompressible Navier-Stokes) [39].

Some of ideas of a posteriori error estimation in the finite element context have been
then used in the reduced-basis approximations of parametrized partial differential equa-
tions. Even though the methodologies are distinctively different, general ideas for a
posteriori error estimation are common. In [35], [121], and [143, , 112], Patera et.
al. introduced a family of rigorous error estimators for reduced-basis approximation of a
wide variety of partial differential equations. In this thesis, we will continue this theme
to develop a posteriori error bounds for noncoercive linear elliptic equations, nonaffine

linear elliptic equations, and highly nonlinear monotonic elliptic equations.

1.4.4 Computational Approaches in Inverse Problems

Inverse problems are typically formulated as an appropriate minimization for the dif-
ference between computed outputs and measured-observable outputs. In this frame-
work, the forward problem is taken as an additional set of constraints. One approach
to the (PDE-constrained) optimization-based inverse problems combines PDE discretiza-
tion techniques such as the finite element method, boundary element method, and finite
volume method with optimization procedures. In solving inverse problems by this ap-
proach, the forward problem has to be solved several times, as it is required by the
algorithm used to solve the optimization problem. Unfortunately, solution of the forward
problem by classical numerical methods is typically time-consuming due to (very) large
approximation spaces required to achieve a desired accuracy. Furthermore, the above
minimization may be appropriate for inverse problems with noise-free data, but it may
fail to give accurate solutions for ill-posed inverse problems whose ill-posedness comes

from data uncertainty. As a result, a regularization factor and associated regularization
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parameter reflecting the uncertainty are added to the minimization as a way to ensure
fairly accurate solutions; this leads to minimize the so-called Tikhonov functional [137].
The basic idea here is to replace the original ill-posed inverse problem with a family of
nearby well-posed problems by taking explicitly the uncertainty into the optimization
problem. The solution method for the Tikhonov functional minimization and choice of
regularization parameter (by which the solutions of inverse problems will be certainly af-
fected) is an important issue. Generally, there are two general rules of thumbs namely a
priori [39] and a posteriori choice [137, 112] for determining the regularization parameter.

Another approach to capture the uncertainty into the inverse formulation is by means
of statistics. In [11], the authors suggested to treat the estimated parameter as a random
variable with unknown distribution and then reformulate the deterministic parameter es-
timation problem into a problem of estimation of a random variable using sampled data
from a dynamical system which depends on the parameter. In [3], the uncertain data is
analyzed and incorporated into the optimization by continuously monitoring the propa-
gation of the error via assess-predict-optimize strategy. Though, in fact, the technique
was intended for optimal parametric design, it can be efficiently used to solve the inverse
problems with uncertainty.

Of course, optimization techniques for solution of optimization-based inverse prob-
lems are rich. Global heuristic optimization strategies such as neural networks, simulated
annealing, and genetic algorithms have powerful ability in finding optimal solutions for
general nonconvex problems. Liu et. all. [79, 80, ] developed the projection genetic
algorithm which requires fewer number of generations to converge than ordinary genetic
algorithms and used it for detecting cracks and assessing damage in composite material.
The use of neural networks for inverse problems can be found in [152, 58]. However,
the problem with these approaches is that they are heuristic by nature and computa-
tionally expensive. Therefore, gradient methods like Newton’s method [3, 20, 19, 71],
descent methods [00, 125], and current state-of-the-art interior-point method [241] have
been employed to solve inverse problems in many cases. In [103, |, Oliveira and Patera
incorporate reduced-basis approximations and associated a posteriori error bounds into
scaled trust-region interior-point method for the rapid reliable optimization of systems

described by parametric partial differential equations. The very low marginal cost of
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forward evaluation and the ability to correctly avoid non-optimal stationary points, and
hence provide true (at least local) optimizers, make this method attractive.

Finally, we review particular computational methods for nondestructive testing and
inverse scattering problems, which are two major applications of inverse problems and
shall be considered in this thesis. With regard to nondestructive testing, Liu et. al.
introduced a strip element method [77] and subsequently extended to investigate the
scattering of waves by cracks and detect the cracks in anisotropic laminated plates [73,

, 83]. The method has been also used to investigate wave scattering by rectangular
flaws and assess material loss in sandwich plates [115, 79]. We also notice that various
computational methods have been proposed for solving the inverse scattering problems —
including the Newton-like methods [73, 19, , 44], linear sampling method [34, 30, 32],
and point-source method [117, |. The linear sampling method allows to determine
from measured scattering data whether or not a given point is inside a scattering object
by solving a linear integral equation of the first kind, which leads to the reconstruction of
the entire object. A particular advantage of the method is that it does not require a priori
knowledge of either the boundary condition or the connectivity of the scattering obstacle.
On the other hand, the method is restricted to the situation where all the data are at
the same frequency and require multi-static data. In point-source method, the idea is to
reconstruct the total field on parts of a domain from a finite number of measurements of
the far-field pattern; the reconstructed total field and the boundary condition for a sound-
soft object in the domain can be then used to find the location and shape of the object.
The main impediment to the method is that the error bounds on the field reconstruction
only hold at points on the exterior of the scatter, for a suitable exterior cone condition
and domain of approximation. Furthermore, in locating the boundary of the scatterer
from the reconstructed field, it is also required to identify points that are not on the
boundary due to the error in the field reconstruction.

As a summary, there are a wide variety of techniques for solving inverse problems.
However, in almost cases the inverse techniques are expensive due to the following rea-
sons: solution of the forward problem by classical numerical approaches is typically long;
associated optimization problems are usually nonlinear and nonconvex; and most impor-

tantly, inverse problems are typically ill-posed. Ill-posedness is traditionally addressed
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by regularization. Though quite sophisticated, iterative regularization methods are quite
expensive (often fail to achieve numerical solutions in real-time) and often need additional
information and thus lose algorithmic generality (in many cases, do not well quantify un-
certainty). Furthermore, in the presence of uncertainty, solution of the inverse problem
should never be unique at least in terms of mathematical sense; there should be indefi-
nite inverse solutions that are consistent with model uncertainty. However, most inverse
techniques provide only one inverse solution among the universal; and hence they do not

exhibit and characterize ill-posed structure of the inverse problem.

1.5 Thesis Outline

The two central themes in this thesis are the development of the reduced-basis method
for parametrized partial differential equations and its application to inverse problems
in engineering and science. Before proceeding with the development of reduced-basis
method, we overview in the next chapter some relevant mathematical background that
will be used frequently throughout the thesis. In Chapter 3, we present basic concepts of
the reduced-basis method via applying the technique to a heat conduction problem which
will serve to illustrate essential components and key ideas of the method. In Chapter 4,
we propose an approach to the construction of rigorous and efficient lower bound — a
critical component of our a posteriori error estimators — for the critical stability factor.
In subsequent chapters, we develop reduced-basis approximations and a posteriori error
estimators for different classes of problems: in Chapter 5 for noncoercive linear problems,
in Chapter 6 for nonaffine linear problems, and in Chapter 7 for nonlinear problems.
Based on the reduced-basis approximations and associated a posteriori error estimators
of parametrized partial differential equations, we present in Chapter 8 the development of
a certified real-time computational inverse method for very fast solution region of inverse
problems even in the presence of significant uncertainty. In the subsequent two chapters,
we apply our computational inverse method to two important applications of inverse
problems: in Chapter 9 for crack detection and damage assessment of flawed materials
and in Chapter 10 for inverse scattering analysis. Finally, we conclude in Chapter 11

with summary of the thesis and some suggestions for future work.

21



Chapter 2

Building Blocks

Before proceeding with the development of reduced-basis method, we review some rel-
evant mathematical background (“building blocks”) that will be used repeatedly in the
remaining chapters of the thesis. First, we review basic elements of the functional analysis
which will prove useful in deriving our weak statements of partial differential equations.
Second, we review only essential concepts from differential geometry that have direct use
in this thesis. Third, we review fundamental equations of linear elasticity which appear
frequently in several chapters. Finally, we review the finite element method which is used

for the numerical solution of continuum mechanics problems discussed in the thesis.

2.1 Review of Functional Analysis

In this section, we introduce some basic concepts of functional analysis that will be used
throughout in the thesis and refer to [76, 128] for a good introduction and specific details
on the topic. To begin, let © C R, d = 1,...,3, be an open domain with Lipschitz-

continuous boundary I'.

2.1.1 Function Spaces
Linear Spaces

Definition 1. Let K be an algebraic field, where K is either R (real field) or C (complex
field). A linear vector space X over the field K is a set of elements together with two

22



operations, u,v € X :u+v € X (addition) and « € K;jv € X,v € X : aw € X (scalar
multiplication), if the following azioms hold

(1) u+ v =v+u (commutative) ;

(2) (u+v)+w=u+ (v+w) (associative) ;

(8) 30 such that u+ 0 = u for all w € X (null vector) ;

(4) For each u € X, 3 —u € X such that u+ (—u) = 0 (additive inverse vector) ;

(5) (af)u = a(Pu) (associative) ;

(6) (o + B)u = au + Pu (distributive) ;

(7) a(u+v) = au+ av (distributive) ;

(8) lu=u .
Norm
Definition 2. A function || - ||x from a linear space X into K is called a norm if and

only if it has the following properties

(i) (a) ||u|lx >0, and (b) ||u||x =0 if and only if u =10 ;

(i) [l x = laf[Jullx,V o € R ;

(7i) ||u 4+ v||x < ||ullx + ||v]|x,Vu,v € X (the triangle inequality) .
If ||u||x satisfies (ia), (ii), and (iii) only, we call it a seminorm of the vector u, and
denote it by |u|. A linear vector space X together with a norm defined on itself is a

normed space.

Inner Product

Definition 3. Let X be a linear space over the field K. An inner product on X is a
scalar valued function on X x X, whose values are denoted by (u,v)x, that satisfies the
following azxioms

(i) (u,v)x = (v,u) .,V u,v € X (symmetric);

(ii) (u,u)x > 0,Vu € X and (u,u)x =0 if and only if u =0 (positive definite);

(i17) (u+v,w)x = (u,w)x + (v,w)x,Yu,v € X and (ou,v)x = a(u,v)x,Vu,v €
X,VaeK (bilinear).
A linear vector space X on which an inner product can be defined is called an inner

product space. (Note that one can associate a norm with every inner product by defining
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lull = v/ (u, u)x)

Spaces of Continuous Functions

Definition 4. For a nonnegative integer m, we define the set of real functions with

continuous derivatives up to and including order m as
C™(Q) = {v| D% is uniformly continuous and bounded on Q, 0 < |a|] <m} , (2.1)
with an associated norm

v||cm@) = max sup |D%(z)|, 2.2
Jolloney = max sup Do) 22)

where a denotes n-tuple of nonnegative integers, « = (a, ..., aq), and

Hlel d
o J—
b 02§t - 05 |a]—Zai.
1 d i=1

It is clear that C™(£2) defined above is a Banach space, i.e. a complete normed linear
space. Also note that CJ*(€2) is the space of continuous, m' differentiable functions with
compact support, i.e. vanishing near the boundary of 2. We shall use the subscript 0 to

indicate spaces with functions of compact support.

Lebesgue Spaces

Definition 5. For 1 < p < oo, we define the space of p™ integrable functions as
V| /]v[pda:<oo}, 1<p<o
LP(Q) = 2 ; (2.3)
-

v| ess suplv(z)] < o0
e

with an associated norm

1
[0ll o) = (/ v dx) , 1<p<o
“ (2.4)

||U||L°°(Q) = ess sup|v(z)|, p= o0 .
e
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These spaces are also Banach spaces. The ess sup (essential supremum) in the above

definition means the smallest supremum over Q\B for all sets B of zero measure.

Hilbert Spaces

Definition 6. For a non-negative integer m, we define the Hilbert Space H™(2) as
H™(Q) = {v| D* € L*(Q), Yo : |a] <m}; (2.5)
with associated inner product

(w,v)gm) = Z / D%w - D% dx (2.6)
Q

laj<m

and induced norm

[N

1oll () = Z/Q|D‘“v!2dl‘ . (2.7)

laj<m
These spaces are important not only in understanding well-posedness of weak state-
ments, but also in expressing the convergence rate of the finite element method. In

addition, we introduce H™(Q2) semi-norm as

1
3
0] m () = (/Q |Dmv|2 dx) , (2.8)

which include only the m'" derivative.

Complex Hilbert Spaces

Definition 7. For a non-negative integer m, we define the complex Hilbert Space Z™(£2)
as

Z™(Q) = {v=0%+1"| v € H™(Q), 0" € H™(Q)}; (2.9)

with associated inner product

(w,v) zm) = Z / D%w - D*v dx (2.10)
Q

laj<m
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and induced norm

N

lollzney = | 3 [ 1o de | (211)

la]<m
Here and throughout this thesis superscript R and I denote the real and imaginary
part, respectively, that is, v® = R(v) and v! = $(v); ¥ and |v| shall denote the complex

conjugate and modulus of v, respectively.

Sobolev Spaces

Definition 8. For m > 0 integer and p > 1, we define the Sobolev space W™P(QQ) as

D% e LP(Q), Va: < , 1<p<
ey - 1D ED@) Vol <o) 1 <pcse
{v| D% € L*=(Q), Ya : |a] <m}, p= o0,

with assoctated norm

3=

lollwma@ = D /QID“vlpdﬂf L 1<p<o

la|<m

(2.13)

[|v]|wm.o () = max ess sup|D(z)|, p = oo.
lo|<m  zeq

Note that W™2(Q2) = H™(L), our earlier Hilbert spaces; and that the Lebesgue space
LP(Q) is a special case of WP (Q) for m = 0.

Dual Hilbert Spaces

In general, given a Hilbert space X, we can define the corresponding dual space X’ as the
space of all bounded linear functionals, ¢(v), where ¢(v) is bounded if /(v) < C||v||x, Vv €

X, for some positive C. The norm of ¢(v) is given by

l(v
||€||X’ = sup ( ) .
vex [|v]l

(2.14)

We note that this space of functionals is a linear space; that a bounded linear functional

is continuous; and that this space is also a Hilbert space and if X = H™(Q) we will
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denote the dual space X' = H™(£2). Generally, we have
H™Q)C---CH'(Q) CL*QCcH?Q)C---Cc H™Q).

Finally, from the Riesz representation theorem we know that for every ¢ € X’ there exists

a uy € X such that

(ug,v)x =L(v), Yv € X. (2.15)
It follows that
Ug, v
el = sup L2 (2.16)
vex |vllx

2.1.2 Linear Functionals and Bilinear Forms
Linear Functionals

Let X be a linear space over the field K which is either R (real field) or C (complex field),

a linear transformation ¢ of X into K is called a linear functional if and only if it satisfies
o+ pv) = al(u) + pl(v), Yu,ve X,Va,B K.

The set of all linear functionals on a linear space X is itself a vector space, called the

dual space of X and denoted by X'.

Bilinear Forms

Let X and Y be two linear spaces over the field K, an operator a : X x Y — K that

maps (u,v),u € X,v € Y into K is called a bilinear form if and only if it satisfies
a(auy + Bug, Y1 + Avg) = aja(uy, v1) + ada(uy, v2) + Bya(ug, v1) + BAa(ug, v2)

for all uy,us € X, v1,v3 €Y, a0, 3,7, A € K. A bilinear form a : X x X — K is said to be

symmetric if a(u,v) = a(v,u),Vu,v € X.
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2.1.3 Fundamental Inequalities
Cauchy-Schwarz Inequality

Let a : X x X — K be a symmetric semi-definite bilinear form. Then a satisfies the

Cauchy-Schwarz inequality

la(u,v)| < \/a(u,u)\/a(v,v), (2.17)
for all u,v € X.

Holder Inequality

If % + é = 1,1 < p < oo then for all u € LP(2),v € LI(Q2), we have
[uvlli) < llullze@ vl o). (2.18)

Minkowski Inequality

If 1 < p < oo then for all u,v € LP(Q)), we have
| L || @) < |Jullze@) + [[v] e @)- (2.19)

Friedrichs Inequality

Let € be a domain with a Lipschitz boundary I', and let I'; be its open part with a
positive Lebesgue measure. Then there exists a positive constant ¢ > 0, depending only

on the given domain and on I'; such that for every u € H'(Q), we have

ullF o) SC{Z/Q <§—;>2+/R W} : (2.20)

Also, for u € H*(Q), we have

i < o) 3 [ 10+ / uf? b (2.21)

<2
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Note that for u € HJ*(€2), the two inequalities hold without the boundary terms.

Poincaré Inequality

Let © be a domain with a Lipschitz boundary I', and let I be its open part with a
positive Lebesgue measure. Then there exists a positive constant ¢ > 0 such that for all

ue H™(Q)

(/Q |Dau\)2 . (2.22)

2.2 Review of Differential Geometry

[y < () 4 3 / Do+ Y

la|<m la|<m

2.2.1 Metric Tensor and Coordinate Transformation

In an arbitrary (possibly curvilinear) three-dimensional coordinate system z* (i = 1,2, 3),
at any point A we choose three vectors g; of such dimension and magnitude that the line

element vector can be expressed
ds = Z gidr’ = gidx’ . (2.23)

Here for simplicity of notation we use the summation convention: when the same Latin
letter (say i) appears in a product once as a superscript and once as a subscript, that
means a sum of all terms of this kind.

Now we consider a fixed point O (possibly the origin of the coordinate system) and a
position vector r leading from O to A; the line element ds is the increment of r (ds = dr),

which can be written as

or .,
dr = —dx" . 2.24
r=gde (2.24)
From (2.23) and (2.24), we have
or
i : 2.2
8 =5 (2.25)
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The vectors g; are called covariant base vectors. It follows from (2.23)-(2.25) that

ds* = (gi - g) do'da’ = (aa;:l ’ %) da'da? = gz‘jdxidxj ) (2.26)
where
or Or
.. = - = £ ;. 2'2
Yi = opi op B8 2:27)

The entity of the nine quantities g;; defined above is call the metric tensor. Note that
in the Cartesian coordinate system g;; = d;;, where 0;; is the Kronecker delta symbol —

b;; = 1if i = j, otherwise 6;; = 0. We next find nine quantities g”/ that satisfy
gikg’™ =687 . (2.28)

The entity of such nine quantities ¢ is call the conjugate metric tensor. Here 5f is just
another way of writing the Kronecker symbol 4;;.

Now consider a new coordinate system z'(i = 1,2,3) and associated base vectors
g;, we define a coordinate transformation from z°¢ to # by a set of transformation rules
2t =2t (z1,7%,7%) ,i = 1,2,3. We then differentiate the relation to obtain
oz’

7’ . (2.29)

da' =
o oxJ

The partial derivatives are obtained from the chain rule

0 0¥ 9
Ozt Oz 07T

(2.30)

The Jacobian of the transformation is given by

ozt ozt Bzl
oxl 9xz2 0z
— | 922 922 092?
J=| 57 5= om |- (2.31)
Oz Qa9
oxl  0z2 0z3

Similarly, in the new coordinate system we have dr = g;dz?. It directly follows from
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(2.24), (2.25), and (2.29) that

_ oxd
g = gj@ . (2.32)

2.2.2 Tangent Vectors and Normal Vectors
Curve

For a three-dimensional parametrized curve z* = x%(s) in a generalized coordinate system
with matrix tensor g;; and arc length parameter s, the vector T = (T, T? T?), with
Tt = dd—‘ﬂ;, represents a tangent vector to the curve at a point P on the curve. The vector

T is a unit vector because

- dz* da?
T -T=g;T"T" =g,;——F——=1. 2.33
g J g J dS dS ( )
Differentiating (2.33) with respect to s, we obtain
T
T 2.34
g J dS ( )

Hence, the vector Clli—rf is perpendicular to the tangent vector T. We now normalize it to
get the unit normal vector N to the curve as
_ldr

Ni= 2.35
P (2.35)

here &, a scale factor called curvature, is determined such that g;; N*N7 = 1.

Surface

For our purpose here, we shall consider Cartesian frame of reference (z,y,z) with as-
sociated base vectors i, i,,1,; see [17] for formulations in a generalized coordinate sys-
tem. A surface in three-dimensional Euclidean space can be defined in three different
ways: explicitly z = f(x,y), implicitly F(z,y,z) = 0, or parametrically x = x(u,v),y =
y(u,v),z = z(u,v) which contains two independent parameters u,v called surface coor-

dinates. Using the parametric form of a surface, we can define the position vector to a

31



point P on the surface as
r = z(u,v)i, + y(u,v)i, + 2(u,v)i, . (2.36)

A square of the line element on the surface coordinates is given by

Oor Or

2 _ . e —
ds® = dr dr_@u“(‘)uﬁ

duduP = aagduo‘du’g, a,B=1,2. (2.37)
In differential geometry, this expression is known as the first fundamental form, and a,g

is called surface metric tensor and given by

or Or

of = —— —— =12, 2.38
9P = gy gup” & (2.38)

with conjugate metric tensor a®® defined such that a®” Aoy = 0].
Furthermore, the tangent plane to the surface at point P can be represented by two

basic tangent vectors

or T _81‘

T,=—, 0= — 2.39
ou v ( )
from which we can construct a unit normal vector to the surface at point P as
T, xT
N=__“""""" 2.40
|'T, x T, (2.40)

If we transform from one set of curvilinear coordinates (u, v) to another set (@, o) with
the transformation laws v = u(u,v),v = v(u,v), we can then derive the tangent vectors

for the new surface coordinates from the chain rule (2.30)

or B or Ou  Or Ov or B or du Or Ov

ﬁ—%%—F%% and — (2.41)

95 0uds  won

from which the associated normal unit vector can be readily defined.
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2.2.3 Curvature

We first note from the differentiation of the unit normal vector N and position vector r

to define the quadratic form

or or ON ON
. - (= - == - S e duP
dr - dN (8udu + 8vdv> < 50 du + 5 dv) bapdu®du” . (2.42)

In differential geometry, this equation is known as the second fundamental form; and b,g,

called the curvature tensor of the surface, are given by

dr ON orON _ 9rdN dr ON

by =———, bp=—7"-——=——"——, bypy=——— 2.43
H oudu’ 7 ou v o ou’ 7 ov ov (243)
from which we may derive the mixed components

b3 = byga” . (2.44)

From the curvature tensor two important invariant scalar quantities can be derived.
The first one is
1
H= 5(b} +b3) . (2.45)

It represents the average of the two principle curvatures and is called the mean curvature.

The other invariant is the determinant

bl bl
K = b; bz = b1b? — bib? (2.46)
1 2

and is called the Gaussian curvature of the surface.

2.3 Review of Linear Elasticity

2.3.1 Strain—Displacement Relations

The displacement vector u at a point in a solid has the three components u;(i = 1,2, 3)

which are mutually orthogonal in a Cartesian coordinate system x; and are taken to be
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positive in the direction of the positive coordinate axes. Let us denote ¢ a strain tensor
with the components €;;. Then the linearized straindisplacement relations, which form

the Cauchy’s infinitesimal strain tensor, are

By this equation, the strain tensor is symmetric and thus consists of six components.

Six strain components are required to characterize the state of strain at a point and
are computed from the displacement field. However, if it is required to find three dis-
placement components from the six components of strain, the six strain-displacement
equations should possess a solution. The existence of the solution is guaranteed if the
strain components satisfy the following six compatibility conditions

2 2 2 2
0 Eij 0 Emn 0 Eim 0 Ejn

0,01, + dx;0x; B 0z ;0x, + 0x,0x,,

(2.48)

Although there are six conditions, only three are independent.

2.3.2 Constitutive Relations

The kinematic conditions of Section 2.3.1 are applicable to any continuum irrespective
of its physical constitution. But the response of a given continuous body depends on its
material. The material is introduced to the formulation through the generalized Hooke’s

law relates the stress tensor ¢ and strain tensor &

0ij = Cijuicn , (2.49)

where Cj;i; depending on material properties is called elasticity tensor. Note from the
symmetry of both o;; and ey that Cjju = Cjim and Cyjp = Cyjir; and there are only 36
constants. When a strain-energy function exists, the number of independent constants is
reduced from 36 to 21. The number of elastic constants is reduced to 13 when one plane
of elastic symmetry exists, and is further reduced to 9 when three mutually orthogonal

planes of elastic symmetry exist. Finally, when the material is isotropic (i.e., the material
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has the same material properties in all directions), the number of independent constants

reduces to 2 and the isotropic elasticity tensor has the form

Cijri = €103j0k1 + 2 (0051 + 0adjn) ; (2.50)

where ¢; and ¢y are the Lamé elastic constants, related to Young’s modulus, E, and

Poisson’s ratio, v, as follows

Ev E
= = — . 2.51
T a2y 2T 21+ (2:51)
It can then be verified that the elasticity tensor satisfies
Cijki = Cjirt = Cijix = Chaij - (2.52)
It thus follows from (2.47), (2.49), and (2.52) that
8uk
ii = Cijki—=— . 2.53
0ij rm (2.53)

2.3.3 Equations of Equilibrium/Motion

Equilibrium at a point in a solid is characterized by a relationship between stresses
and body forces (forces per unit volume) b; such as those generated by gravity. This
relationship is expressed by equations of equilibrium

3015

Sk — 2.54
aijr (2.54)

Including inertial effects via D’Alembert forces gives the equations of motion

8aij 4 b — 62ui
(%cj i= P ot ’

(2.55)

where p is the material’s density. When the elastic solid subjected to a harmonic loading

(and harmonic body force) of frequency w, the magnitude u of the harmonic response
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U = ue ! satisfies
aO'ij

Y 4 2u; =0 . 2.56
8a:j+ + pwu (2.56)

2.3.4 Boundary Conditions

Let I'p denote a part of the surface of the body on which some displacements u; is
specified. Continuity condition requires that on the surface I'p, the displacements wu; be

equal to the specified displacements u;
U; = ﬂi, on FD . (257)

Similarly, Let "y denote the part of the surface of the body on which forces are prescribed.
The boundary condition requires the forces applied to I'; be in equilibrium with the stress
components on the surface

O-ijﬁj = tz‘, on FN, (258)

where n; are the components of the unit vector 7 normal to the surface, and t; are

specified boundary stresses (surface forces per unit area).

2.3.5 Weak Formulation

In the thesis, we shall limit our attention to only linear constitutive models. Hence,

substituting (2.53) into (2.55) yields governing equations for the displacement field u as
8 (9uk
— | Ciip— ) +b; +w?u; =0 inQ. 2.59
81’ j ( gkl 8xl ) ( )
To derive the weak form of the governing equations, we introduce a function space

Xe={ve (H'(Q)" |vi=00nTp}, (2.60)

and associated norm

J 1/2
|vl]xe = (Z ||vi||§fl(m> : (2.61)
=1
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Next multiplying (2.59) by a test function v € X® and integrating by parts we obtain

ov; ouy, Ouy,
) 8$] ikl axl w /Qu (% /F Gkl agjl n;v /S; (¥ ( )

It thus follows from (2.58) and v € X*° that the displacement field u® € X° satisfies

a(u®,v) = f(v), VveXe, (2.63)
where
ov; owy, 9
— [ Lo S 2w, 2.64
a(w,v) /anj Cijki 0z, Y Wi (2.64)

fv) = /Qbivi + /FN vit; (2.65)

This is the weak formulation in linear constitutive models for elastic solid subjected to
a harmonic loading. In the next section, we review the finite element method which is
one of the most frequently used method for numerical solution of PDEs arising in solid

elasticity, fluid mechanics, heat transfer, etc.

2.4 Review of Finite Element Method

2.4.1 Weak Formulation

While the derivation of governing equations for most engineering problems is not difficult,
their exact solution by analytical techniques is very hard or even impossible to find. In
such cases, numerical methods are used to obtain an approximate solution. Among many
possible choices, the finite element method is most frequently used to obtain an accurate
approximation to the exact solution. The point of departure for the finite element method
is an weighted—integral statement of a differential equation, called the weak formulation.
The weak formulation (or, in short, weak form) allows for more general solution spaces and
includes the natural boundary and continuity conditions of the problem. Typically, the

weak form of the linear boundary value problems can be stated as: find s¢(u) = £(u®(u)),
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where u®(p) € X© is the solution of
a(ut (1) v p) = F(v), Vv e X°. (2.66)

Here a(-,-; ) is a p-parametrized bilinear form, f is a linear functional, and X*° is an

appropriate Hilbert space over the physical domain 2 € R9,

2.4.2 Space and Basis

In the finite element method, we seek the approximate solution over a discretized domain
known as a triangulation 7, of the physical domain Q: Q = UThGTh T}, where TF k =
1,..., K, are the elements, x;,7 = 1,..., N, are the nodes, and subscript h denoting the
diameter of the triangulation 7}, is the maximum of the longest edges of all elements. We

next define a finite element “truth” approximation space X C X°©
X ={veX|v|p, €P(T}), VI, € Tp} (2.67)

where P,(T},) is the space of p'™' degree polynomials over element Tj,.

Furthermore, if the function space X¢ is complex such that
Xe={v=0"+1' e HY(Q), o' € H'(Q)}, (2.68)
we must then require our truth approximation space be complexified as
X ={v=0+1' € X°| %7, € Py(Th), V|5, € Pp(Th), VT € T} (2.69)
in terms of which we define the associated inner product as
(w,v)x = /QVwVv + wo . (2.70)

Recall that R and I denote the real and imaginary part, respectively; and that v and
|v| denote the complex conjugate and modulus of v, respectively. Note the notion of

symmetry in the complex case, a bilinear form a(w, v) is said to be symmetric if and only
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if a(w,v) = a(v,w),YVw,v € X. It is clear that (-,-)x defined above is symmetric.
To obtain the discrete equations of the weak form, we express the field variable u(u) €

X in terms of the nodal basic functions ¢; € X, ¢;(x;) = d;;, such that

X =span{pi,...,on} (2.71)
N
u(p) =Y wilpei, YveX; (2.72)
i=1
here w;(p),i = 1,..., N, is the nodal value of u(u) at node z; and is real for the real

space X°¢, otherwise complex.

Finally, we note that for complex domains involving curved boundaries or surfaces,
simple triangular elements may not be sufficient. In such cases, the use of arbitrary
shape elements, which are known as isoparametric elements, can lead to higher accuracy.
However, since all problems discussed in the thesis have rather simple geometry, we shall

not use isoparametric elements in our implementation of the finite element method.

2.4.3 Discrete Equations

Using the Galerkin projection on the discrete space X, we can find the approximation

u(p) € X to u®(u) € X from
a(u(p),v;n) = f(v), Vve X . (2.73)

We next substitute the approximation u(u) = Z;\il u;(p)e; into (2.73) and take v as the

basis functions ;,7 = 1,..., N, to obtain the desired linear system
N
> alppenmuip) =fe), i=1,... N, (2.74)
j=1

which can be written into matrix form

A(p) u(p) = E . (2.75)
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Here A(p) is an N x N matrix with A;; (1) = a (@5, pi; 1), E is an vector with F; = f (¢;),
and u(p) is an vector with w;(u) = u(z;; 1), where x; is the coordinates of the node i. The
matrix A and vector F depend on the finite element mesh and type of basis functions.
They can be formed via assembling elemental matrices and vectors associated with each
elements T}, of 7j,.

By solving the linear system, we obtain the nodal values u(u) and thus u(u) =

Z?; u;(1)p;. Finally, the output approximation s(i) can be calculated as

s(p) = L(up)) - (2.76)

A complete discussion and detailed implementation of the finite element procedure can

be found in most finite element method textbooks (see, for example, [15]).

2.4.4 A Priori Convergence

The finite element method seeks the approximate solution u(u) (respectively, the approx-
imate output s(p)) in the finite element “truth” approximation space X to the exact
solution u®(u) (respectively, the exact output s¢(u)) of the underlying PDE. The a priori
convergence analysis for the finite element approximation suggests that ||u®(u) — u(p)||x
and [s®(p) — s(u)| will converge as h® and h?, respectively; here o and (3 are posi-
tive constants whose value depend on the specific problem, the output functional, and
the regularity of force functional and domain. In general, we have u(u) — u®(p) and
s(p) — s°(u), as h — 0. For a particular case in which a is symmetric positive-definite,
Q and f, (¢ = f) are sufficiently regular, ||u®(n) — u(p)||x and |s¢(p) — s(p)| will vanish
as O(h) and O(h?), respectively, for P, elements; it means in practice that in order to
decrease |s°(p) —s(u)| by a factor of C, we need to increase N/ roughly by the same factor
for two-dimensional problems, but a factor of C®/2 for three-dimensional problems.

As the requirements for accuracy increase, we need higher N to obtain accurate and
reliable results; adequately converged truth approximations are thus achieved only for
spaces X of very large dimension N. For many medium or large-scale applications,
N is typically in the order of O(10%) up to O(10°). Unfortunately, the computational

complexity for solving the linear system (2.75) scales as O(N7), where v depends on the
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sparse structure and condition number of the stiffness matrix A(x). The computational
time for a particular input is thus typically long; especially, in contexts where many
and real-time queries of the parametrized discrete system (2.75)-(2.76) are required, the

computational requirements become prohibitive.

2.4.5 Computational Complexity

Finally, we remark briefly solution methods for linear algebraic systems with specific at-
tention to the FEM context. Typically, the FEM yields large and spare systems. Many
techniques exist for solving such systems (see [95] for comprehensive discussion including
algorithms, convergence analysis, preconditioning of several techniques for large linear
systems). The appropriate technique depends on many factors, including the mathemat-
ical and structural properties of the matrix A, the dimension of A, and the number of
right-hand sides. Generally, there are two classes of algorithms used to solve linear sys-
tems: direct methods and iterative methods. Direct methods obtain the solution after a
finite number of arithmetic operations by performing some type of elimination procedure
directly on a linear system; hence, direct methods will yield an exact solution in a finite
number of steps if all calculations are exact (without truncation and round-off errors).
In contrast, iterative methods define a sequence of approximations which converge to the
exact solution of linear systems within some error tolerance.

The most standard direct method is the Gaussian elimination, which consists of the
LU factorization and the backward substitution. The LU factorization of A generates
lower and upper triangular matrices, L and U, respectively, such that A = L U. The
backward substitution is straightforward: L w = F and U u = w. Since A is sparse and
banded, banded LU scheme is usually used to factorize A with (typical) cost O(N?) and
storage O(N?3/?) for problems in R?. In R?, the order of factorization cost and storage
requirement for banded LU factorization can be higher mainly due to the increasingly
complicated sparse structure of the matrix.! In the case of symmetric positive-definite

(SPD) systems, A can be factorized into R* R, where R is upper triangular, by Cholesky

!Note for general domain and unstructured meshes, there are a number of heuristic methods to
minimize the bandwidth. More generally, graph-based sparse matrix techniques can be applied — the
edges and vertices of the matrix graph are simply the vertices and edges of the triangulation.
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decomposition with a saving factor of 2 in both computational cost and storage.

Direct methods are usually preferred if the dimension of A are not too large, the spare
structure is banded and well-structured, and there are a number of right-hand sides, since
they are very fast and reliable in such situations. However, for general sparse matrices, the
situation is considerably more complicated; in particular, the factors L and U can become
extremely dense even though A is extremely spare; if pivoting is required, implementing
sparse factorization can use a lot of time searching lists of numbers and creating a great
deal of computational overhead. Iterative methods prove appropriate and outperform
direct methods for solving general sparse and unstructured systems, especially arising
from finite element discretization of three-dimensional problems.

Iterative methods start with an initial approximation u° and construct a sequence of

approximate solutions u"**

to the exact solution u. If converged, ||[Au™™ — F||/|lu""|| or
|u" ™ — u™|| /||| becomes sufficiently small within a specific error tolerance. During
the iterations, A is involved only in matrix-vector products, there is no need to store the
matrix A. Such methods are thus particularly useful for very large sparse systems — the
matrices can be huge, sometimes involving several million unknowns. Iterative methods
may be further classified into stationary iterative methods and gradient methods.

The Jacobi, Gauss-Seidel, successive over-relaxation (SOR) methods fall into the first
class. The idea here is do matrix splitting A = M — N and write the linear system
Aw = F into an iterative fashion M u"*! = N «™ + F; here M must be nonsingular. We
can further reduce the above iteration into an equivalent form, ©"*' = B u™ + C, where
B=M7"''Nand C =M 'F. A iterative scheme of this form is called stationary iterative
method and B is the iteration matriz (In a non-stationary method, B varies with n). We
have M = D, N = L + U for Jacobi method and M = D — L, N = U for Gauss-Seidel
method, where D, L, U are the diagonal part, strictly negative lower triangular part, and
strictly negative upper triangular part of the matrix A, respectively, i.e., A= D —L—U.
In SOR method, M, N, and B depend on a relaxation parameter w; in particular, we
have B = (D — wL) '[(1 — w)D + wU]. Clearly, the Gauss-Seidel method is a special
case of SOR method in which w = 1. The convergence and rate of convergence of the
Jacobi, Gauss-Seidel, and SOR schemes depend on the spectral radius of B defined as
p(B) = maxi<i<y || Ai(B)]|, where \;,; 1 <i < N, are eigenvalues of B. Typically, p(B) is
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large, and hence the convergence rate of the stationary iterative methods are quite slow.
This observation has stimulated the development of gradient methods.

The literature of gradient methods are rich and many gradient methods have been
developed over past decades; however, we shall confine our discussion to only the conju-
gate gradient (CG) method — one of the most important iterative methods for solving

large SPD systems. The CG algorithm is given in Figure 2-1.

1. Set u’(say) =0, =F, p* =r°

2. forn=0,1,..., until convergence

3 a™ = (r™) T/ (pm) T Ap"

4 e T

5. =t — " Ap”

6 B = () Typntd ) (pnyTyn

7 pil = g grpn

8 Test for convergence ||r" ™| /||u" || < e
9. end for

Figure 2-1: Conjugate Gradient Method for SPD systems.

The convergence rate of the CG method is given by the following estimate

ﬁ_un) <2<\‘{Z1)n , (2.77)

where k is the condition number of matrix A

o /\max(é)
B )\min(A> '

K (2.78)

Here Apax and Ay, refer to the maximum eigenvalue and minimum eigenvalue of A.
(In addition to the above result, we also obtain, at least in infinite precision, the finite
termination property u" = wu, though this is generally not much of interest.) By taking
the logarithm of both sides of (2.77) and using the Taylor series for In(1 + z) in the

right-hand side, we obtain the number of iteration ny., required to reduce the error by
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some fixed fraction € as
1 2
Niter = éw/ﬁ(é) In (E) ) (2.79)

We see that nye, depends on h: as h decreases, k increases, which in turn decreases the
convergence rate. However, the dependence on h is not so strong, and is also independent
of spatial dimension.

As proven in [124], the upper bound for the condition number is obtained as k(A) <
Ch~2 for quasi-uniform and regular meshes.> Hence, we have nie, ~ O(1/h) = O(N''/?)
for problems in R? and nye, ~ O(1/h) ~ O(N'/3) for problems in R?. We further observe
from the CG algorithm that the work per iteration is roughly O(N') due to the sparsity of
the matrix A. The complexity of the CG method is thus O(N3/?) in R? and O(N®/3) in
R3. In addition, the storage requirement for CG is only O(N/) since we only need to store
the elemental matrices and the field vectors, both of which are O(N').> We see that in R?,
the CG method can be better than the banded LU factorization. In R3, the improvement
is even more dramatic. Despite the relatively good convergence rate of the CG method,
it is often of interest to improve things further by preconditioning. Especially, in the case
of nonsymmetric indefinite systems and unstructured meshes, the iterative procedures
are much less effective. In such cases, preconditioned iterative methods should be used

to speed the convergence rate.

2This result is valid for any SPD second-oder elliptic PDE and any order of polynomial approximation;
C depends on the polynomial order, coercivity and continuity constants, but not on h.

30f course, with regard to the operation counts for both the computational complexity and the storage
requirement, the constant in R? is higher than that in R2.
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Chapter 3

Reduced-Basis Methods: Basic
Concepts

The focus in this chapter is on the computational methods that solve the direct prob-
lems very efficiently. Our approach is based on the reduced-basis method which permits
rapid yet accurate and reliable evaluation of the input-output relationship induced by
parametrized partial differential equations. For the purpose of illustrating essential com-
ponents and key ideas of the reduced-basis method, in this chapter we choose to review
the technique for coercive elliptic linear partial differential equations. In subsequent
chapters, we shall develop the method for noncoercive linear and nonaffine linear elliptic

equations, as well as nonlinear elliptic equations.

3.1 Abstraction

3.1.1 Preliminaries

We consider the “exact” (superscript e) problem: for any u € D C R?, find s¢(u) =
0(u®(p)), where u®(u) satisfies the weak form of the p-parametrized PDE

a(u (), vip) = f(v), Ve X" (3.1)
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Here p and D are the input and (closed) input domain, respectively; s¢(u) is the output
of interest; u®(z; u) is our field variable; X© is a Hilbert space defined over the physical
domain © C R? with inner product (w,v)xe and associated norm ||w||xe = v/(w, w)xe;
and a(-,-; u) and f(-),£(-) are X®-continuous bilinear and linear functionals, respectively.

Our interest here is in second-order PDEs, and our function space X° will thus satisfy
(H3 ()" € X° C (H'(2))", where v = 1 for a scalar field variable and v = d for a
vector field variable. Recall that H'(2) (respectively, HJ(£2)) is the usual Hilbert space
(respectively, the Hilbert space of functions that vanish on the domain boundary 0f2)
defined in Section 2.1.

In actual practice, we replace X© with X C X°¢, a “truth” finite element approximation
space of dimension /. The inner product and norm associated with X are given by (-, )y

and ||| x = (-, ');/2, respectively. A typical choice for (-,-)x is
(w,v)x = / Vw - Vv +wv , (3.2)
Q

which is simply the standard H'(Q) inner product. We shall next denote by X’ the dual

space of X. For a h € X', the dual norm is given by

Il = sup ﬁ) (33)

We shall assume that the bilinear form a is symmetric, a(w,v;u) = a(v,w; p),Vw,v €

X,Vu € D, and satisfies a coercivity and continuity condition

a(v,v; 1)

0<ay<a(p) = inf , YpueD 3.4
0 =00 = TR, o4
SupMEV(M)<OO, VueD. (3.5)

vex [vll%
Here a(p) is the coercivity constant — the minimum (generalized) singular value asso-
ciated with our differential operator — and ~y(u) is the standard continuity constant; of
course, both these “constants” depend on the parameter p. It is then standard, by the

Lax-Milgram theorem [127], to prove the existence and uniqueness for the problem (3.1)
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provided that the domain 2 and functional f are sufficiently regular.
Finally, we suppose that for some finite integer Q, a may be expressed as an affine

decomposition of the form

a(w,v;p) = Y O (p)a’(w,v), (3.6)

where for 1 < ¢ < @, ©7 : D — R are differentiable parameter-dependent coefficient

functions and bilinear forms a? : X x X — R are parameter-independent.

3.1.2 General Problem Statement

Our approximation of the continuous problem in the finite approximation space X can

then be stated as: given u € D € R, we evaluate

s(p) = ((u(p)) (3.7)

where u(p) € X is the solution of the discretized weak form

a(u(p),v;p) = f(v), YoeX . (3.8)

We shall assume — hence the appellation “truth” — that X is sufficiently rich that u
(respectively, s) is sufficiently close to u®(u) (respectively, s¢(u)) for all p in the (closed)
parameter domain D. We must be certain that our formulation are stable and efficient
as N' — oo. Unfortunately, for any reasonable error tolerance, the dimension N re-
quired to satisfy this condition — even with the application of appropriate (and even
parameter-dependent) adaptive mesh generation/refinement strategies — is typically ex-

tremely large, and in particular much too large to provide real-time response.

3.1.3 A Model Problem

We consider heat conduction in a thermal fin of width and height unity, and thermal
conductivity unity; the height of the fin post is 4/5 of the total height. The two-

dimensional fin, shown in Figure 3-1(a), is characterized by a two-component param-
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eter input p = (uy, po), where uy = Bi and py = t/t; p may take on any value in a
specified design set D = [0.01,1] x [1/3,5/3] C RF=2. Here Bi is the Biot number, a
non-dimensional heat transfer coefficient reflecting convective transport to the air at the

fin surfaces; and ¢ is the width of the fin post.

oL
@

T T

(a) (b)

Figure 3-1: Two-dimensional thermal fin: (a) original (parameter-dependent) domain
and (b) reference (parameter-independent) domain (¢t = 0.3).

The thermal fin is under a prescribed unit heat flux at the root. The steady-state
temperature distribution within the fin, @(u), is governed by the elliptic partial differential

equation

~V%*i =0, inQ. (3.9)

We now introduce a Neumann boundary condition on the fin root

- _1; on IN-‘1"00t7 (310)

3o

—Vau-

which models the heat source; and a Robin boundary condition on the remaining bound-

ary

—Vi-n=Bid, on N e (3.11)

which models the convective heat losses; here dQ denotes the boundary of Q and 7 is the

unit vector normal to the boundary.
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The output considered is s(u), the average steady-state temperature of the fin root

normalized by the prescribed heat flux into the fin root

() = £(ia()) = / au) | (3.12)

The weak formulation of (3.9), (3.10), and (3.11) is then derived as

/vavm& / U :/ v, VoeHYQ) . (3.13)
Q aﬂ\froot 1:‘root

The problem statement (3.7) and (3.8) is recovered. Clearly, a is continuous, coercive,
and symmetric, but not affine in the parameter yet. We now apply a continuous affine
mapping from p-dependent domain  to a fixed (y-independent) reference domain € (see
Figure 3-1(b)). In the reference domain, our abstract form (3.7)-(3.8) is recovered; in
particular, a is affine for @) = 5, ¢ is “compliant” (i.e., £ = f), and X is a piecewise-linear
finite element approximation space of dimension N = 2977. Note that the geometric

variations are reflected, via the mapping, in the parametric coefficient functions ©%(u).

3.2 Reduced-Basis Approximation

3.2.1 Manifold of Solutions

The reduced-basis method recognizes that although the field variable u®(u) generally be-
longs to the infinite-dimensional space X associated with the underlying partial differen-
tial equation, in fact u®(u) resides on a very low-dimensional manifold M® = {u®(u) | 1 €
D} induced by the parametric dependence. For example, for a single parameter, ;1 € D C
RP=1 u°(u) will describe a one-dimensional filament that winds through X¢ as depicted
in Figure 3-2(a). The manifold containing all possible solutions of the partial differential
equation induced by parametric dependence is much smaller than the function space.
In the finite element method, even in the adaptive context, the approximation space X
is much too general — X can approximate many functions that do not reside on the
manifold of interest — and hence much too expensive. This critical observation presents

a clear opportunity: we can effect significant, in many cases Draconian, dimension reduc-
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tion in state space if we restrict attention to M¢; the field variable can then be adequately

approximated by a space of dimension N < N

M {u(p) | p € D}
LOW DIMENSION

e

X
HIGH DIMENSION

(a) (b)

Figure 3-2: (a) Low-dimensional manifold in which the field variable resides; and (b)
approximation of the solution at ™" by a linear combination of precomputed solutions.

3.2.2 Dimension Reduction

Since all solutions of the parametrized PDE live in a low-dimensional manifold, we
wish to construct an approximation space to the manifold. The approximation space
consists of solutions at selected points in the parameter space as shown in Figure 3-
2(b). Then for any given parameter p, we can approximate the solution u(u) by a
projection onto the approximation space. Essentially, we introduce nested samples,
Sy={p1 €D, - ,uny € D},1 < N < Ny and associated nested Lagrangian reduced-
basis spaces as Wy = span{¢; = u(y;),1 < j < N}, 1 < N < Npyax, where u(pu;) is the
solution to (3.8) for y = p;. In actual practice, the basis should be orthogonalized with
respect to the inner product (-, )x; the algebraic systems then inherit the “conditioning”
properties of the underlying PDE. The reduced-basis space Wy comprises “snapshots”
on the parametrically induced manifold M = {u(u) |pn € D} C X. It is clear that M is
very low-dimensional; furthermore, it can be shown — we consider the equations for the
sensitivity derivatives and invoke stability and continuity — that M is very smooth. We
thus anticipate that ux () — u(u) very rapidly, and that we may hence choose N < N
Many numerical examples justify this expectation; and, in certain simple cases, exponen-

tial convergence can be proven [85, 93, 121]. We finally apply a Galerkin projection onto
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Wy to obtain uy(u) € Wy from

alun(p),v;p) = fv), Yve Wy, (3.14)

in terms of which the reduced-basis approximation sy () to s(i) can be evaluated as

sn(p) = un(p)) - (3.15)

E L

—

Figure 3-3: Few typical basic functions in Wy for the thermal fin problem.

An important question is that how we choose Wy so as to maximize the results
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while minimizing the computational effort? An ad hoc or intuitive choice may not lead
to satisfactory approximation even for large N. Naturally, we should find and include
less smooth members of M into Wy because those solutions contain the highest quality
information about structure of the manifold. In doing so, any information about M must
be exploited and any corner of M must be explored. Of course, we can not afford the
“accepted/rejected” strategy in which only a few basic solutions in Wy are selectively
obtained from a large set of solutions as in POD economization procedure [1341]. Our
strategy is that we use inexpensive error bounds to guide us to potential candidates in
M and an adaptive sampling procedure to explore M. We shall discuss our way of

choosing Wy in more detail shortly later.

3.2.3 A Priori Convergence Theory

We consider here the convergence rate of uy(p) and sy(p) to u(p) and s(u), respectively.
In fact, it is a simple matter to show that the reduced-basis approximation ux (x) obtained

in the reduced-basis space Wy is optimal in X-norm

o) = o)l < 1/ 28 i i) = )l (3.16)
Proof. We first note from (3.8) and (3.14)that

a(u(p) —un(p),v;p) =0, YveWy. (3.17)

It then follows for any wy = uy + vy € Wy, where vy # 0, that

alu—wy,u—wy;p) = alu—uy — VN, U — Uy — VN; L)
= a(u—un,u—uy;p) —2a(u—un,vn; 1) + a(vn, vy; )
= a(u—un,u—un;u)+ alvy,vy; @)
> a(u—uy,u —uy; ) . (3.18)
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Furthermore, from (3.4), (3.5), and (3.18) we have

a(p) llulp) —un(Wx < alw(p) —un(p), u(p) — un(p); )
< au(p) —wy(p), u(p) — wn(p); 1)
< (p) min fluu) - wy|% (3.19)
which concludes the proof. O]

In a similar argument, we can also show that sy (u) converges optimally to s(u) in X-

norm. We show that for the compliance case ¢ = f

s(u) —sn(p) = Llu(p) —un(p))

) — un (), () — un(e); o)

I
S
—~
g
~— — —

< ) [Ju(p) — un ()3
() 2
< i B, lu(m) — wn ()l ; (3.20)

in arriving at the above result, we use ¢/ = f in the second equality, Galerkin orthogo-
nality (3.17) and symmetry of a in the third equality, continuity condition in the fourth
inequality, and the result (3.16) in the last equality. We see that sy (u) converges to s(p)

as the square of error in uy ().

3.2.4 Offline-Online Computational Procedure

Of course, even though N may be small, the elements of Wy are in some sense large:
Co = u(p,) will be represented in terms of NV > N truth finite element basis func-
tions. To eliminate the N -contamination, we must consider offline-online computational

procedures. To begin, we expand our reduced-basis approximation as

un(p) = ZUNJ‘(M)CJ‘ : (3.21)
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It thus follows from (3.6) and (3.14) that the coefficients uy ;(¢), 1 < j < N, satisfy the

N x N linear algebraic system

N Q
> {Z (1) a*(¢;. g)} ux (i) = F(G), 1<i<N. (3.22)

j=1 g=1

The reduced-basis output can then be calculated as
N
sn() = un;(p) () - (3.23)
j=1

It is clear from (3.22) that we may pursue an offline-online computational strategy to
economize the output evaluation.

In the offline stage — performed once — we first solve for the (;, 1 < i < N; we
then form and store (((;), 1 <i < N, and a?((;,(;), 1 <4, < N, 1 <¢ < Q. In actual
practice, in the offline stage we consider N = N,.«; then, in the online stage, we extract
the necessary subvectors and submatrices. This will become clearer when we discuss the
generation of the Sy, 1 < N < Nu.c. Note all quantities computed in the offline stage
are independent of the parameter p. Specifically, the offline computation requires N
expensive finite-element solutions and O(QN?) finite-element vector inner products.

In the online stage — performed many times, for each new value of u — we first
assemble and subsequently invert the (full) N x N “stiffness matrix” 222:1 ©%(p)al(¢;, G)
in (3.22) — this yields the uy (1), 1 < j < N; we next perform the summation (3.23) —
this yields the sy(u). The operation count for the online stage is respectively O(QN?)
and O(N?) to assemble (recall the a?(¢;,¢), 1 < i,j < N, 1 < ¢ < Q, are pre-stored)
and invert the stiffness matrix, and O(N) to evaluate the output inner product (recall
the ¢((;) are pre-stored); note that the reduced-basis stiffness matrix is, in general, full.
The essential point is that the online complexity is independent of N, the dimension of
the underlying truth finite element approximation space. Since N < N, we expect —
and often realize — significant, orders-of-magnitude computational economies relative to

classical discretization approaches.
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3.2.5 Orthogonalized Basis

In forming the reduced-basis space Wy, the basis functions must be selected such that
they are linearly independent to make the algebraic system (3.14) well-conditioned as
possible, or at least not singular. However, the basis functions are the solutions of the
parametrized partial differential equation at different configurations, they are nearly ori-
ented in the same direction. Consequently, the associated algebraic system (3.14) is very
ill-conditioned especially for large N. Typically, the condition number of the “reduced-
stiffness” matrix in (3.14) grows exponentially with N. We thus need a new basis which
is orthogonal and able to preserve all approximation properties of the original basis. To
this end, using Gram-Schmidt orthogonalization we orthogonalize our basis with respect

to the inner product associated with the Hilbert space X, (-, -)x, and thus obtain
(GiyG)x =045, 1<i,7<N. (3.24)

Then the algebraic system (3.14) inherits the conditioning properties of the underlying
PDE, as we shall now prove. We first note that for any wy € Wy, we can write w =

SN wniG. Tt then follows from (3.4) and (3.24) that

N N N N
SN wniwyia(GGip) = alp)Y D wyiwn (G G)x

i=1 j=1 i=1 j=1

N N
= E § lewN] ij

=1 j5=1

= Z w? ;. (3.25)

Similarly, we have

N N N N
D wnviwn;a(G Gin) < () YD wya (G G)x
i=1 j=1 i=1 j=1
N N
= (1)) >  wniwn
i=1 j=1

= ) 3wk (3.26)
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It finally follows from (3.25) and (3.26) that

N
i=1 WNiWN ;a\Gi, G55

N —_
Zizl w]2\/i

a(p) <

(Clearly, our algebraic system in the orthogonalized basis has the same conditioning prop-
erties as the underlying PDE. In the worst case, the condition number is bounded by the
ratio y(u)/a(p), which is independent of N.

Using the thermal fin problem as typical demonstration, we present in Figure 3-4 the
condition number of the reduced-stiffness matrix in the original basis and orthogonalized
one as a function of N for p; = (0.1,1.0). The exponential growth of the condition
number of a(¢;, (;) in the original basis is expected; in contrast, the condition number of
a(¢;, ¢;) in the orthogonalized basis increases linearly with N and begins to be saturated

at N = 4 with value of 10.00 since for this particular test point, v(su:)/a(u:) = 10.00.

N

12|| —6— Original Basis

10 —=— Orthogonalized Basis

1010 |

10"

10° }

10

10"

10

Figure 3-4: Condition number of the reduced-stifness matrix in the original and orthog-
onalized basis as a function of NV, for the test point u; = (0.1, 1.0).

3.3 A Posteriort Error Estimation

From the previous section, we know in theory /N can be chosen quite small. Nevertheless,
in practice, we do not know how small N should be chosen in order for the reduced-basis

method to produce desired accuracy for all parameter inputs. In fact, the reduced-basis
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approximation raises many questions than it answers. Is |s(u) — sy (u)| < &g, where €7,
is the acceptable tolerance? Is N too large, |s(u) — sy(p)| < i, with an associated
steep penalty on computational efficiency? Do we satisfy the acceptable error condition
|s(n) — sn(p)|] < eg, for the smallest possible value of N? In short, the pre-asymptotic
and essentially ad hoc nature of reduced-basis approximations, the strongly superlinear
scaling with N of the reduced-basis complexity, and the particular needs of real-time

demand rigorous a posteriori error estimation.

3.3.1 Error Bounds

We assume for now that we are given a positive p-dependent lower bound &(u) for the
stability constant a(p): a(p) > a(pu) > ap > 0,V € D. The calculation of &(u) will be

discussed in great length in the next chapter. We next introduce the dual norm of the

residual
D)
en(p) =sup ; (3.28)
vex [vllx
where
r(v;p) = f(v) —aluy(p),v; ), Yve X (3.29)

is the residual associated with uy(p). We may now define our energy error bound

An(p) = (3.30)

and the associated effectivity as

An(p)
Ju(p) —un (@)l x

v () = (3.31)

We may also develop error bounds for the error in the output. We consider here the
special “compliance” case in which ¢ = f and a is symmetric — more general functionals
¢ and nonsymmetric a require adjoint techniques [91, 121, 99]. We then define our output

error estimator as

AN (p) = ex(p)/alp) , (3.32)
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and its corresponding effectivity as

AN ()
500 —sn ()] (3.33)

Note that A% (u) scales as the square of the dual norm of the residual, ey ().

3.3.2 Rigor and Sharpness of Error Bounds

We shall prove in this section that 1 < nn(p),ny () < v(u)/&(n), VN,Yu € D. Es-

sentially, the left inequality states that Ax(u) (respectively, A% (u)) is a rigorous upper
bound for ||u(p) —un ()| x (respectively, |s(u) — sy(p)]); the right inequality states that
An(u) (respectively, A% (u)) is a sharp upper bound for ||u(u) — un(u)|| (respectively,
|s(1) — sy (p)])- In fact, many numerical examples [121, 112] show that ny(x) and n3 (@)

are of order unity.

Proposition 1. For the error bounds An () and A% (u) given in (3.30) and (3.32), the

corresponding effectivities satisfy

1 <nn(p) <y(w)/é(p), YN, VueD, (3.34)

L<ny(p) <v(p)/a(p), VYN, VueD. (3.35)

Proof. To begin, we note from (3.8) and (3.29) that the error e(u) = u(p) —un(p) satisfies

ale(p),v;p) =r(v;pu), YoveX. (3.36)

Furthermore, we note from standard duality arguments that

en(p) = lIr(v; w)llx = lle(wlix (3.37)

where

(é(p),v)x =r(v;p), YveX. (3.38)
We next invoke the coercivity and continuity of the bilinear form a together with (3.36)
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and (3.38) to obtain

alp) lle(mly < ale(u), e(p); 1)
= (e(p),e(p))x
leCllx lle(m)ll x (3.39)

IA

and

le(ul% = ale(n), é(u); )
a(e(p), e(p): )" a(é(p)., () )"

< () llel)llx llelllx - (3.40)

IN

Note that we have used Cauchy-Schwarz inequality in the last inequality of (3.39) and in
the second inequality of (3.40). We thus conclude from (3.39) and (3.40) that

<) - (3.41)

The first result immediately follows from the definition of ny(u), (3.37), and (3.41).
Furthermore, we note from (3.39) and (3.41) that

(1) — () = ale(u), ea)s 1) < 1)Ly e < 1M g o)
and from (3.40) that

1/2 1/2

le(ilix

IA

ale(p), e(p); p) "~a(é(p), e(p); )
ale(p), e(p); 1) 242 () lle(w)lx - (3.43)

IN

We thus conclude from (3.42) and (3.43) that

e
a(u) < AWy (3.44)
s(n) = sn(p)
The second result follows from the definition of 73 (1), (3.37), and (3.44). O
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The effectivity result (3.34) and (3.35) is crucial. From the left inequality, we deduce
that Ay (u) (respectively, A% (1)) is a rigorous upper bound for the error in the solution
(respectively, the error in the output) — this provides certification. From the right
inequality, we deduce that Ay(u) and A% (u) overestimate the true errors by at most
v(1) /B (1), independent of N — this relates to efficiency: clearly an overly conservative
error bound will be manifested in an unnecessarily large N and unduly expensive reduced-
basis approximation. Note however that these error bounds are relative to our underlying
“truth” approximation, u(u) € X and s(u), not the exact solution and output, u(u) € X°
and s°(u), respectively.

The real challenge in a posteriori error estimation is not the presentation of these
rather classical results, but rather the development of efficient computational approaches
for the evaluation of the necessary constituents. In our particular deployed context, “effi-
cient” translates to “online complexity independent of N’ and “necessary constituents”
translates to “dual norm of the residual, ex(u) = ||r(v; u)||x/, and lower bound for the
inf-sup constant, B(,u).” In fact, for linear problems, the latter are rather universal —
necessary and sufficient for most rigorous a posteriori contexts and approaches. In the
nonlinear context, additional ingredients are required. We now address the former issue

and leave the latter issue to be the subject of extensive study in the next chapter.

3.3.3 Offline/Online Computational Procedure

To begin, we invoke the affine assumption (3.6) to rewrite the relaxed error equation

(3.38) as

Q N
(E(),v)x = f(0) =Y > OUpun n(i)a’ (G, 0) - (3.45)

q=1 n=1

It immediately follows from linear superposition that

Q N
ép) =C+ Y > OUpmuna(p)Ll, YveX, (3.46)

g=1 n=1
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where (C,v)x = f(v),Vv € X, and (L%,v)x = —a?((,,v),Vv € X, for 1 < ¢ < Q,1<

n < N. Inserting the expression into (3.37), we obtain

Q N
ex(n) = (C.0)x+2) > 0% uuyn(p)(C,LI)x

q=1 n=1

Q Q@ N N
DD DD 0O (wun(w)u w (W) (L5, Li)x - (3:47)
g=1 ¢'=1 n=1n/=1
An efficient offline/online decomposition may now be identified.

In the offline stage — performed once — we first solve for C and £4, 1 < n < N,
1 < ¢ < @; we then form and store the relevant parameter-independent inner products
(C,C)x, (C,LY)x, (E%,E;{,)X, 1 <n,n <N,1<qq¢ < @Q. Note that all quantities
computed in the offline stage are independent of the parameter p.

In the online stage — performed many times, for each new value of 1 — we simply
evaluate the sum (3.47) in terms of the ©%(u), un, (1) and the pre-calculated and stored
(parameter-independent) (+,-)x inner products. The operation count for the online stage
is only O(Q?N?) — again, the essential point is that the online complexity is independent
of N, the dimension of the underlying truth finite element approximation space. We
further note that unless ) is quite large (typically, @ is O(10) or less), the online cost
associated with the calculation of the dual norm of the residual is commensurate with

the online cost associated with the calculation of sy (u).

3.3.4 Bound Conditioners

We review here the simplest form of “bound conditioner” formulations developed in [139,

| for calculating, &(u), the lower bound of (). In particular, in the case of symmetric
coercive operators we can often determine &(u) < a(p), V u € D) “by inspection.” For
example, if we verify ©(u) > 0,V u € D, and a?(v,v) > 0, Vv € X, 1 < ¢ < Q, then we

may choose for our coercivity parameter an lower bound

o) = [ min 2N L
a(u)—(qe{h_m @q(m) @) . (3.48)

for an appropriate value 1z € D, as we now prove
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Proof. We invoke (3.4) and (3.6) to obtain the desired result

L E2 ernar(v.v)

a(p) =
veX loll%
(minge.cp 212 32, 09(a)an(0, )

> inf 5

vex [vll%
. @q(u)) _

= min a(p), YueD,

(qe{L...,Q} ©4(1) () .
since () > 0,V € D, and al(v,v) >0,Vv e X, 1<q¢<Q. ]

It can be verified that the thermal fin problem discussed in Section 3.1.3 accommodates
these hypotheses. Moreover, for our choice of (w,v)x = Zqul a?(w,v) and g = (1,1) we
readily compute o(f1) = 1 and ©%(z) = 1 for 1 < ¢ < Q. Unfortunately, these hypotheses
are rather restrictive, and hence more complicated (and offline-expensive) bound condi-
tioner recipes must be pursued [139, , 99]. As we shall see in subsequent chapters, the
Helmholtz and elasticity problems do not admit the above hypotheses because ©9(u) > 0,

Vu €D, and a?(v,v) > 0,Vv e X, 1 < g <@ can not be satisfied simultaneously.

3.3.5 Sample Construction and Adaptive Online Strategy

In conclusion, we can calculate a rigorous and sharp upper bound A% () = €3 (1) /5 (1)
for |s(u) — sy(p)| with online complexity independent of N'. These inexpensive error
bounds may be gainfully enlisted in the offline stage — to construct optimal samples
Sn. We assume that we are given a sample Sy, and hence space Wy and associated
reduced-basis approximation (procedure) uy(p), Vi € D. We first calculate py =
arg max,ez, Ay (p), where Ay () is our “online” error bound (3.30) and =p is a very
(exhaustively) fine random grid over the parameter domain D of size np > 1; we next
append ph to Sy to form Sy, and hence Wy, and a procedure for un1(p), Vi € D;
we then continue this process until €}y = Ay, (#x. ) = €tolmin, Where €l min is the
smallest error tolerance anticipated.

Moreover, the bounds may also serve most crucially in the online stage — to choose
optimal N, to confirm the desired accuracy, to establish strict feasibility, and to control

sub-optimality: given any desired €y € [€tol, min, 00[ and any new value of y € D “in the
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field,” we first choose N from a pre-tabulated array such that e}, = An(uy) = €to1; We
next calculate un(p) and Ay (p), and then verify that — and if necessary, subsequently
increase N such that — the condition Ay () < € is indeed satisfied. We should not
and do not rely on the finite sample = for either rigor or sharpness. This strategy will
minimize the online computational effort while simultaneously satisfying the requisite
accuracy with certainty.

The crucial point is that Ay () is an accurate and “online-inexpensive” — order-unity
effectivity and N-independent complexity — surrogate for the true (very-expensive-to-
calculate) error ||u(p) — un(p)|lx. This surrogate permits us to (¢) offline, perform a
much more exhaustive and hence meaningful search for the best samples Sy and hence
most rapidly uniformly convergent spaces Wy, and (ii) online, determine the smallest N,
and hence the most efficient approximation, for which we rigorously achieve the desired
accuracy. We may in fact view our offline sampling process as a (greedy, parameter
space, “L>(D)”) variant of the POD economization procedure [134] in which — thanks

to Ay () — we need never construct the “rejected” snapshots.

3.4 Numerical Results

We now present basic numerical results obtained with the thermal fin problem. We pursue
the optimal sampling procedure described in the previous section on a regular grid =g
of size np = 1681 to arrive at Ny.x = 15 for our reduced-basis space Sy max as shown in
Figure 3-5. It can be seen that nearly all of sample points lie on the boundary of D, and
that more sample points allocate on the left boundary. This is because for smaller Biot
number temperature dissipates slowly so that the corresponding temperature distribution
is more varying than that of large Biot number.

We next present in Table 3.1 the normalized maximum errors €y maxrel and EN maxrel’
as a function of N, for the (log) random and adaptive sampling processes (note that,
in the results for the random sampling process, the sample Sy is different for each N).
Here €N maxrel 18 the maximum over Zqes of |le(u)||x /[Ju(p)]|x, and €y .y 1o 18 the max-
imum over Zreg of |s(u) — sy (p)] / [s(1)], where Sty C (D)*C is a regular 16 x 16 grid

over D. We observe that the adaptive sampling procedure yields higher accuracy even
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Figure 3-5: Sample Sy max from optimal sampling procedure.

with lower N as N increases; and that even these modest reductions in N can trans-

late into measurable performance improvements especially in the context of design and

optimization.

N € N,max,rel € N,max,rel gi\f,max,rel gf\l,max,rel
“Random” “Adaptive” “Random” “Adaptive”

3 2.33x107! 5.55x107! 3.06x1072 2.51x107*

6 | 4.59x1072 1.04x1071 2.67x1073 8.55x1073

9 1.63x1072 1.58x 1072 3.52x10~4 2.55x1074

12 | 6.39x107° 2.97x1073 3.24x107° 1.20x107°

15 | 4.59x1073 5.42x1074 1.88x107° 2.71x107"

Table 3.1: Maximum relative errors as a function of N for random and adaptive samples.

We finally present in Table 3.2 Ax max rel, 7N aves A?v,max,reb and 1y .. as a function of
N. Here AN max rel 18 the maximum over Eqesr of Ay (1) /[|un (10)]], 7 ave 1S the average over
Z et O A ()11 — un (1), A 18 the maximum over Zree of A (2)/ s (1)l
and 7y .. 15 the average over Zqe of A3 (1)/[[s(i) — sn(p)||. We observe that the
reduced-basis approximation converges very rapidly, and that our rigorous error bounds
are in fact quite sharp as the effectivities are in O(5). As expected, the error bound for

the output scales as the square of the error bound for the solution.
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s s
AN,max,rel TIN ave AN,mam,rel T}N,ave

1.07x107% | 7.81 | 5.55x107! | 8.45
1.43x1071 | 9.00 | 1.33x107% | 9.26
2.35x1072 | 8.98 |4.41x107* | 9.27
5.96x107% | 8.76 | 2.68x107° | 6.78
5.99x107% | 8.81 | 2.87x10~" | 3.81

SN E

Table 3.2: Error bounds and effectivities as a function of N.

3.5 Remarks

We present thus far in this chapter basic but important concepts of the reduced-basis
method via applying the technique to elliptic linear problems with many restrictions on
our abstract statement. More specifically, we have assumed that bilinear form a(.,.) is
coercive, symmetric, affine in the parameter, and that output functional is compliant
¢ = f. However, many of these crucial concepts and observations will remain applicable
to more general problems. In addition, we have not addressed the calculation of the lower
bound &(u) of the stability parameter a(u). We shall leave it as a subject of extensive
study in the next chapter. In this section, we discuss briefly relaxation of these restrictions

and leave the detailed and generalized developments for subsequent chapters.

3.5.1 Noncompliant Outputs and Nonsymmetric Operators

For noncompliant output ¢ (# f) or nonsymmetric operator a, we may define an error
bound for the output as A% (u) = ||¢||x An(p), for which we clearly obtain |s(u) —
sn(p)| =Lle(w)) < ||4]|xlle(p)]lx < A% (r). This error bound is admittedly rather crude,
hence the associated effectivity may be very large. However, in numerous applications
the error bound may be adequate to satisfy a specified tolerance condition thanks to the
rapid convergence of our reduced-basis approximation.

In order to obtain the optimal convergence and thus recover the “square” effect, we
use the adjoint techniques [121, 99]. To begin, we introduce a dual or adjoint, problem

of the primal (3.8): given u € D, ¢(u) satisfies

a(v,p(p);p) = —L(v), YveX. (3.49)
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Note that if a is symmetric and ¢ = f, which we shall denote “compliance,” ¥ (u) = —u(p).

In addition to Wy, we introduce dual reduced-basis approximation spaces W]‘\i,?lu as
Wide = span {¢" = ¢(pg"), 1 <n < N},

where 1(ud%) € X are the solutions to the dual problem at selected points pd®, n =

1,..., N4 We then apply Galerkin projection for both the primal and dual problems

a(un(p),v;p) = f(v), Yve Wy, (3.50)

a(v, Yyau(p); p) = —L(v), Vv € Wi, | (3.51)

in terms of which the reduced-basis approximation output can be evaluated as

sn(p) = un(p)) — f(W@nau(p) + alun(p), Pnas(p); 1) - (3.52)

To show the optimal convergence rate of the approximation, we first recall the necessary
result given in Section 3.2.3
V(1)

Ju(p) —un(p)llx < Mwmelv% Ju(p) —wnllx (3.53)

o) — el <[ 205 i, 00 —witull - @
It then follows that
s(p) = sn(p)| = [lu(p) —un(p) + f(¥na) — alun(p), Pya; p)|

= |—a(u(p) —un(p), ¥(u); 1) + a(u(p) — un (), Yyas; )]
= la(u(p) — un(p), Yya —P(1); p)|

< () u(e) = un () 1 (1) = Oyl
2
< PL((;‘)) wﬁiV%N |lu(p) — wn|| . ler‘l/;Léu (1) — wighl|  (3.55)
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from the definition of the primal and dual problems, Galerkin orthogonality, continuity
condition. As in the compliance case, equations (3.53), (3.54), and (3.55) together state
that uy (@) (and tyau) is the best approximation with respect to the X-norm, and that
the error in the output converges as the product of the primal and dual errors.

To see the benefit of introducing the dual problem, we assume that N9 is in the
order of O(N); the online cost for solving both the primal and dual problem is thus
O(2N?). Furthermore, in order for the reduced-basis formulation with the dual problem
to achieve the same output error bound as the reduced-basis formulation with the dual
problem does, we need to increase N by a factor of 2 or more, leading to an online cost
of O(8N3) or higher.! As a result, the dual reduced-basis formulation typically enjoys
O(4) (or greater) reduction in computational effort. Note, however, that the simple crude
output bound A% () = ||¢]|x An(u) is very useful for cases with many outputs present,
since adjoint techniques have a computational complexity (in both the offline and online
stage) proportional to the number of outputs. A detailed formulation and theory for
noncompliant problems can be found in [121, | upon which we extend the method for

general nonaffine and noncompliant problems as described in Section 6.6.

3.5.2 Noncoercive Elliptic Problems

In noncoercive problems, the bilinear form a(-, -) is required to satisfy the following inf-sup

condition for well-posedness of problems

0< B < Bp) = inf sup awvip) o ep (3.56)
weX pex [lwllx|[vllx
a(w, v; 1)

~(p) = sup sup (3.57)

wex vex lwlixlvllx
Here (5(p) is the Babuska “inf-sup” (stability) parameter — the minimum (generalized)

singular value associated with our differential operator — and () is the standard con-

ITo see this, we note that the output bound is O(Ax(u)) with the usual reduced-basis formulation
and is O(A%,(u)) with the primal-dual formulation (here we assume that |[¢)(u) — 1 (1)||x converges like
||lu(p) — un(p)||x). Therefore, we need to double N in order for the usual reduced-basis formulation to
obtain the output bound O(AZ%(u)), if the reduced-basis approximation uy (1) converges exponentially;
otherwise, we need to increase N by even more than a factor of 2.
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tinuity constant.

Numerical difficulties arise due to noncoercivity and “weaker” stability condition in
both (i) the approximation and (ii) error estimation. In (7), large and rapid variation
of the field variables in both x and p can lead to poor convergence rate. Furthermore,
in the noncoercive case, standard Galerkin projection does not guarantee stability of the
discrete reduced-basis system (which is another factor leading to poor approximations).
However, it is possible to improve the approximation and ensure the stability by consid-
ering projections other than standard Galerkin like minimum-residual or Petrov-Galerkin
projections with infimizer—supremizer enriched [91, ]. Obviously, our adaptive sam-
pling procedure also plays an important role in improving the convergence by ensuring
good approximation properties for Wy. In (i), the primary difficulty lies in estimation
of the inf-sup parameter which is typically very small near resonances and in resonances.
In particular, 3(u) can not typically be deduced analytically, and thus must be approx-
imated. The developments presented in Chapter 4 can be used to obtain the necessary

approximation (more specifically, a lower bound) to the inf-sup parameter. We shall

leave greater discussion of noncoercive problems for Chapter 5.

3.5.3 Nonaffine Linear Elliptic Problems

Throughout this chapter we assume that a(w,v; u) is affine in p as given by (3.6), we
then develop extremely efficient offline-online computational strategy. The online cost to
evaluate sy(p) and A% (p) is independent of A. Unfortunately, if a is not affine in the
parameter, the online complexity is no longer independent of /. For example, for general

g(x; 1), the bilinear form

a(w,v;p) = /Q Vw - Vv + /Q g(x; p) wo (3.58)

will not admit an efficient online-offline decomposition. The difficulty here is that the
nonaffine dependence of g(x; ) on parameter 1 does not allow separation of the gener-
ation and projection stages and thus leads to online N dependence. Consequently, the
computational improvements in using the reduced-basis method relative to conventional

(say) finite element approximation are modest.
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In Chapter 6, we describe a technique that recovers online A independence even
in the presence of non-affine parameter dependence. Our approach (applied to (3.58),
say) is simple: we develop a “collateral” reduced-basis expansion gy (z;p) for g(z; p);
we then replace g(z;p) in (3.58) with the (necessarily) affine approximation gps(z; ).
The essential ingredients are (i) a “good” collateral reduced-basis approximation space,
(i) a stable and inexpensive interpolation procedure, and (iii) an effective a posteriori
estimator to quantify the newly introduced error terms. It is perhaps only in the latter
that the technique is somewhat disappointing: the error estimators — though quite sharp
and very efficient — are completely (provably) rigorous upper bounds only in certain

restricted situations [135].

3.5.4 Nonlinear Elliptic Problems

Obviously nonlinear equations do not admit the same degree of generality as linear equa-
tions. We thus present our approach to nonlinear equations for a particular nonlinear

problem. In particular, we consider the following nonlinear elliptic problem

a(u, v i) + /Qg(u;x;u)v =f(v), WweX, (3.59)

where as before a is a symmetric, continuous, and coercive bilinear form, f is bounded
linear functional, and g(u; z; p) is a general nonlinear function of the parameter p, spatial
coordinate x, and field variable u(z; ). Furthermore, we need to restrict our attention
to only g such that the equation (3.59) is well-posed and sufficiently stable. Even so, the
nonlinearity in g creates many numerical difficulties.

It should be emphasized that the application of the reduced-basis method to quadrat-
ically nonlinear problems — the steady incompressible Navier-Stokes equations — has
been considered [111, ]. In this thesis, we shall pursue a further development of the
method for highly nonlinear problems. Our approach to nonlinear elliptic problems uses
the same ideas as above for nonaffine linear elliptic problems, but involves more sophis-

ticated and expensive treatment.
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Chapter 4

Lower Bounds for Stability Factors
for Elliptic Problems

4.1 Introduction

In the previous chapter, we have presented various aspects of the reduced-basis method
and demonstrated through the heat conduction problem the efficiency and accuracy of
the technique. However, we have not addressed the calculation of the lower bound &(u)
for the stability factor a(u) — a generalized minimum singular value — which is crucial
to our error estimation since the lower bound enters in the denominator of the error
bounds. Upper bounds for minimum eigenvalues are essentially “free”; however rigorous
lower bounds are notoriously difficult to obtain. In earlier works [121, , , , 142],
a family of rigorous error estimators for reduced-basis approximation of a wide class of
partial differential equations has been introduced; in particular, rigorous a posteriori
error estimation procedures which rely critically on the existence of a bound conditioner
— in essence, an operator preconditioner that (i) satisfies an additional spectral “bound”
requirement, and (4i) admits the reduced-basis off-line/on-line computational stratagem.
In this section, we shall review shortly the concept of bound conditioners upon which
we construct the lower bounds and develop a posteriori error estimation procedures for

elliptic linear problems that yield rigorous error statements for all N.
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4.1.1 General Bound Conditioner

A new class of improved bound conditioners based on the direct approximation of the
parametric dependence of the inverse of the operator (rather than the operator itself) was
first introduced in [143]. In particular, the authors suggested a symmetric, continuous,

and coercive bound conditioner ¢: X X X X D — R such that

M=) e () (4.1)
i€T(p)

Here D € R” is the parameter domain; X is an appropriate function space over the
real field R; Z(p) € {1,...,1} is a parameter-dependent set of indices, where [ is a fi-
nite (preferably small) integer; ¢; : X x X — R, 1 < i < I, are parameter-independent
symmetric, coercive operators. The “separability” of ¢™'( -, - ;u) as a sum of products
of parameter-dependent functions p;(;1) and parameter-independent operators c; ' allows
a higher-order effectivity constructions (e.g., piecewise-linear) while simultaneously pre-

serving online efficiency.

4.1.2 Multi-Point Bound Conditioner

When a single bound conditioner ¢( -, -; u) is used for all ;1 € D, we call this bound con-
ditioner as single-point bound conditioner. In many cases, the effectivity bound obtained
with single-point bound conditioner is quite pessimistic. The effectivity may be improved
by judicious choice of multi-point bound conditioner. The critical observation is that us-
ing many “local” bound conditioners may lead to better approximation of the effectivity
factor and thus smaller effectivity. To this end, we specify in the parameter domain a
set of partitions Px = {P, ..., Pk} such that UK P, = D and NJ_, P}, = 0, where Py,
is the closure of Py; we next associate each P, with bound conditioner ¢*( -, -;u) and
separately pursue the effectivity construction for each ¢*( -, - ;u) on the corresponding
region Py, k = 1,..., K; we then select the appropriate local bound conditioner (e.g.,
¢ (-, -;u)) and the associated effectivity construction for our online calculation according

to value of u (e.g., u € P;).
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4.1.3 Stability-Factor Bound Conditioner

We consider a special case in which I = 1 and K = 1, hence ¢(+, -; ) = ¢1(+,-)/p(p), where
c1(+,+) is a parameter-independent symmetric coercive operator. We shall denote ¢;(,-)
as (+,-)x and call it as “stability-factor” bound conditioner (in short, bound conditioner)
because it can be used as the inner product to define relevant stability and continuity
constants for a coercive/noncoercive operator. For a coercive operator a(-,-; i), we may

conveniently state the stability condition as

O<040§04(,u)5infM

, VpueD. (4.2)
veX Jul%

A similar stability statement is completely applicable for a noncoerive operator a(-, -; i),

but now in terms of the inf-sup condition

0 < By < B(u) = inf sup 220K

’ V/J/ 6 D . (4.3)
weX yex [|[w] x [lvllx

A typical choice for (-, -)x may be

(w,v)XE/QVw-VU—I—é/Qwv, (4.4)

for some appropriately pre-determined nonnegative constant 6 > 0.

In the following, we shall develop the lower bound construction for the stability factors.
For simplicity of exposition, we consider the single stability-factor bound conditioner. Of
course, the development can be applied to general and multi-point bound conditioners.
In addition, we assume that for some finite integer Q, a may be expressed as an affine

decomposition of the form
Q
a(w,v; p) = Z@q(,u)aq(w,v), VwoveX, YueD, (4.5)
q=1
where for 1 < ¢ < @Q, ©9: D — R are differentiable parameter-dependent functions and

a?: X x X — R are parameter-independent continuous forms. It is worth noting that

the following lower bound formulations though developed for the real function space X

72



and real parametric functions ©7(u), 1 < ¢ < @, can be easily generalized to the complex
case in which X is the function space over the complex field C and ©7 : D — C are
complex functions; see Appendix C for the generalization of the lower bound formulation

for complex noncoercive operators.

4.2 Lower Bounds for Coercive Problems

4.2.1 Coercivity Parameter

Recall that the stability factor of the coercive operator a(-,-; u) is defined as

a(p) = inf alv, v p) (4.6)

2
veX lully
which shall be called coercivity parameter to distinguish it from the stability factor of

noncoercive operators. We note that

Lemma 4.2.1. [f0%(u),1 < ¢ < Q, are concave function of p and a,(w,w),1 < q <@,

are positive-semidefinite then the function a(u) is concave in p.

Proof. For any py € D, g € D, and A € [0, 1], we have

S92, 090y + (1 - Npaa)a(w, w)

g 2 (AO(n) + (1= VO (1)) a”(w, w)
T weX Jw]l%
@ O(u)al @ Ol (w, w
> A inf Zq:1 (,ulg (w, w) + (1= ) inf Zqzl (N23 (w,w)
weX [w]% weX Jwll%

= Aa(p) + (1 = ANa(pa)

from the concavity of ©7(x) and the positive-semidefiniteness of a,(-,-) for 1 <¢ < Q. O

It is necessary to study and exploit the concavity of a(u) because if a(u) is concave
we may then pursue the lower bound construction based directly on «(u) rather than
the concave but more expensive intermediary F(u — ;). However, since the above
assumptions are quite restricted, Lemma 4.2.1 is of little practical value. We henceforth

opt a complicated but general construction as discussed next.
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4.2.2 Lower Bound Formulation

We now consider the construction of &(u), a lower bound for a(u). To begin, given 1z € D

and t = (t(1),...,tp)) € R”, we introduce the bilinear form
- . 0er
T (w,v;t;70) = a(w, v ) x + > o) Y B (R)ad(w, v) (4.7)
p=1 q=1 p

and associated Rayleigh quotient

T 6T
f(t,ﬁ) — IIllIl (U7 U72 ;lj')
veX [vll%

(4.8)
It is crucial to note (and we shall exploit) the property that F(¢;7) is concave in t, and
hence DF = {y € R” | F(u — ;) > 0} is perforce convex.

Lemma 4.2.2. For given i € D, the function F(t;[1) is concave in t. Hence, given
t1 < tg, fOT' allt € [tl,tg], F(t,ﬁ) > min(f(tl; ﬁ),.}r(tg; ﬁ))

Proof. We define A = (to —t)/(t2 — t1) € [0,1] such that t = At; + (1 — A) to. It follows
from (4.7) that 7 (v,v;t; @) = X7 (v,v;t1; ) + (1 — X) T (v, v;t9; 1) , and hence

Ftm) = infoex AT (v,05807) + (L= A) T (v, 03t2510)) /||v[I%

v

AF(ty; ) + (1= N) Fty; 1)

> min(F(ty; ), Flta 1) - O

Next we assume that a? are continuous in the sense that there exist positive finite

constants I'y, 1 < ¢ < @, such that
2
la®(w, w)| <Tyfwl,, Vwe X; (4.9)

here |-, : X — R are seminorms that satisfy

w
Cx =sup ————— Z 1| | : (4.10)
wvex  Julx

for some positive constant Cy. It is often the case that ©'(u) = Constant, in which
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case the ¢ = 1 contribution to the sum in (4.7) and (4.10) may be discarded. (Note that

Cx is typically independent of (), since the a? are often associated with non-overlapping

) o (411)

In short, F(u —@; ) represents the first-order terms in parameter expansions about

subdomains of €2.) We may then define, for u € D, w € D,

001
(%)
Oti(p)

O"(1) — OUm) — > (1) — Figy)

q€{17"'7Q} p:1

O(pu, ) =Cx max (Fq

where p € R is denoted (1), - - ., fi(p))-

of a(p); and ®(p, 1) is a second-order remainder term that bounds the effect of deviation
(of the operator coefficients) from linear parameter dependence.

We can now develop our lower bound &(p). We first require a parameter sample V; =
{1z, € D,...,n; € D} and associated sets of polytopes, P; = {PFf1 € Dfa ... Pl €
DFs} that satisfy a “Coverage Condition,”

J
D C U PH; , (412)
j=1
and a “Positivity Condition,”
min F(v — fi; fi;) — max ®(p; ;) > eqa(fiy), 1 <j<J. (4.13)
veVHi uePHI

Here Vi is the set of vertices associated with the polytope P% — for example, P* may
be a simplex with |[V#i| = P+1 vertices; and €, €0, 1] is a prescribed accuracy constant.

Our lower bound is then given by

apc(p) = max  eq(fy) , (4.14)
je{17._.7j}|ue79“j

which is a piecewise—constant approximation for a(u). However, in some cases it is

advantageous to define a piecewise-linear approximation

dpu(p) = max (1= Mp)) a(f;) + Mp)eaa(f;)] (4.15)
je{1,...,JHuePti
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where A(p) is given by
|ﬁj —
7 — w5

Alh) = (4.16)

Here p5 is the intersection point between the line 7z, with one of the edges of the polytope
PFi; and || denotes the Euclidean length of a vector; also note that 0 < A\(x) < 1. Finally,

we introduce an index mapping Z : D — {1,...,J} such that for any pu € D,

Ty = ST, 417
p=arg max e o(fi;) (4.17)

for piecewise—constant lower bound; but

Ip=arg mmax [(1 = () a(fi;) + Mpeaar ()] (4.18)

for piecewise-linear lower bound. We can readily show that

4.2.3 Bound Proof

Proposition 2. For any V; and P; such that the Coverage Condition (4.12) and Posi-
tivity Condition (4.13) are satisfied, we have eqa(fiz,) = dpc(p) < a(p) , Vpu € D.

Proof. To simplify the notation we denote fiz, by i and note from (4.6) and (4.5) to

express a(f) as

a(w, wim) + 371 (8%(n) — ©%(7)) a’(w, w)

a(p) = inf

wex el
L )+ B () — B (Fa*(w,w)
= wex Tl

Lo T (€)= ©(1) = S5 (1) — i) o2 ) (), w)

wex Tl
> Flp—mn)
28 (©7(n) — ©1(7) — Lp () — i) S ) ()
iR [l -(419)
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Furthermore, from (4.9), (4.10) and (4.11) we have

I . @)

weX 1 aup Jwl[%
Q Q
3@‘1 la?(w, w)]|
< sup ) |O%(w) (%)
weX; pzz; o) Opi(p) lwll%
Q Q 2
007 2 g W]
< a L, 0%(u) —0%n) — )| | sup =——1
— B (420
We thus conclude from (4.19) and (4.20) that
a(p) = Flp—pp) — 2(u, )
> min F(v — ;i) — max D(u; )
veEVH HEPH
> o) = dro(p) (121)

from the construction of V; and Py, the definition of apc(p), and the concavity of F(u —
fi; 1) in g -

In addition, there is a special case that should be exploited to enhance our lower
bounds for the stability factor and also to ease computational effort. In particular, if
—®(u, 1) is concave in p (which can be verified a priori for given coefficient functions
©9(un),1 < ¢ < Q), we can combine the two functions F(u — ;) and —®(u, ) into the
min in the Positivity Condition. Furthermore, we also obtain lower-bound property for
our piecewise-linear approximation &pr, (). This follows from our proof in Proposition 2

and concavity of the function F(u — ;1) — ®(u, ) in p.

Corollary 4.2.3. If —®(u, 1) is a concave function of y in DF for all i € D, then the
Positivity Condition is defined as

min {F(v — fij; fi;) = P(p; 5)} = €ar(fiy), 1 <5 <J 5 (4.22)

veVFi

and apr(p) satisfies apc(p) < apr(p) < alp), Yu € DFe where Tu is determined
by (4.18).
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It remains to address the question for which functions ©%(u),1 < ¢ < Q, —®(u, @) is

a concave function of y in DF.

Lemma 4.2.4. For any i € D, if ©%(u),1 < q¢ < Q, are either concave or convex in DF

then the function —®(u, i) is concave in DF.

Proof. Equivalently, we need to show the convexity of ®(u, i) in D*. To this end, we

note from convex analysis and differentiability of ©9(u) that

P
_ _ ., 007 _ :
O%(1) > O(m) — > () — Fi) 5. (A, YpeD", (4.23)
p=1 'u’(p)
if ©9() is convex and that
- 06y i
—1 H(p)
if ©9() is concave. We thus obtain
P
8@q
Ui(p) = [09(u) Py — 1 (1)
; 8 (’M(p)
O%(1) = O7(7) = L0, () — Tiy) £2 () i ©9(1) s convex
_ (4.25)
OUR) + X251 (1) — Ti) (7)) = ©(n)  if ©%(11) is concave
which are convex functions of pin D* for ¢ = 1,..., Q. Since furthermore ®(pu, 1) defined

in (4.11) is a pointwise maximum function, it follows from the convexity of W7(u),q =

1,...,Q, that ®(u, 1) is convex in DF. O

4.3 Lower Bounds for Noncoercive Problems

4.3.1 Inf-Sup Parameter

Again we consider the single stability-factor bound conditioner and also assume that the

bilinear form a admits an affine decomposition (4.5). For noncoercive operators, stability
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and thus well-posedness is guaranteed by an inf-sup condition

0 < fo < () = inf sup D01

, YueD. 4.26
B S T (4.26)

Here B(u) is the Babuska “inf-sup” parameter — the minimum (generalized) singular
value associated with our differential operator. It shall prove convenient to write the
stability parameter in terms of a supremizing operator 7" : X — X such that, for any w
in X

(THMw,v)x = a(w,v;p), YveX; (4.27)

it is readily shown by Riesz representation that

THw = arg sup M, Vvoe X . (4.28)
vex Il
We then define
[T w]lx
o(w; ) = IL0lx (4.29)
[l
and note from (4.26), (4.28), (4.29) that
B) = inf o (w; ) (430)

weX

In the following, we construct a lower bound for 5(u) for real noncoercive problems. See
Appendix C for the lower bound formulation for complex noncoercive problems in which

X is the function space over the complex field C and ©% : D — C are complex functions.

4.3.2 Inf-Sup Lower Bound Formulation

To begin, given 7z € D and t = (t(1),...,tp)) € R we introduce the bilinear form
T(w,vitip) = (TMw, T"v)x

P Q 004 B _
+Zt(p>{z (1) [aq(w,T“vHaq(%T“wﬂ} (4.31)
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and associated Rayleigh quotient

T(v,vit;p
f(t;ﬂ) — min (Ua U72 a#)
veX  [loffk

(4.32)

In a similar argument, we can prove that F(¢;7) is concave in t; and hence DF =
{nweR” | F(u—m;m) >0} is perforce convex.
We next assume that a? are continuous in the sense that there exist positive finite

constants I'y, 1 < ¢ < @, such that
|a?(w,v)| < T |wl], |v|,, Yw,veX. (4.33)

Here |-| : H'(Q2) — R* are seminorms that satisfy

9 2
> [uf

OX = sup 2
wex |lwl%

(4.34)

for some positive parameter-independent constant C'x. We then define, for p € D, w € D,

P

O(u) — 01(1) — Z () = Ti(p))

p=1

001
Ot (p)

(p, 1) = Cx omax (Fq
In short, T (w,w;u — @;@)/||w||% and F(u — 7z;7) represent the first-order terms in
parameter expansions about i of o2 (w; 1) and 3%(11), respectively; and ®(yu, 1) is a second-
order remainder term that bounds the effect of deviation (of the operator coefficients)
from linear parameter dependence.

We now require a parameter sample V; = {f; € D, ..., 1, € D} and associated sets

of polytopes, P; = {PF1 € D1 ... PFs € DF} that satisfy a “Coverage Condition,”

J
Dc P, (4.36)

J=1
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and a “Positivity Condition,”

min 4/ F (v — fij; i) — max P(u; i) > eaB(f;), 1< j<J. (4.37)

veyHi ueEPHI

Here VFi is the set of vertices associated with the polytope PAi; and eg €]0,1] is a

prescribed accuracy constant. Our lower bound is then given by

Beo(p) = max  esB(h;). (4.38)
je{1,...,J}|uePHi

which is a piecewise—constant approximation for G(u). However, in some cases it is

possible to define a piecewise-linear approximation

Bor(p) = max [(1=Aw) B(H;) + MuesB(,)] (4.39)

GE{L,., JHueP

where as before A(p) is given by

|l7j — i

Mi) = (4.40)

Here 1 is the intersection point between the line 7i;1 with one of the edges of the polytope
PHi. We finally introduce an index mapping Z : D — {1, ..., J} such that for any pu € D,

T = 1 4.41
p=arg max  esi(f;), (4.41)

for piecewise—constant lower bound; but
Ty = arg_max | [(1= M) 5(0,) + Awes(7,)] (4.42)

for piecewise-linear lower bound. We can readily demonstrate that

4.3.3 Bound Proof

Proposition 3. For any V; and P; such that the Coverage Condition (4.36) and Posi-
tivity Condition (4.37) are satisfied, we have egf3(fiz,) = Bro(p) < B(p) , ¥ p € DFau.,

Proof. To simplify the notation we denote fi7, by @ and express T"w = TFw + (TFrw —
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TFw) as in (4.29) to obtain
o (w; p) = {IT"w]x + |T"w — T"wl|X +2(T"w — T"w, T"w)x }/|lwlk . (4.43)

We next note from (4.5) and (4.27) that, for t = p — 1,

("0 — T, TMw)x = ) (0%(n) — ©(m))a’(w, T"w)

Q P . B
D> (@‘I(m o - Yty 8;(1?) o (w, T7) (4.44)

Furthermore, it follows from (4.33), (4.34), (4.35), triangle inequality, and Cauchy-
Schwarz inequality that

@ P e _
> <@‘1<u> —OUm) = > (1) — Fg) (ﬁ)) a’(w, T w)

,
= qe?ll,?.}?Q} ( O ; a:up ) Z el

< ()l TP x

< @ mullx (1wl + 1T - Thullx)

< ®u ) ell T wllx + 5]1T%0 — Tul 4+ 2827 k. (4.45)

We thus conclude from (4.31), (4.43), (4.44), and (4.45) that

T (w,w;t; )

ol 20, 71) o (w; p) — P (£ 70) - (4.46)

o (w; ) >

We now solve the quadratic inequality to obtain

D=

o(w; i) > [T (w,w; o — 5 p)/|Jw][5]* — P(p, 1) - (4.47)
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It immediately follows from (4.30, (4.32) and (4.47) that

B(u) > VF(pu—mm) — e(p, 1) - (4.48)

The desired result finally follows from the construction of V; and P;, the definition of

Bpc(p) and fpr(p), and the concavity of F(u — fi; i) in . O

In fact, we can prove Proposition 3 by following a straightforward (simpler) route

o a(w, Trw; p)
I6] > inf
W = Tl

a(w, TFw; i) + a(w, TFw; p) — a(w, TFw; i)

= inf
wex Jwllx | TFw]|x
— — P — q I
of (THw, TFw) x + Zp:l Z?:1(:u(p) - M(p))aau_(?p)(/‘)aq(wa THw)
= m
weX [wllx [ TFw]|x

. > (6‘1 (1) — ©1(m) — 320 (1) — ﬂ(p))ag):(f)> a?(w, TFw)

[wllx [[TFwl x

_ - P _ [y T
(TP, T7w)x + S0 S2, (1) — i) 22 ()a (w, TPw)

> inf -
ooweX [w|| x| TFw]| x
— P _ 009 (1 _
S0 (©7(n) = ©1() = X7y (i) — i) B2 ) a(w, T
— sup
weX [[wl| x 1 T7w]| x
2
P _ q s -
> nf (CZWU)’Tﬁw)X +Zp:1 Zgzl(“(p) —M(p))gu—%(u)aq(wj“w))
el 11 _
weX [Jwl|% | TFw||%
P _ Q _
001(11) y wlg| THw|,
— max r,|e? — 04 — _ T su q
e Q}< ¢ |©%(1) — () p;(u 1) p) Sror | ) S Tl

> [T(w,wip— 7/ |wlk]? — ()

from (4.5), (4.27), (4.31), (4.43), (4.44), (4.45), and Cauchy-Schwarz inequality.

By a similar argument as for the coercive case, we can also state

Corollary 4.3.1. If —®(u, 1) is a concave function of u in D" for all i in D, then the
Positivity Condition is defined as

min {y/F(v — fij; fij) — (s fy)} 2 eaB(iy), 1 <j<J (4.49)
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A

and Bpy (1) satisfies Bpe(p) < Ber(p) < B(u),Yu € DFn, where Ip is determined
by (4-42).

In Lemma 4.2.4, we demonstrate that if ©%(u),q = 1,...,Q, are either convex or

concave in D then —®(u, 1) is concave in DF.

4.3.4 Discrete Eigenvalue Problems

We address the numerical calculation of the inf-sup parameter 5(u) and the Rayleigh
quotient F(u — fi; i). To begin, we denote by A(u), A?, C the finite element matrices
associated with a(-,-;u), a?(-,-), (+,+)x, respectively. We introduce the discrete eigen-

problem: Given p € D, find the minimum eigenmode (x . (#), Amin(1)) such that

Zmin

(A(u)"C ' A(p)x

Zmin

(1)) Cx

Z2min

(1) = Amin()Cx,, (1) (4.50)

(x (v) = 1. (4.51)

Zmin

The discrete value of G(u) is then /Amin ().

The computation of F involving a more complex eigenvalue problem is rather com-
plicated and more expensive. In particular, we first write the matrix form 7 (u — f; 1) of

the bilinear form 7 (-, -; u — f1; 1) in (4.31) as
T(p—pmp) = (A@)'CAm)
. - < 001(1) T =1 g (— —\\T -1
+ > =w Yy, (A CTAm) + (Am) ' CTAY b

Next we introduce the second discrete eigenproblem: Given a pair (u € D, i € D), find

Ui (i — B3 72) € RN, prosn(p — [i; i) € R such that

= min

|
=

la) gmin(ﬂ - /:L; ﬂ) - pmin(:u - Ia; ﬂ)Q gmin(:u - ﬂ; /v_b) ) (452)

T(p— I
— )" C Wy (e — 13 8) = 1, (4.53)

fi; i)

IS

(Wi (1

And F(p — f1; 1) is essentially the minimum eigenvalue ppin (1 — f; ft).

We see that the two discrete eigenproblems involve the invert matrix C . However,
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in our actual implementation, the two eigenproblems can be addressed efficiently by the
Lanczos procedure without calculating C~' explicitly (see Appendix B for the Lanczos
procedure). Take the first eigenproblem for example, during the Lanczos procedure we
often compute w(u) = (A(p))'C ' A(p)v for some v and do this as follows: solve the

T

lincar system Cy(s) = A(u)u for y() and simply set w(y) = (A())Ty(p)

4.4 Choice of Bound Conditioner and Seminorms

In this section, we shall give a general guideline how to select appropriate bound condi-
tioner (-;-)x and seminorms |-|, such that the associated constants I';, 1 < ¢ < @, and Cx
are small. For simplicity of exposition, we confine our demonstration to two-dimensional
problems. The results for three-dimensional problems can be similarly derived. It shall
prove useful to have a summation convention that repeated subscript indices imply sum-

mation, and unless otherwise indicated, subscript indices take on integers 1 through 2.

4.4.1 Poisson Problems

We are concerned with defining bound conditioner and seminorms for the following bi-

linear form

Ov Ow
a(w,v; p) = /ﬂ@g(ﬂ)%% + D(p)vw . (4.54)
i 0L

Here C;j(p) and D(u) are parameter-dependent coefficient functions; note that we permit
negative value of D(u) and in such case arrive at the noncoercive operator. More gener-
ally, we consider inhomogeneous physical domain €2 which consists of R non-overlapping
homogeneous subdomains Q" such that Q@ = ([J™, Q" (Q denotes the closure of Q). The

bilinear form a is thus given by

R

ov Ow
i) = [ o304 Do (4.55)

r=1 "
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Assuming that the tensors C7; (1), 1 < r < R, are symmetric, we next rearrange (4.55) to

obtain the desired form (4.5) with

ow Ov ow Ov
q(1,r) _ q(1,r) o o
“ (w,v) /QT Oxy1 0xy  Oxe 01’ © () = Cralp) = C1 ()

ow Ov
q(2,m) _ q(2,r) —r
0w,y = [ ZEIE O () = Gy
ow Ov
q(3r) — q(3,r) —

a?™") (w, v) :/ wo, O () = D" (),

for g : {1,...,4} x{1,..., R} — {1,...,Q}. We then define associated seminorms

ow '\ ow \’ ow\”
’w|3(17r) = /QT (8_331) + (8_@) ) |w|3(z,r) = /Qr (8_331) ; (4.56)
ow\
Vw’i(s,m:/g (8_x2> : |w|§(4,r>=/ w? . (4.57)

By using Cauchy-Schwarz inequality, we find I'; = 1,1 < ¢ < @ as follows

ow Ov (9w ov
QT Oxy 0xs 8:62 0xy

<

- \//r 81’1 \//r 8902 \//r 61’2 \//r 8x1
<L VL) + () = e

o r (%1 (%2 , 8951 Oty ) Wig(1,r) Vlg(r)

for 1 < r < R; furthermore, the remaining bilinear forms are positive-semidefinite and

a9 (w,v) =

thus satisfy a?(w,v) < v/a4(w, w)y/a?(v,v) = |w|y|v],.

Finally, we define our bound conditioner as

ow Ov ow Ov
—= 4.
(w7 U>X Q 8x1 0561 8.1’2 89[:2 twy, ( 58)
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which is simply the standard H'(2) inner product. We thus obtain

» W5 2 |[Vw|? + w?
Cx = sup an | |q(1 = sup Jo?| l <2. (4.59)
wex [ wl[5 wex [, [Vw|™ 4 w?

4.4.2 Elasticity Problems

We consider here plane elasticity problems. A similar derivation can be easily carried out
for more general cases including three-dimensional elasticity problems. In particular, we

wish to choose bound conditioner and seminorms for the following elasticity operator
ov; o 8 dwy .
’LU U] H Z/T axj zyk:Z 8.135 +D7, (ﬂ)vzwz . (460)

Here Q consists of R non-overlapping homogeneous subdomains §2" such that Q =
UL, Q' Clige(p) is the elasticity tensor and Dj(u) is related to frequency and mate-
rial quantity such as density; both of them are parameter-dependent and D} (u) can be
negative. We assume that the tensors C7;;, (1) are symmetric such that a comprises the

following parameter-independent bilinear forms

vy Ow Ovy Ow vy Ow vy Ow
q(1,r) . r 1 2 2 1 a(2,r) 7 1 2 P 1
¢ (w,v) = /Qr (le 0xy * 0xs 8301) o (w,0) = ¢ /Qr <8x2 0xq + 0x1 8@) ’

ovy Ow 0ve Ow
q(3,7) __r 1 1 q(4,r) _r 2 2
“4 (w,v) = 63/ (83:1 83:1> 4 (w,v) =i /Qr (83:1 83:1)

Ovy Ow Ov1 Ow
q(5,r) T 2 2 q(6,r) r e Tt 3
“ <w’ U) CB/ ((9:{;2 8902) “ (w U) “ /Qr (391:2 8.1'2) ’

(") (w,v) = c;/ Wiy, aq<8’r)(w,v) = Cg/ Wavsg
T

T

for g : {1,...,8} x{1,...,R} — {1,...,Q}, where ¢}, ..., c} are positive constants. We

next introduce associated seminorms

dw; )" ow, ows\ > owy \
2 r 1 2 2 r 2 1
whion = [ (5) + (Gre) - When =t [, (52) + (5ir) - v
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|w|2 . Cr/ a'wl ? ’w’2 _ CT/ % i (4 62)
q(3,7') - =3 or axl ’ q(4,r) - "4 or 81’1 5 .
ow; \ 2 Owy \ >

) . 1 2 r 2
_ duw, _ Ows 4.63
|w|q(577,) CS \/{;T <ax2) ) ’w’q(ﬁ,r‘) CG \/S;r (al_z) ) ( )

[wlgen =& / wi, |wlys. = / w; . (4.64)

Again by using Cauchy-Schwarz inequality, we obtain I'y = 1,1 < ¢ < @, as follows
qd(Lr) (w,v) = r/ vy Jwy (9212 oun
0z, (33:2 8:1:2 0x;

/ (%1 / 0w2 o / 01)2 / 6w1
T 81‘1 T al'g 1 s 8ZE2 T al" 1

<
< / 6'[}1 8'[}2 / 8?1}1 an
- r 8:161 61‘2 . 8331 Do
= ’w’q(l,r) ’U|q(1,r) )
vy Ow c% ow
a2r) _ 1 Ows 2 OW1
“ (w,v) / <83:2 83:1 83:1 81'2)

< / 6'[}1 / 811)2 o / 81}2 / 8w1
- I 61‘2 T axl 2 I 8ZE1 r 8232
< / 81}1 31}2 / 0w1 8w2
- r 8:162 61‘1 . 8332 e

= ’w’q(Q,r) ’U|q(2,r) )

for 1 < r < R; the other bilinear forms are positive-semidefinite and thus satisfy

a*(w,v) < \/a(w, w)\/ai(0,0) = [w]ylo],.

Finally, we define our bound conditioner as

Z/ 8111 871)1 802 8w2 T 81}1 8w1
r 81’1 8x1 aml 81’1 6952 8x2

81}2 a'LUQ
+c Dy Oy + chwy vy + cgwavy . (4.65)
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The associated parameter-independent continuity constant is thus bounded by

Q 2 T T T T T T T T
Yooy |w] ch+ch ch+cy i+t ch+c
C’X:supq—2q§ max 1T3,2r4,17,5,2r6 . (4.66)
wex lwlly 1sr<R C3 Cy Cs Ce
In the case of an isotropic medium, ¢f and ¢ are typically smaller than cj, ..., cg, 1 <

r < R, the continuity constant C'xy will thus be less than 2. Note also that C'x may be
deduced analytically for simple cases; however, for most problems, it can be computed

sharply numerically as a maximum eigenvalue of an eigenproblem.

4.4.3 Remarks

In conclusion, we may select seminorms and define bound conditioner such that I'; =
1,1 <¢ <@ and Cx = O(1). However, there are certain special structure of the bilinear
form a that can be exploited to obtain tighter bound for C'y. In particular, we observe

that if a is affine such that

Q
a(w,v; u) = O'at (w,v) + Z O1(p)al(w,v) ; (4.67)

q=2
where ©! is a “constant”, then the ¢ = 1 contribution to the sum in (4.31) and (4.34) may
be discarded. We may therefore obtain a sharper value of C'x. For example, when a geo-
metric affine transformation involving only dilation and translation from a u-dependent
domain to a fixed reference domain is applied, it appears that the ©7 associated with the
“cross terms” a?(w,v) (e.g., a?") (w,v) in Poisson problems and a?™") (w, v), a??") (w, v)
in Elasticity problems) are independent of u. In such case, we sum these bilinear forms
into a! and need only to define seminorms for the remaining bilinear forms. This leads to
Cx =1, since (w,w)x = Z(?:Q a?(w,w). In fact, several numerical examples in this and

subsequent chapters support it. This observation is so important that we formally state

Corollary 4.4.1. (Dilation-Translation Corollary) In the above definition of bound
conditioner and seminorms, if the coefficient functions @4, q =1,..., Q¢ < @, associated

with the cross terms a?(+;+),q = 1,...,Qc, are parameter-independent, then Cx is unity.
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4.5 Lower Bound Construction

In this section, we discuss the construction of our lower bounds for noncoercive operators.

Application of the following development to coercive operators is straightforward.

4.5.1 Offline/Online Computational Procedure

We now turn to the offline/online decomposition. The offline stage comprises two parts:
the generation of a set of points and polytopes/vertices, fi; and PFi, Vi, 1 < j < J;
and the verification that (4.36) (trivial) and (4.37) (nontrivial) are indeed satisfied. We
first focus on verification. To verify (4.37), the essential observation is that the expensive
terms — “truth” eigenproblems associated with F, (4.32), and (3, (4.30) — are limited
to a finite set of vertices,

J
J+ > [VH
j=1

in total; only for the extremely inexpensive — and typically algebraically very simple —
(415 f1;) terms must we consider maximization over the polytopes. The dominant compu-
tational cost is thus i |[VFi| F-solves and J f-solves. Next, we create a search/look-up
table of size J x P th_iiih has row j storing fi; while column p storing the p™ component
of the vector fi; and is ordered such that f; < fi; for j < ;' furthermore, we assign each
fi; a list I; containing indices of its “neighbors” (i.e., if ¢ € I; then y; is neighboring to
ttj). The generation is rather complicated and left for the next subsection.

Fortunately, the online stage (4.38)-(4.39) is very simple: for a given new parameter
u, we conduct a binary chop search (with cost log .J) for an index j such that u € [fi;, fij41]
and then check (with cost polynomial in P) all possible polytopes P;,i € I; U1, which

contain the parameter .

!By placing the most significant weight to the first component and the least significant weight to
the last component of a vector, we can compare two “vectors” in the same way as two numbers. For
example, the vector (2, 9, 1) is greater than (2, 8, 12) since their first components are equal and the
second component of the first vector is greater than the second component of the second vector.
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4.5.2 Generation Algorithm

The offline eigenvalue problems (4.30) and (4.32) can be rather nasty due to the gen-
eralized nature of our singular value (note T# involves the inverse Laplacian) and the
presence of a continuous component to the spectrum. However, effective computational
strategies can be developed by making use of inexpensive surrogates for F(u) and in
particular F(u — @;71). We assume that we may compute efficiently accurate surrogates
B(w) for B(p) and F(u — @ @) for F(pu — @;H). To form V; and Py for prescribed eg
such that the coverage condition is satisfied, we exploit a maximal-polytopes construc-
tion based on directional binary chop. For simplicity of exposition, we suppose that
®(u, 1) = 0. Now assume that we are given V) and Py, we next choose a new point
fy11 € D such that fijrq ¢ Ujlzlpﬁj; we then find the next vertex tuple YA+ = {y; €

Dl 1 < ¢ < |VFs+1|} and the associated polytope P+ by using binary chop algo-

rithm to solve |V //+1| nonlinear algebraic equations \/f(u; — fipgt; fyg1) = €308y 41)
for vertex points p;,i = 1,..., |VEr+1|, respectively;> we continue this process until the
Coverage Condition Uj:ﬂ?ﬁj = D is satisfied. Note that all vertex tuples V¥ consist of
vertex points satisfying min,, . F(v— fj; i) = e[gﬁ(ﬂj) exactly, which will in turn
lead to maximal polytopes; and hence J is as small as possible.

For our choice of surrogates, the reduced-basis approximation Gy (u) to G(p) and
Fn(p — ;@) to F(pu — f1; ) are particularly relevant; thanks to the rapid uniform con-

vergence of the reduced-basis approximation, N can be chosen quite small to achieve

extremely inexpensive yet accurate surrogates [35].

4.5.3 A Simple Demonstration

As a simple demonstration, we apply lower bound construction to the Helmholtz-elasticity
crack example described in Section 4.6.1 in which the crack location b and crack length
L are fixed, and only the frequency squared w? is permitted to vary in D. It can be
verified for this particular instantiation that P =1, u = w?, and that Q =2, ©(u) = 1,
©%(n) = —w?, a'(w,v) is the sum of the first seven bilinear forms in Table 4.1, a*(w, v)

is the sum of the last three bilinear forms in Table 4.1. Clearly, we have ®(u, ) = 0.

2Note that the concavity of F(u — ji; i) (and hence F(u — fi; i) allows us to perform very efficient
binary search for the roots of these equations.
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Furthermore for bound conditioner (w,v)x = a'(w,v) + a*(w, v) and seminorms |w|? =

a*(w, w), |w|; = a*(w, w), we readily obtain T'y = 1, [y = 1, and Cx = 1.

Brn(n) |

esP(f)

» 002 L L 1 1 L 1 1
In 3.4 36 38 4 42 4.4 46

(a) (b)

Figure 4-1: A simple demonstration: (a) construction of V* and P* for a given fi and (b)
set of polytopes P; and associated lower bounds Spc (i), Spr(i).

Now for a given i = fi;, we find V¥ and P* by using binary chop algorithm to
solve \/ F(u — i; i) = e3B3(f). Since F(u — [i; [i) is concave, the equation has two roots
(represented by the cross points) which form V# as shown in Figure 4-1(a). We next
choose a second point ps ¢ PF and similarly construct VF2 and P#2. As shown in
Figure 4-1(b), the two polytopes P#t and PF2 are overlapped and satisfy D C P U PH2;
hence the generation stage is done. The verification is simple: we first obtain 3(fi1), 5(fiz2)
and F(u' — pug; jin) for p/ € VR, F(' — fig; ie) for ' € V#2 and then verify that (4.37)
is indeed satisfied for eg = 0.48. The piecewise-constant approximation BPC(/,O and
piecewise-linear approximation Gpr,(1) to B(u) are also presented in Figure 4-1(b).

Note however that we use reduced-basis surrogates to generate the necessary set of
points and polytopes; hence in the verification stage the Positivity Condition may not be
respected for the prescribed ez which is used during the generation. In this case, we need
to adjust eg. This may result in a slightly different new value of €3 since the reduced-basis

surrogates are generally very accurate.
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4.6 Numerical Examples

4.6.1 Helmholtz-Elasticity Crack Problem

We consider a two-dimensional thin plate with a horizontal crack at the (say) interface of
two lamina with a horizontal crack at the (say) interface of two lamina: the (original) do-
main Q(b, L) C R? is defined as [0, 2] x [0, 1]\ ¢, where T'c = {&;, € [b—L/2,b+1L/2], & =
1/2} defines the idealized crack. The crack surface is modeled extremely simplistically as
a stress-free boundary. The left surface of the plate T'p is secured; the top and bottom
boundaries Ty are stress-free; and the right boundary [y is sub ject to a vertical oscillatory
uniform force of frequency w. Our parameter is thus u = (u1), ), f3)) = (W2, b, L). We
model the plate as plane-stress linear isotropic elastic with (scaled) density unity, Young’s
modulus unity, and Poisson ratio 0.25. The governing equations for the displacement field

@(%; 1) € X(p) are thus

0o 00
O T2 22 =g
Oy Oty (4.68)
@5’12 I (95'22 2712 —0
i1 0y 2
. ou; Oz N ou;  Oug
2 =2 97, === 4 = 4.69
€11 97, €22 97, €12 (8:5‘2 + 07, ) ( )
011 ci ¢z 0 €11
022 =] c2 2 0 €92 (4.70)
F19 0 0 ce €12
where the constitutive constants are given by
1 v 1
=7 Cog = C Clg = — Co6 = —— -
11 1_1/27 22 117 12 1—V2’ 66 2(1—|—I/)
The boundary conditions on the (secured) left edge are
iy =1y =0, onlp . (4.71)
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The boundary conditions on the top and bottom boundaries and the crack surface are

5’11751 +512ﬁ2 =0 on FN U FC 3

X R B - (4.72)
6'127~ll—|—6'227~i2 =0 OHFNUFC .
The boundary conditions on the right edge are
5’117:1,1 + 5’12721,2 =0 on fF s
A A B (4.73)
5’1273/1 -+ 5’2273/2 =1 on FF .
Here 7 is the unit outward normal to the boundary. We now introduce X(u) — a

quadratic finite element truth approximation subspace (of dimension N/ = 14,662) of

Xe(pu) = {0 e (H'(Qb, L)))?| ¥lg, = 0}. The weak formulation can then be derived as

a(a(p), o p) = f(0), Ve X(n) (4.74)

81}1 8w2 81}2 awl . 81}1 8w2 4 81}2 8w1
8w1 8952 (9.1'2 6951 81’2 81'1 65&1 8@2

vy dwy vy 51112
81’1 81’1 Q 8171 8371

Ovy Ows Ovy Oun 2 /
— 4.
(Ehz 8132) Q <8I2 axg) Q wivy + w2U2,( 75)

+
A
\b\/—\

fl) = /FF (P (4.76)

We now define three subdomains €, =10,b, — L,/2[x]0,1[, Q2 =]b, — L,/2,b, +
L./2[x]0,1[, Q3 =]b, + L,/2,2[ x ]0, 1] and a reference domain 2 as Q = Q; U Qy U Q3;
clearly, €2 is corresponding to the geometry b = b, = 1.0 and L = L, = 0.2. We then map
Q(b, L)y— Q= Q(br, L,) by a continuous piecewise-affine (in fact, piecewise-dilation-in-
x1) transformation (details of the problem formulation in terms of the reference domain
can be found in Section 9.2.) This new problem can now be cast precisely in the desired

form a(u,v;p) = f(v),Yv € X, in which €, X, and (w,v)x are independent of the
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PRI )

U 1 el (B0 020 by (202 1 B200)
2| en Jo, (5250 ) +cun Jo, (5252)
3 7 cu Jo, (%%) + cos Jo, (g_ﬁg_;lf)
== e Jo, (5252 ) + con Jo, (5252)
g =nE ez Jo, <g_§:§g_g> + co6 Jo, <g_§§g_g>
6 i ¢ Jo, <g_§§g_g> + cos Jo, (%%)
7 % C22 ng (%%) + Coo ng (%%)
8 —wQ% le W] + Wols

9 —sz% fQ2 W11 + Walsy

10 _w222—_blr)+§r22 fQ’s W1 V1 + Was

Table 4.1: Parametric functions ©7(u) and parameter-independent bilinear forms a?(w, v)
for the two-dimensional crack problem.

parameter p. In particular, our bilinear form a is affine for ) = 10 as shown in Table 4.1.

4.6.2 A Coercive Case: Equilibrium Elasticity

As an illustrative example of coercive problems, we consider the Helmholtz-elasticity
crack example above for p = (w? = 0,b € [0.9,1.1], L € [0.15,0.25]). The elasticity
operator becomes coercive for zero frequency. Our affine assumption (4.5) thus applies
for Q@ = 7, where ©%(u) and a?,1 < ¢ < 7, are the first seven entries in Table 4.1 and
convex in D = [0.9,1.1] x [0.15,0.25]; furthermore, since ©'(x) = 1 we may choose our
bound conditioner (w,v)x = Zqul a?(w,v) and seminorms |w|z =al(w,w),2<q<Q.
It thus follows that I'y = 1,2 < ¢ < @, and (numerically computed) C'xy = 1.9430.

We present in Figure 4-2 a(u) and &(w;m) = F(u; ) — @(u, @) for @ = (0,1.0,0.2)
as a function of u. We find that a sample F;_; suffices to satisfy our Positivity and
Coverage Conditions for €, = 0.38. The value of J is equal to 1 since (i) a(u) is highly
smooth in p — generally the case for coercive operators, (i7) F correctly captures the
first-order information, and (ii7) the more pessimistic bounds (e.g., C'x) appear only
to second order. We further observe that both «(u) and &(u; ) are concave in p and

that &(u; ) is a strict lower bound of a(i). The concavity of &(u; ) follows from the
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Figure 4-2: «o(p) (upper surface) and &(p; ) (lower surface) as a function of p.

concavity of F(u; ) and —®(u, 7), since ©4,1 < g < @, are convex in D.

4.6.3 A Noncoercive Case: Helmholtz Elasticity

As an illustrative example of noncoercive problems, we consider the Helmholtz-elasticity
crack example above for y = (w? = 4.0,0 € [0.9,1.1],L € [0.15,0.25]). For positive
constant frequency, our affine assumption (4.5) applies for @ = 10, where ©%(u) and
a?,1 < g < @, given in Table 4.1 (with w? = 4.0) are convex in D = [0.9,1.1] x
[0.15,0.25]. We now define bound conditioner (w,v)x = ZqQ:2 a?(w,v); thanks to the
Dirichlet condition at #; = 0, (-, -)x is appropriately coercive. We observe that ©'(u) = 1
and we can thus disregard the ¢ = 1 term in our continuity bound. We may then choose
v]2 = a%(v,v), 2 < ¢ < Q, since the a?(-, -) are positive semi-definite; it thus follows from
the Cauchy-Schwarz inequality that I'Y = 1, 2 < ¢ < Q. Furthermore, from (4.34), we
directly obtain C'y = 1.

We show in Figure 4-3 3?(u) and F(u — ji; i) for i = (4.0,1.0,0.2). We observe that
(in this particular case, even without ®(u; i), F(u — fi; i) is a lower bound for 32(u);
that F(u — ji; ) is concave; and that F(u — ji; p) is tangent to 5%(u) at p = fi.
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Figure 4-3: 3%(u) and F(u — ji; i) for o = (4,1,0.2) as a function of (b, L); w? = 4.0.

4.6.4 A Noncoercive Case: Damping and Resonance

We consider here the particular case: P = 1, Q = 2, ©'(u) = C (a constant func-
tion), ©2(u) = p, a(w,v; u) = Ca'(w,v) + pa*(w,v) and X is a complex function space;
we further suppose that D is convex. Given any 1 € D, we introduce 7 (w,v; u;t) =
(T, T7u)x + (1 — )[a(w, T70) + @2(o, T7w)] and DF = {u € D|T(v, 03 57) > O};
it can be easily verified that 7(-,-; u; ) is symmetric: 7 (w,v; u; ) = m +

(u — m)[a®(v, TPw) + a®>(w, T™v)] = T (v,w; ;@) due to the symmetry of (-,-)x and
a*(w, TFv) + a2(v, TFw) since a*(w, TFv) is a complex conjugate of a2(v, TFw). We may

then define

Bu; 1) = \/inf T (w,w;ps o)/ |Jwl%,  YpeD", (4.77)

weX

and note from ®(u, ) = 0 that our function 3(y; %) enjoys three properties: (i) 5(u) >
Bp:m) >0,V pu € DF: (i) B(u: ) is concave in p over the convex domain DF; and (i)
B(u; 1) is tangent to 3(p) at u = fi. To make property (i) rigorous we must in general
consider non-smooth analysis and also possibly a continuous spectrum as N — oo. We
now prove those properties of B(,u;ﬁ) and refer to Appendix C for detailed formulation

of the inf-sup lower bounds for general complex noncoercive problems. The concavity of
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B (u; ) follows from Lemma 4.2.2. The lower bound property of B (u; ) is proven below

(TFw + TFw — TFw, TPw + THw — TFw)

B*(p) = inf

weX lwli%

= inf HTﬁwH_ZX + (T"w = T"w, T"w) y + (THw — TFw, TFw) y + [[THw — TﬁwHi
wex lwll%

J— 2 . J—

(TRl + T2, (0%() — ©9(m)) at(uw, Tu)

= inf 5 +
weX lwll%

lwll%

177wl + (0 = 1) (0w, T70) + @, Trw) ) + |70 — Truw|[§

Zﬁd@ww—@m»MWJWw+WWw—W%ﬁ}

= inf
weX Jwll%
e T(w,wy s i) n
> inf ———= = 3% (@), V€D
wex lw|l%

Furthermore, it follows from the above result that we have

AP _ dPGsE) e, TFw) + aw, T)

dyu dpu weX Jwl[%

at u = @, which means property (i) .

Specifically, we consider the Helmholtz-elasticity crack example described in Sec-
tion 4.6.1 for u = (w? € [2.5,5.0], b = 1.0, L = 0.2) — only w? is permitted to vary
— and material damping coefficient d,, (note that both third mode and fourth mode
resonances are within our frequency range). Since the problem is a complex bound-
ary value problem, our quadratic finite element truth approximation space of dimension

N = 14,662 is complexified such that
X ={v=0"+1"e X | ¥|g, € Po(Ty), v'|7, € Po(Th), VT1, € Th} (4.78)

where Py(7},) is the space of second-order polynomials over element 7}, and X© is a

complex function space defined as

X = {v=1oR+i" | o® e (H'(Q)?, o' € (H(2)?, 0% s10 = 0,0 |50 = 0} . (4.79)
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Recall that R and I denote the real and imaginary part, respectively; and that v denotes
the complex conjugate of v, and |v| the modulus of v. By a simple “hysteretic” Kelvin

model [13] for complex Young’s modulus, our bilinear form is given by

a(w,vip) = O'(p)a’ (w,v) + O%(u)a*(w,v) (4.80)
where the parameter-dependent functions are

O'(p) = 1+ id,y, O%(p) = —w’ = —pu , (4.81)

and the parameter-independent bilinear forms are

8101 81_12 8w2 81_11 8w1 8’172 8w2 8’171
1 = 4.82
“ (w,U) 012/51 <8x1 3962 + 81’2 8.771) +CG6/Q (61‘2 8x1 * 8]31 8x2> ( 8 )
1 QO 81’1 8%1 22 Q 8%2 85(]2
Owg 0@2 81111 8@1
”66/9 <8718_xl) +C66/Q (a_mga_@)

a*(w,v) = / w101 + Was . (4.83)
0

Note that the a'(w,v) and a®(w,v) are symmetric positive-semidefinite. We furthermore

define our bound conditioner (-,-)x as
(w,v)x = a'(w,v) + a*(w, v) (4.84)

which is a p-independent continuous coercive symmetric bilinear form.

We present in Figure 4-4 ((u), B(M;ﬁj) for p € D,1 < 5 < J, ﬁApc(u), and ﬁpL(,u)
for material damping coefficient of 0.05 and 0.1. We find that a sample E;_3 suffices to
satisfy our Positivity and Coverage Conditions with ez = 0.32 for d,, = 0.05 and with
e = 0.4 for d,,, = 0.1. Unlike the previous example 3(1) is not concave (or convex) or even
quasi-concave, and hence /3 (u; ) is a necessary intermediary in the construction (in fact,
constructive proof) of our lower bound. We further observe that the damping coefficient

has a strong “shift-up” effect on our inf-sup parameter and lower bounds especially near
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resonance region: increasing d,,, tends to move the curve () up.

~

Figure 4-4: Plots of B(u); B(u:71), B y), B Tis) for € DR, 1 < j < J; and our
lower bounds (Opc(p) and fpr(u): (a) d,, = 0.05 and (b) d,,, = 0.1.

4.6.5 A Noncoercive Case: Infinite Domain

We consider the Helmholtz equation A’y + k*u = 0 in © C R, 2% = 1 on T'y, and

% = (ik — %) u on I'y; here © is bounded by a inner unit sphere and outer sphere of

radius R; I'y is the surface of the unit sphere; I'g is the surface of the outer sphere;

and n is the unit outward normal to the boundary. Our parameter is p = k € D =

eik(r—1)

(0.1, 1.5], where k is a wave number. The exact solution is given by u®(r) = ) Where

r is a distance from the origin. We further note for large R that the “exact” Robin
condition can be approximated by an “inexact” boundary condition, g—z =1iku on I'g. In
this example, we investigate the behavior of the inf-sup parameter 5(u) and the lower
bound f3 (u) for a large variation of radius R for both exact and inexact conditions. This
study give us a better understanding into the effect of domain truncation and boundary
condition approximation on numerical solutions and reduced-basis formulation of the
inverse scattering problems discussed in Chapter 10.

By invoking the symmetry of the problem, we can simplify it into a one-dimensional

problem: % (7“2‘3—7;‘) + k*r?u = 0 in Q =1, R], % =1latr =1, and % = (ik— %)u
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at r = R; and the “inexact” boundary condition is given by 3 8—“ =ikuatr = R. Itis
then a simple matter to show that: Q = 3, a(w,v) = [, 7?2422 a*(w,v) = [, r*wv, and
a*(w,v) = R*w(R)v(R); furthermore we have ©'(u) = 1, ©2(pn) = —p?, ©3(p) = —ip+ %
for exact Robin condition, but ©'(u) = 1, ©2(u) = —p?, ©3(u) = —ip for approximate
Robin condition. We next choose bound conditioner (w,v)x = [, 7“2%—1;}% + % Jo rPwo,’?
and seminorms |w|} = a'(w,w), [w|s = a®(w,w), |wl; = a*(w,w). We readily calculate
I'' =1,T5=1,I's =1; note however that the constant C'x depends on R — C'x = 3.35
for R =3 and Cx = 10.03 for R = 10.

We present 5(u), ch(u), and B(,u;ﬁj), 1 < j < J, for exact and approximate Robin

conditions in Figure 4-5 and in Figure 4-6, respectively, where

) = /max(F (i — T 70), 920 1) — (. T) (4.85)

We observe in both cases that J increases with R — J = 3 for R = 3 and J = 10 for
R = 10. Clearly, increasing R has strong effect on 8(u) and 3(u; fi;), as R increases 3(u)
is smaller while ﬁ(,u;ﬁj) decreases even more rapidly. This is because (i) Cx is quite
large and grows rapidly with R and (i) F(u — f1; @) decreases with p — @ more rapidly as
R increases. Particularly, we observe that the C'x term dominates F in causing the large
J for R = 3, but the F function is a primary cause for the large J for R = 10. Note also
that for approximate Robin condition there is not only outgoing, but incoming wave in

the solution. This is reflected by the oscillation of the associated inf-sup parameter.

3The 1/R scaling factor in fQ r2wv will increase smoothness and magnitude of the inf-sup parameter
B(w), albeit at the large value of Cx.
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Chapter 5

A Posterior: Error Estimation for

Noncoercive Elliptic Problems

5.1 Abstraction

5.1.1 Preliminaries

We consider the “exact” (superscript e) problem: Given u € D C RF, we evaluate

s®(p) = £(u®(p)), where u®(u) satisfies the weak form of the p-parametrized PDE

a(u(p),vip) = f(v), VveX®. (5.1)

Here p1 and D are the input and (closed) input domain, respectively; u®(x;p) is field
variable; X€ is a Hilbert space with inner product (w,v)x. and associated norm ||w| =
v (w, w)xe; and a(-, -5 p) and f(-),£(-) are X°-continuous bilinear and linear functionals,
respectively. (We may also consider complex-valued fields and spaces.) Our interest here
is in second-order PDEs, and our function space X¢ will thus satisfy (Hj(Q2))” € X° C
(H'(2))", where Q C R? is our spatial domain, a point of which is denoted x, and v = 1
for a scalar field variable and v = d for a vector field variable.

We now introduce X (typically, X C X°¢), a “truth” finite element approximation

space of dimension A. The inner product and norm associated with X are given by
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(-, )x and ||-]|x = (-, ‘)ﬁ(m, respectively. A typical choice for (-, -)x is
(w,v)x :/Vw~Vv+wv , (5.2)
Q

which is simply the standard H'(2) inner product. We shall denote by X’ the dual space
of X. For a h € X', the dual norm is given by

h(v
|1 x: = sup ()

veX HUHX .

(5.3)

In this chapter, we continue to assume that our output functional is compliant, ¢ = f,
and that a is symmetric, a(w,v;n) = a(v,w;p),Vw,v € X. This assumption will be
readily relaxed in the next chapter.

We shall also make two crucial hypotheses. The first hypothesis is related to well-
posedness, and is often verified only a posteriori. We assume that a satisfies a continuity
and inf-sup condition for all u € D, as we now state more precisely. It shall prove
convenient to state our hypotheses by introducing a supremizing operator 7 : X — X

such that, for any w in X

(THw,v)x = alw,v;p), YveX. (5.4)
We then define
[T w]lx
o(w;p) = =, (5.5)
[l
and note that
a(w, v; p)

= inf su = inf o(w; 5.6

a(w,v; p
(1) = sup sup 2D BE). _ o ot | (5.7
weX veX HwHXHUHX weX

Here () is the Babuska “inf-sup” (stability) constant and y(u) is the standard conti-
nuity constant; of course, both these “constants” depend on the parameter p. Our first
hypothesis is then: 0 < Gy < B(p) and y(p) < v < 00, ¥V € D.

The second hypothesis is related primarily to numerical efficiency, and is typically
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verified a priori. We assume that for some finite integer ), @ may be expressed as an

affine decomposition of the form
Q
a(w,v; ) Z pat(w,v), YwoveXVueD, (5.8)

where for 1 < ¢ < @), ©¢ : D — R are differentiable parameter-dependent coefficient
functions and bilinear forms a? : X x X — R are parameter-independent. This hypothesis
is quite restricted and will be relaxed in the next chapter.

Finally, it directly follows from (5.4) and (5.8) that, for any w € X, T*w € X may

be expressed as

Q
Thw =" 0%p) Tw (5.9)
q=1

where, for any w € X, T9w, 1 < ¢ < @, is given by
(Tw,v)x = a®(w,v), YveX. (5.10)

Note that the operators T9: X — X are independent of the parameter pu.

5.1.2 General Problem Statement

Our truth finite-element approximation to the continuous problem (5.1) is stated as:

Given p € D, we evaluate

s(p) = £(u(p)), (5.11)

where the finite element approximation u(u) € X is the solution of

a(u(p),v;p) = f(v), YveX. (5.12)

In essence, u(p) € X is a calculable surrogate for u®(x) upon which we will build our
RB approximation and with respect to which we will evaluate the RB error; u(u) shall
also serve as the “classical alternative” relative to which we will assess the efficiency of
our approach. We assume that ||u®(u) — u(p)|| is suitably small and hence that N is

typically very large: our formulation must be both stable and efficient as N' — oo.
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5.1.3 A Model Problem

Our model problem is the Helmholtz-Elasticity Crack example described thoroughly in
Section 4.6.1. Recall that the input is u = (u', u? 1) = (W?,b,L), where w is the
frequency of oscillatory uniform force applied at the right edge, b is the crack location,

and L is the crack length. The weak form for the displacement field @(Z; 1) € X (u) is
a(a(p), o p) = f(0), Ve X(u) (5.13)

where X (1) is a quadratic finite element truth approximation subspace (of dimension

N =14,662) of X(p) = {# € (H"(Q(b, L)))?| 8|5, = 0}, and

EL(UJ U',U,) _ 612/ <c%1 811)2 + a?}Q 8101) +C66/ (81)1 8w2 I 81}2 aw1>
» U ) 8%1 8%2 (9%2 8%1 o) aj}2 3@ 8571 35@2
+ch/ (%%) +066/ (%%)
o \0T1 01, g \ 071 07,

Ovy Owy Ovy Owy 9
—1—622/52 (a—@a—jz) +CG6/Q (8_5528_@) w /levl + WoUsy (5.14)

flo) = /F vy . (5.15)

The output is the (oscillatory) amplitude of the average vertical displacement on the right

edge of the plate, s(u) = £(iu(p)) with £ = f; we are thus “in compliance”.

1

Figure 5-1: Quadratic triangular finite element mesh on the reference domain with the
crack in red. Note that each element has six nodes.
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By using a continuous piecewise-affine (in fact, piecewise-dilation-in-z;) transforma-
tion to map the original domain (b, L) to the reference domain Q = Q(b,, L,) with
b, = 1.0 and L, = 0.2, we arrive at the desired form (5.12) in which ©, X, and (-, )x
are independent of the parameter u, a is affine for ) = 10 as given in Table 4.1, and
f(v) = ffF vy. Furthermore, we use a regular quadratic triangular mesh for X as shown
in Figure 5-1. (No crack-tip element is needed as the output of interest is on the right

edge — far from the crack tips.)

5.2 Reduced-Basis Approximation

In this section we review briefly the reduced-basis approximation since many details has
been already discussed in Chapter 3. Moreover, we shall also discuss approximation
approaches other than Galerkin projection, in particular the Petrov-Galerkin projection,

which can be advantageous for noncoercive problems.

5.2.1 Galerkin Approximation

In the “Lagrangian” [1 16] reduced-basis approach, the field variable u(u) is approximated
by (typically) Galerkin projection onto a space spanned by solutions of the governing
PDE at N selected points in parameter space. We introduce nested parameter samples
Sy={p1 €D, ,uy € D},1 < N < Npax and associated nested reduced-basis spaces
Wy =span{(; = u(p;),1 <j < N}, 1< N < Ny, where u(pu;) is the solution to (5.12)

for = p;. We next apply Galerkin projection onto Wy to obtain uy(p) € Wy from

alun(p),v;u) = f(v), Yve Wy, (5.16)

in terms of which the reduced-basis approximation to s(u) is then calculated as

sy(p) = un(p)) - (5.17)

However, Galerkin projection does not guarantee stability of the discrete reduced-basis

system. More sophisticated minimum-residual [91, 131] and in particular Petrov-Galerkin

107



[92, | approaches restore (guaranteed) stability, albeit at some additional complexity.

5.2.2 Petrov-Galerkin Approximation

In addition to the primal problem, the Petrov-Galerkin approach shall require the dual
problem: find ¢(u) € X such that

a(v,p(p);p) = —L(v), YveX. (5.18)

Note that the dual problem is useful to the noncompliance case in which a is nonsymmetric
or ¢ # f. In the compliance case, symmetric a and ¢ = f, the dual problem becomes
unnecessary since ¥ (u) = —u(p).

We can now introduce sample Sy = {uy" € D,---,uy, € D} and associated La-

p

Y e Sy}, Similarly, we select sample S§} =

1

grangian space Wy = span{u(u}'),Vu
{ufv € D,---, ui}; € D}, possibly different from the ones above, and form associated

dual space WRL = span{i/z(u?“), Vu?“ € S\ }. We then define the infimizing space as

Wy =Wx, + Wiy
= span{u(pf"), v(p"), Vul* € SR, Vuit € S} (5.19)

= span{(,..., (N}

The dimension of our reduced-basis approximation is thus N = Nj + Ns.
The Petrov-Galerkin will also need supremizing space. To this end, we compute 79,

from (5.10) for 1 <n < N and 1 < ¢ < @, and define the supremizing space as

Q
1% Espan{z O ()T, n = 1,...,N} . (5.20)
qg=1

We make a few observations: first, while the infimizing space Wy effects good approxima-
tion, the supremizing space Vy is crucial for stability of the reduced-basis approximation;
second, the supremizing space is related to infimizing space through the choice of (;; third,
unlike earlier definitions of reduced-basis spaces, the supremizing space is now parameter-

dependent — this will require modifications of the offline /online computational procedure;
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and fourth, even though we need N(@ functions, the T9¢,, the supremizing space has di-
mension N. See [131] for greater details including the important proof of good behavior
of the discrete inf-sup parameter essential to both approximation and stability.

With the defined infimizing space Wy and supremizing space Vy, we can readily

obtain uy(u) € Wy and ¥ () € Wy from

a(uy(p),v;p) = fv), YoveVy; (5.21)

a(v,Yn(p);p) = —L(v), YveVy; (5.22)

which are Petrov-Galerkin projections onto Wy for the primal and dual problems, re-

spectively. Our output approximation is then given by

sn(p) = Lun(p) — f(n (1) + a(n (), un (1); 1) (5.23)

the additional adjoint terms will improve the accuracy [38, 103].

Finally, we have two important remarks. First, there are significant computational
and conditioning advantages associated with a “segregated” approach in which we intro-
duce separate primal Wy = span{u(y}]’),1 < j < N} and dual Wi = span{y(ud"),1 <
j < N} approximation spaces for u(u) and ¢(u), respectively. Particularly, if a is sym-
metric and ¢ = f, then there will probably be degeneracy in the spaces Wy and Vy and
ill-conditioning in our reduced-basis systems for the “nonsegregated” approach described
above; but this is usually not the case for the segregated approach. Second, there is an-
other simple reduced-basis approximation that can work very well for the output accuracy:
we introduce Wy = span{u(u}"),1 < j < N} and Vy = span{t(uJ"),1 < j < N}, and
evaluate sy(p) = l(un(p)), where uy(p) € Wi satisfies a(un(p),v; n) = f(v), Vv € Vi.
This simple approach may lead to high accuracy for the output approximation, albeit at
the loss of stability.

It should be clear that we include the Petrov-Galerkin projection mainly for the sake
of completeness and will only use the Galerkin projection for all numerical examples in

the thesis.
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5.2.3 A Priori Convergence Theory

We shall demonstrate the optimal convergence rate of uy(u) — u(p) and s(pu) — sy(p)
for the Galerkin projection (see [131] for convergence results in the case of Petrov-
Galekin). To begin, we introduce the operator Th: Wy — Wy such that, for any
wy € Wy,

(TJ'L\waN;UN)X = a(wy,vn;p), Voy € Wy .

We then define Sy (u) € R as

a(wy,vn; 1)

= inf su , 5.24
O =l S0 Twnllclonllx (524
and note that
: | Tyw ] x
= inf ———~
ﬁN('u) wnEWN ”wNHX
It thus follows that
By(wllwnl x| Tywnllx < alwy, Tywn; p), Yoy € W . (5.25)

We now demonstrate that if Sy(u) > By > 0, Vu € D, then uy(p) is optimal in the

X-norm

|mwwwwwmxs(r+§)Imnnwm—wmu. (5.26)

wnEWN

Proof. We first note from (5.12) and (5.16) that
a(u(p) —un(p),v;pu) =0, YveWy. (5.27)
It thus follows for any wy € Wy that

Bn(p)|lwy —un||x Ty (wy —un)llx < alwy —un, Ti(wy — un); )
= alwy —u+u—uy, Th(wy — uy); 1)
= a(wy —u, Th(wy —un); 1)

+ a(u —uy, Ty(wy — un); p)

IN

() v — wyl|x [Ty (wy — un)llx - (5.28)
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The desired result immediately follows from (5.28), the triangle inequality, and our hy-

pothesis on By (p). O

In the compliance case ¢ = f, we may further show for any wy € Wy that

s(u) —sn(p)] = la(u(p) — un(p), w(p); 1)l

= la(u(p) —un(p), u(p) — wn; p)|

< 900 () — ()l Julre) — wwl
< % (1 ' g—) Jmin () — (5.20)

from symmetry of a, Galerkin orthogonality (5.27), continuity condition, and (5.26). Note

that sy(p) converges to s(u) as the square of error in the field variable.

5.3 A Posterior: Error Estimation

5.3.1 Objective

We wish to develop a posteriori error bounds Ay (p) and A% (i) such that

Ju(p) —un(p)llx < Anx(p), (5.30)

and

[s() = sn ()] < Ax(u) - (5.31)

It shall prove convenient to introduce the notion of effectivity, defined (here) as

_ An (1) sy Ai(p)
=) —w(lx M = G — s (5:82)

nn (i)

Our certainty requirement (5.30) and (5.31) may be stated as ny (@) > 1 and 03 () > 1,
V 1 € D*. However, for efficiency, we must also require ny(p) < C, and 3 (n) < Gy,
where C, > 1 is a constant independent of N and p; preferably, C), is close to unity, thus
ensuring that we choose the smallest N — and hence most economical — reduced-basis

approximation consistent with the specified error tolerance.
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5.3.2 FError Bounds

We assume that we may calculate py-dependent lower bound B (u) for the inf-sup parameter
B(u): B(p) > B() > By > 0,Yu € D. The calculation of 3(;) has been extensively

studied in the previous chapter. We next introduce the dual norm of the residual

“40) = I o
where
r(v;p) = f(v) —alun(p),v;p), YoveX (5.34)

is the residual associated with wux(u).

We can now define our energy error bound

Bl = S0, (5.3)
and output error bound
Axv(p) = ex(w)/B(w) - (5.36)

We shall prove that Ay (1) and A3 () are rigorous and sharp bounds for ||u(p) — un(p)||
and |s(u) — sn(u)|, respectively.

5.3.3 Bounding Properties

Proposition 4. For the error bounds An(p) of (5.35) and A% (u) of (5.36), the corre-

sponding effectivities satisfy

1< () < ;EZ; VueD, (5.37)
1 <ny(p), VYu eD. (5.38)
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Proof. We first note from (5.12) and (5.34) that the error e(u) = u(u) — uy(p) satisfies

ale(p), v;p) =r(v;p), YVveX,

Furthermore, from standard duality argument we have

en(m) = llew)llx

where

(e(u),v)x =r(v;p), VveX.

It then follows from (5.4), (5.39), and (5.41) that

le(llx = I1T"e(p)llx -

In addition, from (5.5) we know that

[T e(u) | x

I = ey

It thus follows from (5.32), (5.35), (5.40), (5.42), and (5.43) that

_ole(p)ip)
i) = Blp)

this proves the desired result (5.37) since (1) > o(e(u); 1) > B(p) > B(w).

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

Finally, it follows from symmetry of a, compliance of ¢, (5.12), Galerkin orthogonality,

(5.39), and the result (5.37) that

s(n) —sn(p)] = la(e(n), u(p); )|

= la(e(p), e(p); 1)

= [r(e(n); p)l
< el lleCell x
< ||é§u)||§<.
B
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This concludes the proof. O

5.3.4 Offline/Online Computational Procedure

It remains to develop associated offline-online computational procedure for the efficient
evaluation of ey. To begin, we note from our reduced-basis approximation uy(u) =

SN unn(p) G, and affine assumption (5.8) that r(v; ) may be expressed as

Q N
r(vip) = f0) = > O wuya(p) a(Gr,v), Vv e X. (5.45)

qg=1 n=1

It thus follows from (5.41) and (5.45) that é(u) € X satisfies

Q N
(@), v)x = f(v) = > 3 0%w) unn(p) a®(Guyv), Vv € X. (5.46)

g=1 n=1

The critical observation is that the right-hand side of (5.46) is a sum of products of
parameter-dependent functions and parameter-independent linear functionals. In partic-

ular, it follows from linear superposition that we may write é(u) € X as

C+Z Z@q Un () £ (5.47)

qg=1 n=1

where (C,v)x = f(v), Vv € X, and (L%,v)x = —a%((,,v), Vv € X, 1 < n < N,
1 < g < @; note that the latter are simple parameter-independent (scalar or vector)

Poisson, or Poisson-like, problems. It thus follows that

Q N
el = (©€.0)x ZZ )t o >{2<c,ﬁz>x
==
ZZ ) ><£z,cz’,>x}.

(5.48)

The expression (5.48) is the sum of products of parameter-dependent (simple, known)
functions and parameter-independent inner products. The offline-online decomposition

is now clear.

114



In the offline stage — performed once — we first solve for C and £, 1 < n < N,
1 < g < @Q; we then evaluate and save the relevant parameter-independent inner products
(C,C)x, (C, L) x, (D}L,E;{,)X, 1 <nn <N,1<gq,¢ < Q. Note that all quantities
computed in the offline stage are independent of the parameter pu.

In the online stage — performed many times, for each new value of p “in the field” —
we simply evaluate the sum (5.48) in terms of the ©%(u), uy (1) and the precalculated
and stored (parameter-independent) (-,-)x inner products. The operation count for the
online stage is only O(Q?*N?) — again, the essential point is that the online complexity
is independent of N, the dimension of the underlying truth finite element approximation
space. We further note that unless ) is quite large, the online cost associated with
the calculation of the dual norm of the residual is commensurate with the online cost

associated with the calculation of sy (u).

5.4 Numerical Results

In this section, we shall present and discuss several numerical results for our model
problem. We consider the parameter domain D = [3.2,4.8] x [0.9,1.1] x [0.15,0.25].
Note that D does not contain any resonances, and hence 3(u) is bounded away from
zero; however, w? = 3.2 and w? = 4.8 are in fact quite close to corresponding natural
frequencies, and hence the problem is distinctly non-coercive.

Recall that our affine assumption is applied for @) = 10, and the ©%(u), a?(w,v),1 <
q < @, were summarized in Table 4.1. We define (w,v)x = Z(?:Q a’(w,v) for our bound
conditioner; thanks to the Dirichlet conditions at x; = 0, (-, ) x is appropriately coercive.
We further observe that ©'(u) = 1(T';y = 0) and we can thus disregard the ¢ = 1 term
in our continuity bound. We may then choose \v\g = al(v,v), 2 < ¢ < @Q, since the
al(-,-) are positive semi-definite; it thus follows from the Cauchy-Schwarz inequality that
' =1, 2 < ¢ < Q. Furthermore, from (4.34), we directly obtain Cx = 1. We readily
perform piecewise-constant construction of the inf-sup lower bounds: we can cover D (for
€z = 0.2) such that (4.36) and (4.37) are satisfied with only J = 84 polytopes; in this
particular case the P#i, 1 < j < J, are hexahedrons such that |[V*|=8,1<j < J.

Armed with the inf-sup lower bounds, we can now pursue the adaptive sampling
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strategy described in Section 3.3.5: for €] min = 1073 and np = 729 we obtain Ny = 32

(as shown in Figure 5-2) such that ey, = Ap,, (1 ) =9.03x 107*. We observe that

more sample points lie at the two ends of the frequency range, w? = 3.2 and w? = 4.8.
This is because w? = 3.2 and w? = 4.8 are quite close to corresponding natural frequencies,

at which the solutions vary greatly and the inf-sup parameter decreases rapidly to zero.

//\

/
0.25+
225 << S

< /<><°

- 02

0.175

09 32

Figure 5-2: Sample Sy, ,, obtained with the adaptive sampling procedure for Ny, = 32.

lu(w) = u (Il
Is(w) — 5, (W

(a) (b)

Figure 5-3: Convergence for the reduced-basis approximations at test points: (a) error in
the solution and (b) error in the output.

We next present in Figure 5-3 the error in the output and the error in the solution as a
function of N for five random test points. We observe that initially for small values of N

(less than 10) the errors are quite significant, oscillating, and not reduced by increasing

116



N. This is because for small values of N the basis functions included in the reduced-basis
space have no good approximation properties for the solutions at the test points. As we
further increase N we see that the errors decrease rapidly with N; that the convergence
rate is quite similar for all test points; and that the error in the output is square of the
error in the solution (note that the “square” effect is typically true for the compliance
case — here the model problem is as such).

We furthermore present in Table 5.1 AN max.rel; TN ave; A and 7}y .. as a func-

?V,max?
tion of N. Here Ay maxrel 1S the maximum over Srest of An(1t)/||Umax||x; TN ave 1S the
average over ETest of AN(M)/HU(H’) - UN(N)HXa Ak]g\/,maux,rel is the maximum over Zres

of AN (#)/[Smax|, and 73y ... is the average over Zqes; of Ay (u)/|s(n) — sy(p)|. Here

Etest € (D)** is a random sample of size 343; ||tumax|x = max ez, |u(p)|x and

|Smax| = maxyez,.., |s(i)]. We observe that the reduced-basis approximation converges
very rapidly, and that our rigorous error bounds are in fact quite sharp. The effectivities
are not quite O(1) primarily due to the relatively crude piecewise-constant inf-sup lower
bound. Effectivities O(10) are acceptable within the reduced-basis context: thanks to

the very rapid convergence rates, the “unnecessary” increase in N — to achieve a given

error tolerance — is proportionately very small.

s s
N AN,max,rel TIN ,ave AN,maX,rel 77N,ave

12 || 1.54 x 1071 | 13.41 | 3.31 x 1072 | 15.93
16 || 3.40 x 1072 | 12.24 | 2.13 x 1073 | 14.86
20 || 1.58 x 1072 | 13.22 | 4.50 x 107* | 15.44
24 || 5.91 x 1072 | 12.56 | 4.81 x 107° | 14.45
28 || 2.42 x 1073 | 12.44 | 9.98 x 107¢ | 14.53

Table 5.1: Effectivities for the model problem.

Turning now to the computational effort, we present in Table 5.2 the time ratio
normalized to the running time of computing sy (u) for N = 20 (recall that for N > 20,
|AS (1) /sn(p)] < 4.50 x 107*). We achieve computational savings of O(500): N is very
small thanks to the good convergence properties of Sy and hence Wy ; and the marginal
cost to evaluate sy(u) and A% (u) depends only on N, not on N thanks to the offline-

online decomposition. We emphasize that the reduced-basis entry does not include the
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extensive offline computations — and is thus only meaningful in the real-time or many-
query contexts. As illustrated in Chapter 9, the significant reduction in computational
time enables the deployed/real-time Assess-Act scenario in which we Assess all possible
crack parameters consistent with experimental measurements through robust parameter
estimation procedures and subsequently Act upon our earlier crack assessments through

adaptive optimization procedures to provide an intermediate and fail-safe action.

Online Time | Online Time Time
N sn (1) AN(p) | s(p) NV =14,662)
12 0.65 0.84
16 0.9 0.94
20 1.0 1.05 882
24 1.23 1.29
28 1.45 1.54

Table 5.2: Time savings per online evaluation.

5.5 Additional Example: Material Damage Model

5.5.1 Problem Description

We consider a two-dimensional sandwich plate with a rectangular flaw at the core layer
of three lamina: the (original) domain Q C R? is defined as [0,2] x [0,1]; the thickness
of core layer is 0.8 while that of two face layers is 0.1; the left surface of the plate, I'p, is
secured; the top and bottom boundaries, fN, are stress-free; and the right boundary, fF,
is subject to a vertical oscillatory uniform force of frequency @. To simplify the problem,
we assume that the flaw is throughout the thickness of the core. The flaw length is
denoted by L and the distance from the center of the flaw to the left surface is denoted
by b. The rectangular flaw is considered as a damaged zone in which density of the
material remains the same but the elastic constants are reduced by a factor § (damage
factor). Note that § = 1 indicates no flaw while 6 = 0 means a void in the sandwich
plate.

We model the plate as plane-stress linear elastic lamina structure in which material

properties of the two face layers and core layer are shown in Table 5.3. We introduce
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nondimensional quantities w? = (©)%p°/E¢, E¢ = E¢/E°, E' = E'/E°, p° = p¢/p°,
and pf = p'/p¢, where E¢ and ¢ are the Young’s modulus and density of the core
layer and Ef and jf are the Young’s modulus and density of the face layer. Our input is
1= (s fe2)s H3)s Hy) = (w20, L, 8) € DY x DPE0 where D0 = [0.9,1.1] x [0.5,0.7] x
[0.4,0.6] ; our output is the (oscillatory) amplitude of the average vertical displacement

on the right edge of the plate.

L

// Face Layer
Core Layer

Figure 5-4: Rectangular flaw in a sandwich plate.

Young’s modulus Density . :
Poisson ratio
(V/m?) (kg/m?)
Face layers 1.67 x 1010 1760 0.3
Core layer 0.013 x 10%° 130 0.3

Table 5.3: Material properties of core layer and face layers.

The governing equations for the displacement field @(#; ;1) € X (p1) are thus

—0
0% 0w, M
85’12 85'22 2.9
—0
05, | om, MR
b= g, O e (00 O
11 — 81’1’ 22 — a£27 12 — 5’%2 8%1 ’
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011 cnn ¢z 0 €11
0922 =1l ca2 ca 0 €22

012 0 0 ces €12

where the constitutive constants are given by

E Ev E

5 C22 = C11 Clg2 = 77— Ce6 = =77~ -
1—v? ’ —v?’ 2(1+v)

C11 =
1

Note importantly that, in the above equations, the density p and Young’s modulus F
are different for face layers, core layer, and damage zone; in particular, we have p = p',
E = E' in face layers, p = p¢, E = E° in core layer, and p = p°, E = 0E° in damage

zone. The boundary conditions on the (secured) left edge are

U = ug = 0, onf‘D .
The boundary conditions on the top and bottom boundaries are

511ﬁ1 + 512ﬁ2 =0 on FN s

5'12?11 + 5'22?12 =0 on fN .
The boundary conditions on the right edge are

o1ny +oeng =0 only,

5’12’71,1 + 5’22’7?,2 =1 on FF .

We now introduce X (1) — a quadratic finite element truth approximation subspace

(of dimension N = 14,640) of X°(u) = {o € (H'(Q(b,L)))*| 0]z, = 0}. The weak

formulation can then be derived as

a(a(p), o3 p) = f(0), Y€ X(n) (5.49)
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where
i(w, v: _ . / ovy 8w2 Ovy Owy Lo / Ovy Owy n Ovy Owy
vi) = iz 071 0y 3902 014 00 09 071 01 0o

N / vy dw, / vy Jw,y
cu O 81’1 83:1 + cos 8:1:1 (33:1
81)2 811)2 avl awl 2/
* C22/ (3% 8352) 066/ (8352 3332) “ Q p(wlvl - w2v2) ’
f(v) = / vy .
I'r

The output is given by §(u) = £(a()), where £(v) = f(v); we are thus “in compliance.”

We now define a reference domain corresponding to the geometry b = b, = 1 and
L = L, = 0.5. We then map Q(b, L)y - Q = Q(br,Lr) by a continuous piecewise-
affine (in fact, piecewise-dilation-in-z;) transformation. We define three subdomains,
0y =10,b, — L, /2[ x]0,1], Qo =]b, — L,/2,b. + L, /2[ x |0, 1], Q3 =]b, + L,./2,2[ x]0, 1],
such that Q = ; U Q, U Q3; in addition, we define Q$ =]0,b, — L,/2[ x]0.1,0.9[, O} =
DL\QS, Q4 =1b,— L, /2,b,+ L, /2[ x ]0.1,0.9[, Q) = Q,\Q4, Q5 =1b,+ L,./2,2[ x]0.1,0.9][,
QL = O3\ Q5.

We thus arrive at the desired form (5.12) in which f(v) = ffF ve and the bilinear form
a is expressed as an affine sum for Q = 13; the ©9(u), a?(w,v), 1 < g < 13, are given
in Table 5.4. For plane stress and a linear isotropic solid, the constitutive constants in

Table 5.4 are given by

E° Ev E°

C C C C C

Ci1 — —5 Cog — C Cio = — Cogp — —7T——

11 1_1/27 22 11> 12 1—V27 66 2(1+V)7
f f f

= e 22 11 127 7 6~ 51+ 1)

where v = 0.3 is the Poisson ratio and the normalized Young’s modulus E¢ and Ef are

introduced earlier.
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q () a’(w, v)

1 1 D01 e Jog (BR5e2 + G2 50) + cho Jop (B2 52 + 5252
+ Z§=1 652 fo (2_2?9_1;:}22 + %%) + Cgﬁ fo (g_;;g_i:f + %%)
2 6 ia Joo (5 552 + G2 5er) + Cho Joo (G2 52 + 52 522)
% i ng (gii ngll) + 066 fQ (SZ? g;)f)
+cn fo (gﬁ ?)1;}11) + C66 fo (g_ﬁg_tgf)
¥ ‘i1 Jor (321 G ) + che Jos (gﬁ 52)
5 5% i de (S—Zia%) + CG6 de (g_;ig_lg)
Tk ¢ Jog (5252) + ¢ Jog (5252)
+ ey fﬂ (3—21‘3%) + Coo fQ (g_xig_?f)
A= % Jor (22022 b o (2220)
+ 022 Jor (F252) + C66 fQ (5 52)
8 £ B Jog (32 72) 1 el Joy (22 01)
9 6L£r 5o Ju (%M) + Coe de (—3—2’;)
10 % C22 fQC (gia_Q) + C66 fQC gig_w;)
+ chy fo (522 522) + Chs fo (55 5at)
11| —w? bfiﬁjz fﬂ‘i WiV + Wavy + p fol WU + Wals
12 —wiE Joa wrvr +wava + p' o wivr + wovy
13 —w222__bf+§r/22 fQ2 w1V + wavy + pf ng W1V + Wals

Table 5.4: Parametric functions ©9(x) and parameter-independent bilinear forms a?(w, v)
for the two-dimensional damage material problem.
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5.5.2 Numerical Results

We first show in Figure 5-5 the finite element mesh on which our quadratic truth approx-

imation subspace of dimension N = 14,640 is defined.

1

Figure 5-5: Quaratic triangular finite element mesh on the reference domain. Note that
each element has six nodes.

Next we define our inner product-cum-bound conditioner as (w,v)x = qu::,) a(w,v);
thanks to the Dirichlet conditions at 27 = 0 (and also the w;v; term), (-,-)x is appropri-
ately coercive. We now observe that ©(u) = 1 (I'' = 0) and we can thus disregard the

q = 1 term in our continuity bounds. We may then choose

2 2 2 2
e, Gn) (5 = [ GR) +(52)

and \v|2 = a?(v,v), 3 < q < Q, since the a!(-,+),3 < ¢ < @, are positive semi-definite; it

thus follows from the Cauchy-Schwarz inequality that ['? = 1, 2 < ¢ < @Q; furthermore,

from (4.34), we calculate C'x = 1.0000 numerically.

We shall consider three different frequencies and associated reduced-basis models:
Model T for w? = 0.58, Model II for w3 = 1.53, and model III for w? = 2.95; these
frequencies are in fact quite close to the corresponding resonance modes, and hence the
problem is distinctly noncoercive. We henceforth perform piecewise-constant construction
of the inf-sup lower bounds for each model: we can cover D" (for €5 = 0.5) with
J' = 133 polytopes, J©' = 169 polytopes, and J'™ = 196 polytopes such that the Coverage

and Positivity conditions are satisfied; here the P, 1 < j < J, are hexahedrons such
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that [V#| =8, 1 < j < J. Armed with the piecewise constant lower bounds, we pursue
the adaptive sampling strategy: for np = 729 we obtain N. = 50, NI = 50, and
NI = 50.

We next show the convergence of the reduced-basis approximation. We present in
Tables 5.5, 5.6, and 5.7 AN maxrels MNaves AN maxrey @A My e as a function of N for
three models. Here Ay maxre 1S the maximum over Zqes, of An (1) /[|u(pe)]|x, Mv.ave is the
average over Zres; of An(p)/[lu(p) — un(i)|lx, AN maxrel 15 the maximum over S of
AN (w)/|s(p)], and 03, .. is the average over et of AX (1) /|s(p) — sy (p)|; where Eqegy €
(D)3 is a random parameter sample of size 343. We observe that the reduced-basis
approximation converges very rapidly, and that our rigorous error bounds are moderately
sharp. The effectivities are not quite O(1) primarily due to the high-mode frequencies
near resonances; but note that, thanks to the rapid convergence of the reduced-basis

approximation, O(10) effectivities do not significantly affect efficiency — the induced

increase in reduced-basis dimension NNV is quite modest. Note also that Ax maxrel 1S DOt

S

N maxrel due to our different choice of the denominator in the

really the square order of A
respective normalization; however, the error in the output and output error bound do
in fact converge quadratically with respect to the error norm and energy error bound,
respectively.

Finally, we note that the total Online computational time on a Pentium 1.6GHz
processor to compute sy(p) and A% (p) to a relative error of 107* (with N = 40) is less
than 1/279 times the Total Time to directly calculate the truth output s(u) = €(u(w)).
Clearly, the savings will be even larger for problems with more complex geometry and

solution structure in particular in three space dimensions. Nevertheless, even for our

current very modest example, the computational economies are very significant.

N AN,max,rel TIN ave Ai/q\[,max rel n}qV,ave
10 | 4.33 x10~! | 11.25 | 3.06 x107" | 15.08
20 [ 8.02 x1073 | 11.33 | 7.74 x10~* | 12.76
30 [ 2.43 x1073 | 8.03 | 6.93 x107° | 12.82
40 | 1.49 x1073 | 9.09 | 2.56 x107° | 13.90
50 [ 9.81 x107* | 9.05 | 1.16 x107° | 12.50

Table 5.5: Convergence and effectivities for Model 1.
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N AN,max,rel "IN ave Af\/,max rel n?V,ave
10 | 1.56 x107% | 12.37 | 1.44 x10~! | 35.74
20 [ 5.23 x1072 | 12.04 | 1.63 x1072 | 30.13
30 [ 1.71 x1072 | 12.72 | 2.10 x1073 | 27.76
40 [ 5.44 x1073 | 13.14 | 1.71 x10~* | 25.91
50 | 1.05 <1073 | 11.37 | 8.36 x107% | 17.71

Table 5.6: Convergence and effectivities for Model II.

N AN,maX,rel "IN ;ave A:fg\f,max rel n}sV ave
10 | 6.17 x107% | 10.06 | 8.49 x10™2 | 21.41
20 [ 1.90 x1072 | 10.35 | 4.92 x1073 | 19.31
30 | 4.13 x1073 | 9.07 | 2.38 x107* | 19.88
40 | 1.34 x1073 | 10.42 | 2.42 x107° | 19.94
50 | 8.83 x107* | 11.09 | 1.14 x107° | 18.28

Table 5.7: Convergence and effectivities for Model III.
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Chapter 6

An Empirical Interpolation Method
for Nonaffine Elliptic Problems

Thus far we have developed the reduced-basis method for parametrized partial differ-
ential equations with affine parameter dependence. The affine assumption allows us to
develop extremely efficient offline-online computational strategy; the online cost to evalu-
ate sy(u) and A% (p) depends only on N and @, not on N'— the dimension of the truth
approximation space. Unfortunately, if the differential operator is not affine in the pa-
rameter, the online complexity is no longer independent of A/. This is because operators
of nonaffine parameter dependence do not accommodate the separation of the generation
and projection stages during the online computation.

In this chapter we describe a technique that recovers online N independence even
in the presence of non-affine parameter dependence. In our approach, we replace non-
affine functions of the parameter and spatial coordinate with collateral reduced-basis
expansions. The essential ingredients of the approach are (i) good collateral reduced-basis
samples and spaces, (i) a stable and inexpensive online interpolation procedure by which
to determine the collateral reduced-basis coefficients (as a function of the parameter), and
(7ii) an effective a posteriori error bounds with which to quantify the effect of the newly

introduced truncation.
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6.1 Abstraction

6.1.1 Preliminaries

We consider the “exact” (superscript e) problem: for any u € D C R?, find s°(u) =
0(u®(p)), where u®(p) satisfies the weak form of the p-parametrized PDE

a(u®(p), v; g(x; p)) = f(v; hz; ), Yo e X (6.1)

Here p and D are the input and input domain; a(-,-; g(z; 1)) is a X°-continuous linear
operator; and f(-; h(z;p)) and £(-) are X°-continuous linear functionals. Note that a and
f depend on g(x; p) and h(x; pu); we further assume that these functions are continuous in
the closed domain ) and sufficiently smooth with respect to all i in D. We shall suppose

that a is of the form

a(w, v; g(z; p)) = ao(w,v) + ar(w, v, g(; 1)), (6.2)

where ag(+,-) is a continuous (and, for simplicity, parameter-independent) bilinear form
and a(-,-,g(-)) is a trilinear form. For simplicity of exposition, we assume here that
hx; ) = g(z; ).

We consider here second-order PDEs; and hence (Hj(2))” € X°¢ C (H'(Q))", where
v = 1 for a scalar field variable and v = d for a vector field variable. In actual practice,
we replace X¢ with X C X¢, a “truth” approximation space of dimension N. The inner
product and norm associated with X are given by (-,-)x and ||-|| = (-, -)¥2, respectively.

We shall assume that a satisfies a coercivity and continuity condition

a(w, w; g(x; 1))

0<ap<alu= $2§< I , YueD, (6.3)
X
alw,w; g(x;
v(p) = sup ( 9§ “))§70<oo, V€ D; (6.4)
weX Jwll%

here a(p) and ~(p) are the coercivity constant and the standard continuity constant,

respectively. (We (plausibly) suppose that ag, 79 may be chosen independent of N.)
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Finally, we assume that the trilinear form a; satisfies
ar(w,v,z) < nflwllx vllx 2ll=@), Yw,veX. (6.5)

It is then standard, given that g(-; u) € L™(£2), to prove existence and uniqueness.

6.1.2 General Problem Statement

Our approximation of the continuous problem in the finite approximation subspace X

can then be stated as: given u € D € RY, we evaluate

s(p) = L(u(p)) , (6.6)

where u(p) € X is the solution of the discretized weak formulation

a(u(p), vig(z;p) = flvig(z;p)), VveX. (6.7)

We shall assume — hence the appellation “truth” — that X is sufficiently rich that u
(respectively, s) is sufficiently close to u®(u) (respectively, s¢(u)) for all g in the (closed)
parameter domain D. The reduced-basis approximation shall be built upon our reference
finite element approximation, and the reduced-basis error will thus be evaluated with
respect to u(p) € X. Typically, N, the dimension of X, will be very large; our formulation

must be both stable and computationally efficient as N/ — oo.

6.1.3 A Model Problem

We consider the following model problem: the input is i1 = (p(y, pe2)) € D = [—1,—0.01]%;
the spatial domain is the unit square 2 =]0, 1[2€ R?; our piecewise-linear finite element
approximation space X = H} = {v € H'(Q) | v|sn = 0} has dimension A" = 2601; the
field variable u(u) satisfies (6.7) with

ao(w,v):/QVw-Vv, al(w,v,z):/ﬂzwv, f(v;z):/gzv, (6.8)
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1
() — )+ (T@) — we)?

glw; p) = 7 ; (6.9)

and the output s(u) is evaluated from (6.6) with

((v) :/Q v . (6.10)

We give in Figure 6-1 the solutions corresponding to smallest parameter value and largest
parameter value obtained with a piecewise-linear finite element approximation of N =
2601. It should be noted that the solution develops a boundary layer in the vicinity of
x = (0,0) for pu near the “corner” (—0.01,—0.01). We further observe that the peak of
the solution at the largest parameter value is much higher than that of the solution at

the smallest parameter value.

0.1
003 0.08
0.0254
0.02
0.06
0.015
0.01
0.04
0.005
1 0.02
1 0.01

(a) (b)

Figure 6-1: Numerical solutions at typical parameter points: (a) p = (—1,—1) and (b)
j = (—0.01, —0.01).
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6.2 Empirical Interpolation Method

6.2.1 Function Approximation Problem

We consider the problem of approximating a given p-dependent function g( - ;pu) €
L>(Q), Yu € D, of sufficient regularity by a linear combination of known basis functions.
To this end, we assume for now that we are given nested samples 5%, = {u] € D,..., 4, €
D} and associated nested approximation spaces Wy, = span {&, = g(z;ug,),1 < m <
M}, 1 < M < Mpax. In essence, W3, comprises basis functions on the parametrically
induced manifold M9 = {g( - ;) | ¢ € D}. Our approximation to g(-;u) € M7 is then
gum (-5 ) € Wi, As for the reduced-basis approximation the critical observation is that:
since the manifold MY is low-dimensional and very smooth in x, we may thus anticipate
that gas(+; ) — g(+; ) very rapidly, and that we may hence choose M very small. But as
for the reduced-basis approximation, it gives rise to two questions: an immediate ques-
tion is how to choose S, so as to ensure good approximation properties for W7¥,; equally
important question is how to obtain good approximation g, efficiently. In the following,
we shall address our choice of S, and develop an efficient approximation approach for

computing such gps(+; p).

6.2.2 Coefficient-Function Approximation Procedure

To begin, we choose 4, and define SY = {uf}, & = g(z; pd), and WY = span {&1}; we
assume that §; # 0. Then, for M > 2, we set uj, = argmax,ezs inf.eps  |lg(x;p) —
z||1oo(), where Z9 is a suitably fine parameter sample over D. We then set S, =
S LU sy, € = gla;pl,), and WY, = span {&,, 1 < m < M}. It should be noted
that our coefficient-function approximation is required to be consistent with the truth
approximation of the underlying PDE, the “vector” g(x; u) is thus in fact the interpolant
of the “function” g(-; u1) on the finite element truth mesh; and hence, inf.cys  |g(2; 1) —
|| Lo () s simply a standard linear program.

Before we proceed, we note that the evaluation of £3,(u), 1 < M < Mpax, requires

the solution of a linear program for each parameter sample in Z¢; the computational cost

involved thus depends strongly on the size of =9 as well as on M,,.,. Fortunately, we
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can avoid solving the costly linear program by simply replacing the L*°(£2)-norm in our
best approximation by the L?(Q)-norm — our next sample point is thus based on p, =

arg max,ezs inf.cws |lg(x; ) —2||12(0) — which is relatively inexpensive to evaluate; the

pes
computational cost is O(MN') + O(M?3). Although the following analysis is not rigorous
for this alternative (or “surrogate”) construction of S%,, we in fact obtain very similar
convergence results in practice [52]. Hence, the L?(Q)-based construction is extremely
useful for problems with many parameters and large dimensional truth approximation.
However, we shall consider only the L>(€2)-based construction, because (i) the following

analysis remains valid with our choice and (74) the linear program cost is affordable for

all numerical examples in the thesis.

Lemma 6.2.1. Suppose that M. is chosen such that the dimension of MY exceeds

Minax, then the space W3, is of dimension M.
Proof. We first introduce the best approximation

ga( - 5p) =arg min lg( -5 p) — 2llz=(@) , (6.11)
zeW

M

and the associated error

en() = g5 1) — gre (-5 1)l g - (6.12)

It directly follows from our hypothesis on M., that ¢g = 5?\411]“(“%4111“ +1) > 0; our “arg
max” construction then implies €5, (1,) > €0, 2 < M < My, since e, (p,) >
i1 (1) = €ar(1hr41). We now prove lemma 6.2.1 by induction. Clearly, dim(W{) =
1. Assume dim(W7, ;) = M —1; then if dim(W},) # M, we have g( -;pu9,) € W§,_; and

thus €%, ;(19,) = 0; however, the latter contradicts €%, ;(u%,) > €0 > 0. O

We now construct nested sets of interpolation points Ty = {t1,...,ty}, 1 < M <
Mpax. We first set t; = arg ess sup,cq |&(2)|, ¢ = &(x)/&(t1), Bf; = 1. Then for
M =2,..., My., we solve the linear system Z]M:Il ajM_l q;(ti) =&u(t:), 1 <i<M-—1,
and set ry(z) = &) — Zj‘i}l ajw’l q;(z), tm = arg ess sup,cq [rm(z)|, qu(z) =

ra(x)/rar(tar), and Bl = q;(t;), 1 < 4,5 < M. It remains to demonstrate
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Lemma 6.2.2. The construction of the interpolation points is well-defined, and the func-

tions {q1,...,qu} form a basis for Wy,.

Proof. We shall proceed by induction. Clearly, we have W7 = span{q; }. Next we assume
Wi, =span{q,...,qu-1}; if (i) |rar(tar))] > 0 and (ii) BM~1 is invertible, then our
construction may proceed and we may form W¥, = span {qi,...,qy}. To prove (i), we
observe that |ra(tar)| > €31 (%) = €0 > 0 since 5, (14,) is the error associated with

the best approximation. To prove (i), we just note by the construction procedure that
B = qj(t:) = rj(t:)/rj(t;) = 0, fori<
since 7;(t;) = 0,1 <i<j—1,2<j < M; that
B% =gq;(t;) =1, fori=j
since q;(t;) = ri(t;)/ri(t;),1 <i < M; and that
|BM| = lg;(t:)| <1, fori>j

since t; = arg ess sup,cq |1i(z)],1 <i < M. Hence, BM~! is lower triangular with unity

diagonal. O

Lemma 6.2.3. For any M-tuple (o;)i=1,.. v of real numbers, there exists a unique ele-

ment w € W3, such that Vi, 1 <i < M,w(t;) = ;.

Proof. Since the functions {qi, ..., gy} form a basis for W}, (Lemma 6.2.2), any member
of W3, can be expressed as w = Zj\il ¢j(z) ;. Recalling that BM is invertible, we
may now consider the particular function w corresponding to the choice of coefficients
ki, 1 < j < M, such that ZM BZ-]}/[/{]‘ = qa;, 1 < i < M; but since Bijy = ¢;(t),
w(t;) = ijl q;(t;) k; Zj B} kj = o, 1 <i < M, which hence proves existence.
To prove uniqueness, we need only consider two possible candidates and again invoke the

invertibility of BM. O]

It remains to develop an efficient procedure for obtaining a good collateral reduced-

basis expansion gy (+; ). Based on the approximation space W7, and set of interpolation
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points Ths, we can readily construct an approximation to g(; ). Indeed, our coefficient

function approximation is the interpolant of g over T}, as provided for Lemma 6.2.3:

where (1) € RM is the solution of

note that g (t;; ) = g(ti; ), 1 <@ < M. We define the associated error as

en(p) = (-5 ) = gua (-5 1)l oe () (6.15)

6.3 Error Analyses for the Empirical Interpolation

6.3.1 A Priort Framework

To begin, we define a “Lebesgue constant” [123]

Ay = sup Z VM () (6.16)

xEQ —1

Here the VM (z) € WY, are characteristic functions satisfying V.M (¢,,) = 6, the existence

and uniqueness of which is guaranteed by Lemma 6.2.3. It can be shown that

Lemma 6.3.1. The characteristic functions VM are a basis for W§,. And the two bases

Gm, 1 <m <M, and VM, 1 <m < M, are related by

m

ZBMVM 1<i<M. (6.17)

: M
Proof. We first consider = t,, 1 < n < M, and note that 37, B} V}M(t,) =
ij\il BM 0;n = BY = qi(tn), 1 <1 < M; it thus follows from Lemma 6.2.3 that (6.17)

holds. It further follows from Lemma 6.2.2 and from Lemma 6.2.3 that any w €
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WY, can be uniquely expressed as w = Zf\il kigi(T) = Zf\il ﬁi(Zﬁl BN VM(z)) =
Z]]Vil(z:f‘il Ki B%)V]M(x) = Z]Ail OzjVjM(a:), where o; = w(t;), 1 < j < M; thus the
VjM7 1 <j <M, form a (“nodal”) basis for W7{,. O

We further observe that Ay, depends on WY, and Ty, but not on p nor on our choice

of basis for W¥,. We can further prove

Lemma 6.3.2. The interpolation error €y (p) satisfies enr(p) < €3, () (1+Anr), Y € D.

Proof. We first define the error function for g}, (z; u) as

ev(zip) = glasp) — gy p)

= (g(z; 1) — gur (s 1)) + (gur (5 1) — gar (w5 ) (6.18)

Since gar(z; ) € Wi, gis(z; 1) € W3, there exists x(u) € RM such that

M
gu (@3 1) = ghr (@i 1) = D K1) g () - (6.19)
m=1
It then follows from (6.18) and (6.19) that
M
enr(tis 1) = (9t 1) — g (833 12) + Y Kom (1) G ()
m=1
M
=Y BN km(p), 1<i<M; (6.20)
m=1

here we invoke (6.13) and (6.14) to arrive at the second equality. The desired result

134



immediately follows

en(p) —ep(p) = Ng(-5m) = gna (5 m)lleoy = N9C 5 1) = g (5 1) || e

< ||gM(~'u)—gM( 1)z ()

= | Z Fom (1) G (2) || ow )

M M
= 1> > Bl o) Vi (@) =@

k=1 m=1

M
= 1> et m) ViM (@)=

=1
< eyp) Ay

from triangle inequality, (6.19), (6.17), (6.20), and |e},(t;; p)| < ep(p), 1 <i< M. O
We can further show
Proposition 5. The Lebesque constant Ay satisfies Ay < 2M — 1.

Proof. We first recall two crucial properties of the matrix BM: (i) BM is lower triangular
with unity diagonal — ¢,,(t,,) = 1,1 < m < M, and (7) all entries of BM are of modulus

no greater than unity — ||gm|/z=@) < 1, 1 <m < M. Hence, from (6.17) we can write

VY (2)] = Z BM VM(x

i=m+1

< lam(@l+ ) VM (@)

i=m-+1

M
<1t S VM) (6.21)

i=m+1
form =1,...,M — 1. Tt follows that, starting from |V} (x)| = |qu(z)| < 1, we can
deduce |V, . (x)] < 1+ Vi (z)| + ...+ Vi, (x)] < 2™ 2 <m < M, and thus
have 30 [VM(z)| < 2M — 1. O

Proposition 5 is very pessimistric and of little practical value (though e3},(u) does often

converge sufficiently rapidly that €3,(u) 2" — 0 as M — oo); this is not surprising given
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analogous results in the theory of polynomial interpolation [123]. However, Proposition 5

does provide some notion of stability.

6.3.2 A Posterior: Estimators

Given a coefficient function approximation gy (x; ) for M < My — 1, we define

Ev(x;p) = Enm(p) qusa () (6.22)

where

En() = |g(tarsas i) — gnr(Eargns )] - (6.23)
In general, exr(p) = €n(p), since enr(p) = lg(; 1) =90 (5 )L () = 9(; 1) — gar (5 o)
for all x € €2, and thus also for x = t);.1. However, we can prove
Proposition 6. If g( -;pu) € Wi, then (i) g(a;p) — gu(w;p) = £Ey(a;p) (either
Em(w;p) or =En(w; ), and (i) lg( -5 1) = gm (-5 )| oe () = Ena ().

Proof. By our assumption g(-;u) € Wy, there exists x(p) € RM* such that g(x; p) —
gar(z; ) = M ke (1) G (). We now consider o = t;,1 < i < M + 1, and arrive at
M+1
> k() @m(t) = g(tip) — gu(tip), 1<i<M+1, (6.24)

m=1

We next note from (6.13) and (6.14) that
gt ) — gu(tiyp) =0, 1<i<M. (6.25)

Therefore, k() = 0, 1 < m < M, since the matrix g,,(t;) is lower triangular, and

kst (1) = g(tareii 1) — gar(farss; 1), since qarsa (far1) = 1 this concludes the proof of

(7). The proof of (ii) then directly follows from ||gar41|z() = 1. O

Of course, in general g( -;p) € Wy, and hence our estimator é,,(u) is not quite a

rigorous upper bound; however, if €),(u) — 0 very fast, we expect that the effectivity




shall be close to unity. Furthermore, the estimator is very inexpensive — one additional

evaluation of g( - ;u) at a single point in €.

6.3.3 Numerical Results

We consider the nonaffine function G(z;p) = ((zq) — p))* + (z@) — ,u(z))2)_1/2 for x €
Q=]0,1[? and u € D = [-1,—0.01]%2. We choose for Z9 a deterministic grid of 40 x 40
parameter points over D and we take puj = (—0.01,—0.01). Next we then pursue the
empirical interpolation procedure described in Section 6.2 to construct S%,, W¥,, Ty, and
BM 1 < M < Mpyax, for My = 52. We present in Figure 6-2 S]‘({/[max and Thy,... It is not
surprising from the given form of G(z; u) that the sample points are distributed mostly
around the corner (—0.01, —0.01) of the parameter domain; and that the interpolation

points are allocated mainly around the corner (0.00,0.00) of the physical domain.

° ‘ ‘ ‘ oooe 1 ‘ ; %
o o oo
-0.11 : o ' o 81 0.9+
o o o °
_0.2, N N ;o | 08’ §
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M X

(a) (b)

Figure 6-2: (a) Parameter sample set SY,, M., = 52, and (b) Interpolation points
tm, 1 < m < My, for the nonaffine function (6.9).

We now introduce a regular parameter test sample =% of size Qret = 225, and
define 4y, = max,ezs, €4/ (0), B = Qe Spcmn (Ear(0)/ (€30 (0) (1 + Aun)), Tas =
Qre pezs,_ na (1), s as condition number of BM; here 1y, (u) is the effectivity defined
in (6.26). We present in Table 6.1 these quantities as a function of M (Mp.x = 52). We
observe that €}, .. converges rapidly with M; that the Lebesgue constant provides a
reasonably sharp measure of the interpolation-induced error; that the Lebesgue constant

grows very slowly — ey (u) is only slightly larger that the min mazx result ,(p); that
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the error estimator effectivity is reasonably close to unity; and that BM is quite well-
conditioned for our choice of basis (For the non-orthogonalized basis &,,, 1 < m < M,
the condition number of B will grow exponentially with M.) These results are expected

since the given function G(z; i) is quite regular and smooth in the parameter p.

M E?\/[ max ﬁM AM ﬁM M

8 8.30E-02 0.68 1.76 0.17 3.65
16 4.22E-03 0.67 2.63 0.10 6.08
24 2.68E-04 0.49 4.42 0.28 9.19
32 5.64E-05 0.48 5.15 0.20 12.86
40 3.66 E-06 0.54 4.98 0.60 18.37
48 6.08E-07 0.37 7.43 0.29 20.41

Table 6.1: €3 x> Pars Aars Tar, and sey as a function of M.

6.4 Reduced-Basis Approximation

6.4.1 Discrete Equations

We begin with motivating the need for the empirical interpolation approach in deal-
ing with nonaffine problems. Specifcally, we introduce nested samples, Sy = {u¥ €
D, - ,u € D}, 1 < N < Npax and associated nested Lagrangian reduced-basis spaces
as Wy = span{(; = u(u}),1 < j < N}, 1 < N < Ny, where u(pf) is the solution to
(6.7) for p = 1. Were we to follow the classical recipe, our reduced-basis approximation

would then be: for a given u € D, we evaluate sy(u) = ¢(un(n)), where uyn(p) € Wy is

the solution of

ap(un (i), v) + a1 (un(p), v, g(z; 1)) = f(vig(a;p)), Yve Wy . (6.27)

If we now express uy(p) = Zjvzl un j(p)¢; and choose a test function v = (,,1 <n < N,
we obtain the N x N linear algebraic system
N
> (@0(Gir ) + a1(Gir G (s ) w5 (1) = f(Gi gl ), 1 <i< N, (6.28)

J=1
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We observe that while ay((;, () is parameter-independent and can thus be pre-computed
offline, f(¢; g(x; 1)) and a1(G, ¢, g(x; 1)) depend on g(x; 1) and must thus be evaluated
online for every new parameter value u. The operation count for the online stage will
thus scale as O(N2N), where A is the dimension of the underlying truth finite element
approximation space: the reduction in marginal cost gain obtained in moving from the
truth finite element approximation space to the reduced-basis space will be quite modest
regardless of the dimension reduction.

To recover online N independence, we replace g(x; ) by gas(x; u) = Z%zl Onm (1) qm
which is a coefficient-function approximation defined in Section 6.2 and analyzed in Sec-
tion 6.3. We thus construct nested samples S, = {u] € D,--- 14, € D},1 < M <
Mo

M}, 1 < M < Mpax, and nested sets of interpolation points Ty = {t1,...,txn},1 <

associated nested approximation spaces W3, = span{¢,, = g(p?,),1 < m <

M < M.y following the procedure of Section 6.2. Our reduced-basis approximation is
now: Given p € D, we evaluate sy () = (uy (i), where uy p(p) € Wy is the

solution of

ao(un,m(p),v) + ar(un (), v, gu (s ) = f(v; gm(z; 1), Vo € Wy . (6.29)

It thus follow from wy a(p) = Zjvzl un, (1) G and trilinearity of a; that the uy a5, 1 <

j < N, satisfies the N x N linear algebraic system
N M M
> (ao (G 6) + D errm(ma (Cj?Ciaqm)> unar i (1) = > onrm(i) (G Gm),  (6.30)
m=1 m=1

J=1

for i = 1,--- | N; here oprm(p), 1 < m < M, is determined from (6.14). We recover
the online N-independence: the quantities ao(¢;, ¢;), a1(¢, G, gm), and f((i; gm) are all

parameter independent and can thus be pre-computed offline as discribed in Section 6.4.3.

6.4.2 A Priort Theory

We consider here the convergence rate of uy pr(p) — u(p). In fact, it is a simple matter

to demonstrate the optimality of uy p(p) in
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a(p)

Proposition 7. For ey (p) of (6.15) satisfying ep(p) < %du(u)’ we have
o)~ wwarllx < (14 2098) m fuGo - wlx
+en(u) <¢1(u)a(u)av;<ic)b2(u)¢s(u>> (631
here ¢1(p), ¢2(p), and ¢s(u) are given by
1 J;g(sp) — g (5 )
v 7 P (632
1 a(w,v; g(-; 1) — gur (5 1))
e o 7 e S T T P (633)
p3(1) = sup L2 i)) (6.34)
vex  vllx

Proof. For any wy = uy (@) + vy € Wy, we have

a(p)lwy —unumlx < alwn —una, wy — unar; g( p)
= a(wy —u,vn; g(- 1) + alu — unar, v g(- 1)

< y(w)llwy = ul|x[lvn|lx + alu — una, v g(5p) - (6.35)

It follows from (6.1), (6.29), and (6.32)-(6.34) that the second term can be bounded by

alu —unar,oni g5 ) = flonig(s ) — alunar, vns g5 i)

flon; g(5 1) = gae(5 1)) — alun ar, v 9(5 1) — g (5 1)

IN

e (o1 () llonllx + enr (i) P2 () [Juw | [Jun arll x

¢1(p)a(p) + 205 (1) d3 (1)
i) ( - sl (630

IN
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where the last inequality derives from

a(plluna(wlx < alunn(p), una(p); g(a; 1)
= flunn(p); gn(z; ) + alun v (1), unar(); g(z; 1) — gar (s 1)

s (1) lu e ()l x + a (1) d2 () llunnr ()11 (6.37)

IN

and our hypothesis on y/(1). It then follows from (6.35) and (6.36) that YV wy € Wy,

Pr(p)a(p) + 22 (1) p3(pe)
()

—u () Wy — U €
o = uxarlle < 25w =l -+ o)

) . (6.38)

The result follows from (6.38) and the triangle inequality. (Note for a affine ¢;(u) =
¢o(p) = 0,V € D, we recover the optimality result for affine linear problems [121].) [

As regards the best approximation, we note that Wy comprises “snapshots” on the
parametrically induced manifold M" = {u(u) |V € D} C X. The critical observation
is that M" is very low-dimensional; and that M" is smooth under our hypotheses on
stability and continuity. We thus expect that the best approximation will converge to u(u)
very rapidly, and hence that N may be chosen small. (This is proven for a particularly

simple case in [93].)

6.4.3 Offline/Online Computational Procedure

The theoretical and numerical results of Sections 6.3 and 6.3.3 suggest that M may also
be chosen small. We now develop offline-online computational procedures that exploit
this dimension reduction provided by the reduced-basis method [9, (5, 85, | and our
empirical interpolation method.

In the offline stage — performed only once — we first construct nested approximation
spaces W3, = {qi,...,qu} and nested sets of interpolation points Ty, 1 < M < Mppay;
we then solve for the ¢,, 1 <n < N; we finally form and store B, ao((j, (), a1(¢, Gy Gm)s
and f(Gi;qm), £(G), 1 <i,5 <N, 1 <m < Mp.x — 1. Note that all quantities computed
in the offline stage are independent of the parameter .

In the online stage — performed many times for each new p — we first compute (1)

from (6.14) at cost O(M?) by multiplying the pre-computed inverse matrix (B™)~! with
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the vector g(t;; ), 1 < i < M; we then assemble and invert the (full) N x N reduced-basis
stiffness matrix ag (¢;, ¢;) + Zn]‘;jzl Omm()ar (G, G, gm) to obtain uy pr;, 1 <7 < N, at
cost O(N2M) + O(N3); we finally evaluate the reduced-basis output sy (i) at cost
O(N). The operation count for the online stage is thus only O(M? + N2M + N?3); the
online complexity is independent of N, the dimension of the underlying “truth” finite
element approximation space. Since N, M < N we expect significant computational
savings in the online stage relative to classical discretization and solution approaches

(and relative to standard reduced-basis approaches built upon (6.28)).

6.5 A Posteriori Error Estimation

6.5.1 Error Bounds

We assume that we may calculate &(u) such that a(p) > &(u), Vi € D as discussed in

Chapter 4. We then define an error bound Ay () for ||u(p) — un ()| as

1 r(v; gar (0 )
Avali) = G0 R T el
n Em sup S5 g (7)) — ay (UN,M(M)JJ’ qu+1()) (6.39)
OA‘(M) vEX ||UHX ’ .

and an output error bound A%, (p) for [s(u) — sy ()| as

/(v
A?V,M(M) = sup (v)
vex ||Vl

Ay (p) - (6.40)

Here r(v; gpr(x; i) is the residual associated with uy (1) and gar(z; @)

r(v; gu (25 1)) = f(o; gz ) — alun (), v; gu(z;p)), Voe X . (6.41)

For our purposes here, we shall focus on the energy error bound, Ay p(u), rather
than A% ,,(¢); the latter may be significantly improved by the introduction of adjoint

techniques described in Section 6.6. We can readily prove

Proposition 8. Suppose that g(x;p) € Wy ., then for the error bounds Aya(p) of
(6.39) and A%y (1) of (6.40), the corresponding effectivities satisfy 1 < nn (), Ve € D
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and 1 < ny (1), Vi € D.

Proof. We first note from (6.7) and (6.41) that e(u) = u(p) — un (1) satisfies

a(e(w),v; g(-; 1) = (v gar(ws ) + f(v3 905 1) — gar (-5 1))
—ay(un (i), v, 905 1) —gu(5p), Voe X . (6.42)

The first result immediately follows from

1 ale(p),e(p); g(5 1))

lellx < Z6 ™ Tetlly
< ! {T(e(u);gM(-;u))+f(6(u);g(-;u)—gM(-;u))
— a(w) ()l x
—ar(unar(p),e(p), g( 1) — gM(-;u))}
lle(m) |l
L frigu (i) + foigCip) — gu(ip)
= @W}?{ le()llx
an(un (), 0,905 ) — gM(-;u))}
o]l
1 su r(v;gm(spm) | . su f(U§QM+1)_al(uN,M(,u);UaQM-i-l)
S a0 (ve}? oy oMo ol )

where we have used a-coercivity in the first step, (6.42) in the second step, and our

assumption g(-; u) € Wy, .1 and Proposition 6 in the last step. Furthermore, we have

1502) — swar ()] = 1enns ()] < 51p 2 flewas (1)l < Ayag(r2)

vex [l x
This concludes the proof. O

In general, g(x;p) € Wy, is not satisfied and our error bounds may thus not be
completely rigorous due to the second term in (6.39), since £,/(p) is indeed a lower bound
surrogate for e,/(p). Therefore, for rigor of the energy error bound (and thus the output

bound) M should be chosen sufficiently large such that the “Safety Condition”

AN,M,n(,u)

N <1/2 (6.43)
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satisfies, where

) Gl (03 ) — an (a0 v s )} lollx) . (640

Avnlt) = a0

This implies that ), should be roughly O(||r(v; gar(; )| x+) since sup,e x [{ f(v; qpr41) —
ar(unm(ie), v, qu+1)}/||v] x] are actually O(1) due to ||gar41]|z) = 1; note also that
rather than 1/2, more conservative choices will be even safer. If M is chosen too small the
nonrigorous component Ay s, (1) will dominate, we may thus risk to obtain nonrigorous
bounds. Of course, M should not also be chosen too large, since the online complexity

scale as O(M?N? + N3) as discussed follows.

6.5.2 Offline/Online Computational Procedure

It remains to develop the offline-online computational procedure for the efficient calcula-

tion of Ay (1) and Ay (). To begin, we invoke duality arguments to obtain

r(v; gu (25 )

sup = |lenar ()| x (6.45)
vex  vllx
where éy (1) is the solution of
(éN7M(/'L>7 U)X - T(U; gM(x7 ,U)), Yve X . (646)

We next note from our reduced-basis approximation uy a (1) = Ziv:l un,m () G, and

coefficient-function approximation gs(; 1) = oM, oarm(t) Gm to expand

M
(U ng,u/ Z@Mm UQm ZU’NMTL a(](nu )

m=1

Z Z%OMm(N)UN,Mn(M) a1(Cn, v, Gm), Vv e X. (647)

m=1 n=1

It follows from (6.46)-(6.47) and linear superposition that we may write éy a (1) € X as

M+N M N
enm(p) = Z ok()Cr + Z Z O m (1) un o) Lonn s (6.48)
k=1 m=1 n=1
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where o(p) = omr(p), (Crv)x = f(vigr), Vo € X,1 < k < M and opm(p) =
uN,Mk(#)? (Ck-i-MaU)X = _GO(C]C;U)7VU € Xa 1 S k S N7 and (Emn,U)X = _al(Cn7U>(Jm>7
Vve X,1<n<N,1<m < M;note that the latter are simple parameter-independent

(scalar or vector) Poisson, or Poisson-like, problems. It thus follows that

+ O'k(,u)O'k/(Ck,Ck/)X . (649)

Similarly, we have

sup (s quia (7)) — ar(un (i), v, quria (7))
veX ||U||X

= (20, 20)x + Y _ unarn(1)(Z0, Z0)x

n=1

N N
+ Z Z un (R UN M (1) (Zny Znr) - (6.50)
n=1n/=1
where (Z0,v)x = f(v;qus1(x)), (Z,,0)x = —a1(Cn, v, quir(2)), Vo € X, 1 < n < N.
The offline-online decomposition may now be identified.

In the offline stage — performed only once — we first solve for Cy, L, Z9, and Z,,,
1 <kE< M+N,1<n<N,1<m < M; we then form and store the associated
parameter-independent inner products (Ci,Ci/)x, (Cr, Lmn)x, (Lmns Lovwr)x, (20, 20) x
(Z20,20)x+ (20, Z0), 1 <y < N, 1 <m,m' <M, 1<k, k' <M+ N. This requires
1+ M +2N + MN (expensive) finite element solutions and 1 + N + N? + (M + N)? +
NM(M + N) + M?N? finite-element-vector inner products. Note that all quantities
computed offline are independent of the parameter p.

In the online stage — performed many times for each new p — we simply evaluate
the two sums (6.49) and (6.50) in terms of Yasm (1), un (1) and the precomputed inner
products. The operation count for the online stage is only O(M?N?); again the online
complexity is independent of /. Note however that if M is the same order of IV, the

online cost for calculating the error bounds is one degree higher than the online cost for
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evaluating sy ar(p).

6.5.3 Sample Construction and Adaptive Online Strategy

Our error estimation procedures also allow us to pursue (7) more rational constructions of
our parameter sample Sy and (i) efficient execution of the online stage in which we can
choose minimal N and M such that the error criterion ||u(u) —un(p)||x = |le(p)|lx < €l
and the Safety Condition (6.43) are satisfied. We denote the smallest error tolerance
anticipated as €y min — this must be determined a priori offline; we then permit €, €
[€tol, min, 00| to be specified online. In addition to the random sample Z9 of size ng > 1,
we introduce =% € D™ a very fine random sample over the parameter domain D of size
ng > 1.

We first consider the offline stage. We set M = M. — 1, N = 1, and choose
an initial (random) sample set S; = {u1} and hence space Wi. We then calculate
Wy = argmax,ez« Ay a(p); here Ay a(p) is our “online” error bound (6.39) that,
in the limit of np — 0o queries, may be evaluated (on average) at cost O(N?M? + N3).
We next append pj,; to Sy to form Sy, and hence Wy, We continue this process
until N' = Nyax such that €y = €olmin, Where €y = Anu(py), 1 < N < Npaxe In
addition, we compute and store €}, = arg max,ezv p (1) and [[én ag.—1(1n)| x for all
M € [1, Myax) and N € [1, Npax]-

In the online stage, given any desired €0 € [€tol min, 00| and any new p, we first
choose N from a pre-tabulated array such that €} (= Ay m(py)) = €0 and choose M
accordingly from another pre-tabulated array such that e}, ~ ||én -1 (h)]x. We
next calculate uy (1) and Ay ar(p) totally in O(M2N? + N3) operations, and verify
that An () < €01 is indeed satisfied. If the condition is not yet satisfied we increment
M = M+ M (say, M* = 1) until either Ay (1) < €01, Anarn(p)/An () < 1/2 or
An (i) does not further decrease;’ in the latter case, we subsequently increase N while
ensuring Ay () /Anar() < 1/2 until Ay () < €01 This strategy will provide not

only online efficiency but also the requisite rigor and accuracy with certainty. (We should

1'We should increase M first because (i) our sample construction would ensure Ay (1) < €01, Vi € D
(in the limit of np — o0) for the chosen N and M = My,a.x — 1, and (i) the online cost grows faster with
N than with M.
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not and do not rely on the finite sample =" for either rigor or sharpness.)

6.5.4 Numerical Results

We readily apply our approach to the model problem described in Section 6.1.3. It
should be mentioned that the problem is coercive and that we choose bound conditioner,
(w,v)x = [, Vw-Vo. It thus follows that a(p) = infyex{a(v,v, g(x; 1)) /||v|[%} > 1; and
hence &(p) = 1 is a valid lower bound for a(p), Ve € D. The sample set Sy and associated
reduced-basis space Wy are developed based on an adaptive sampling procedure 6.5.3:
for np = 1600 and €yo) min = 2 X 107%, we obtain Ny = 20.

We now introduce a parameter sample Zr C (D)*° of size 225 (in fact, a regu-

lar 15 x 15 grid over D), and define ey maxrel = MaXuezp, |lena (1) x /|| Umax|| x and

EN Mmaxrel = MAXyezr, [5(1) = S8 M (1)]/|Smax]; here [[umax]lx = maxuezy,., [[u(p)|x and

|Smax| = max, =y, [s(11)]. We present in Figure 6-3 en 1/ maxrel a0d €Y 17 oy el @S & func-
tion of N and M. We observe the reduced-basis approximations converge very rapidly.
Note the “plateau” in the curves for M fixed and the “drops” in the N — oo asymptotes
as M is increased, reflecting the trade-off between the reduced-basis approximation and
coefficient-function approximation contribution to the error: for fixed M the error in our
coefficient function approximation gps(x; 1) to g(x; p) will ultimately dominate for large
N; increasing M renders the coefficient function approximation more accurate, which in
turn leads to the drops in the error. Note further the separation points in the conver-
gence plot reflecting the balanced contribution of the reduced-basis approximation and
coefficient-function approximation to the error: increasing either N or M have very small
effect on the error, and the error can only be reduced by increasing both N and M.

We furthermore present in Table 6.2 Ay armaxrels TN AN armaxrels a0 Ty 3 as a
function of N and M. Here Ay pmaxrel 1S the maximum over Zresy of Ay ar(14) /|| Umax|| x
v is the average over Zresr of Ay ar(p)/[le(p)llx; AN asmaxre 15 the maximum over
Eest of AN (1) /]8maxl|, and 7 5, is the average over Sres; of Ay /(1) /|5(1t) — v ()]
We observe that the reduced-basis approximation — in particular, for the solution —
converges very rapidly, and that the energy error bound is quite sharp as its effectivities

are in order of O(1). However, the effectivities for the output estimate are large and thus
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Figure 6-3: Convergence of the reduced-basis approximations for the model problem.

our output bounds are not sharp — we will further discuss this issue in the next section.

N | M AN,M,nrlaux,rel 77N,M AK};\I,M max,rel ﬁ?V,M
4 115 1.35E-02 | 1.16 | 1.43E-02 | 11.32
8 20| 1.23E-03 | 1.01 | 1.30E-03 | 13.41
12125 277TE-04 | 1.08 | 2.92E-04 | 17.28
16 |30 || 3.93E-05 | 1.00 | 4.15E-05 | 20.40

Table 6.2: Effectivities for the model problem.

In general, g(z; ) € Wy, is not satisfied and our error estimators may thus not be
completely rigorous upper bounds. We may thus investigate the relative contribution of
the rigorous and non-rigorous components to the error bound Ay 5s(1t). For this purpose
we define Ay psave as the average over Zqest of Ay pr(pt) and Ay psaven as the average over
Etest of Anarn(pt). We present in Figure 6-4 the ratio An asaven/AN Mave @s a function
of N and M. We observe that the ratio increases with N, but decreases with M. This
is because Ay ps(1t) converges faster with N but slower with M than Ay p, (). We can
now understand our adaptive online strategy more clearly by looking at the graph 6-4.
For example, in the online stage, we already choose N = 12 from a pre-tabulated, our
online adaptivity will be likely to give M = 20. This is because, for M < 20, the Safety
Condition (possibly the error criterion as well) is not satisfied; at M = 20, the Safety
Condition is satisfied as seen from the graph; increasing M above 20 will not improve the

error bounds too much, but online complexity increases. Note further that for M = 26,
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the nonrigorous component Ay pr, is almost less than 10 percentage of Ay /(1) for all

N (< Npax) — its contribution to the error bound is very small.

[4)
8
=
Z
g
<
4]
8
=3
Z
<
- M=8
5 —— M=14
10 - M=20
—— M =26
—+— M=32
2 4 6 8 10 12 14 16 18 20

N

Figure 6-4: An aaven/ AN Mave as a function of N and M.

Finally, we present in Table 6.3 the online computational times to calculate sy as(p)
and Ay (1) as a function of (N, M). The values are normalized with respect to
the computational time for the direct calculation of the truth approximation output
s(u) = l(u(p)). We achieve significant computational savings: for an accuracy of close
to 0.1 percent (N = 8, M = 20) in the output bound, the online saving is more than a
factor of 100. We also note that the time to calculate Ay /(1) exceeds that of calculating
sn(u) considerably — this is due to the higher computational cost, O(M?N?), to evaluate
An (). Hence, although the theory suggests to choose M large so that the nonrigorous
component due to the coefficient function approximation does not dominate the rigorous
component, we should choose M as small as possible to retain the computational effi-
ciency. Our online adaptive strategy is thus necessary for providing rigor, accuracy and

efficiency.

6.5.5 Remark on Noncoercive Case

We close this section with a short discussion on the application of our approach to non-
coercive problems. We have presented the approach to a coercive case in which the lower
bound of the stability factor, &(u), may be deduced analytically as shown in the numer-

ical example. For noncoercive case, analytical deduction is generally not easy; and in
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M || snu(p) | Avar(p) | s(p)
15[ 2.39E 04 | 3.77E-03
20 || 4.33E-04 | 6.40E-03
25 | 5.41E-03 | 9.90E 03
30 | 6.93E-03 | 1.41E-02

N

Table 6.3: Online computational times (normalized with respect to the time to solve for
s(p)) for the model problem.

most cases the inf-sup lower bound 3(x) to 8(x) must typically be constructed, where

_ a(w, v, g(x; 1))
= inf su . 6.51
Blw) = inf vex wlixllvlix o2

The primary difficulty here lies in the nonaffine dependence of a(w, v, g(z; 1)) on u, be-
cause our lower bound construction described in Chapter 4 is only valid for affine operators
and thus no longer applicable to this case. To resolve the difficulty, we first construct
a lower bound for the inf-sup parameter [Gy(u) associated with the approximated bi-
linear form; we must then add an additional inf-sup correction 3¢ due to the operator

perturbation. Specifically, we define

ag(w, v) + ar(w, v, gar(x; (1))

= inf su , 6.52
A N TR (052
c aj (w7v7QM+1<x))
= sup sup , 6.53
= SR SR Tl ol (059
and introduce a supremizer
v*(w) = arg sup ao(w,v) +CL1(U1,U,QM(JI;ILL)) (654)
veX lvllx
It follows from (6.52) and (6.54) that
o ao(w, v (w)) + ar(w, v (w), gu (5 1))
Bu(p) = inf : (6.55)
weX Jwl[x[lo(w)l x
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We now continue to assume that g(z;pu) € Wy, ;. It immediately follows from (6.51)-

(6.55) that

ao(w,v) + ay (w, v, gu(; p) £+ Enr(p)qur11(2))

= inf su
Plu) = Il sup TollxTolx

— it swp ao(w,v) + ar(w, v, gy (25 1)) £ Ep(p)ar (w, v, grr41())
wWEX yeX |wl| x||v||x
a0, () s (0,0 (1), gag () + Eng () (0,0 (1), gas ()

T wex |w]| x ||v*(w) || x

g S ) i) o 00 (0), g 0)
weX l|lwl] x||v* (w) || x wex  lwlx|lvt(w) x

> Bup) — En()vay - (6.56)

Since ay (w, v, gas(2; 1)) is affine in parameter, we can construct the lower bound Gy ()
for Bar(1) by the method developed in Chapter 4. Note further that the inf-sup correction
5 is independent of the parameter and can thus be computed offline. Hence, given any
new j we obtain the lower bound for 8(p) as 3(;1) = Bar (1) — Ear(p)7S,. Of course, our
remark is also applicable to coercive problems in which the lower bound for the stability

factor can not be found by inspection.

6.6 Adjoint Techniques

We consider here an alternative reduced-basis approximation and a posteriori error esti-
mation procedure relevant to noncompliant output functional ¢ (# f). In particular, we
shall employ a “primal-dual” formulation well-suited to good approximation and error
characterization of the output. As a generalization of our abstract formulation in Sec-
tion 6.1, we define the primal problem as in (6.7) and also introduce an associated dual,

or adjoint, problem: given pu € D, ¥ (u) € X satisfies

a(v, Y(p);g(z;p)) = —€(v), VoveX (6.57)
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6.6.1 Important Theoretical Observation

Before proceeding with our development, we give a theoretical explanation for why the
reduced-basis formulation described in Sections 6.4 and 6.5 can result in slower output
convergence for the noncompliance case than the primal-dual formulation discussed in

this section. We first need to prove an intermediate result

Proposition 9. Suppose that g(x; ) € Wi, then, for all wy € Wy, we have

s() —sn(p) = —alu(p) —unm(p), v(p) —wn; g(s 1)

+ ep(p){a(un (i), wn; grsr) — fwn; qu)}. (6.58)

Proof. We invoke (6.6),(6.7), (6.57), our hypothesis g(x;u) € W}, and Proposition 6

to obtain the desired result

s(u) = snaa(p) = Llu(p) — unn(p))
= —a(u(p) —unar(p), ¥(p) —wni g( 1))
— a(u(p) — unar(p), wys g( 1)),
= —a(u(p) —un (), ¥(p) —wn; g(5 1) — flwns g5 1) — g (-5 1))
+ alun v (), wn; g5 1) — gur (5 1),
= —a(u(p) — una(p), Y(p) — wn; g(5 1))
(

+ en(p){a(un v (), wns grsr) — f(wns gas) b (6.59)

for all wy € Wy. O

We readily interpret the theoretical implications of Proposition 9. If g)(u) is suf-
ficiently small such that the second term of the output error can be ignored for any
wy € Wy, we consider two cases of the dual solution ¥ () to the primal approximation
space Wy. In the first case, ¥ (u) —wy is large for all wy € Wy, the first term of the out-
put error is thus also large compared to a(u(p) — un ar (), ¥ (1) —¢¥nar(p); g(-; 1)) which

results from the primal-dual formulation; here ¢y 5 (1) is the reduced-basis approxima-
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tion for ¢(u). The reduced-basis output without dual correction will thus converge slower
than that with dual correction. In the second case, ¥)(u) —wy is small for some wy € Wy,
the actual output error is thus much smaller than Ay, /(1) = sup,ex[£(v)/[|v|| x]An,nr (1)
since this error bound is essentially based on (6.58) for wy = 0.? This will result in large
output effectivity as already observed in Table 6.2. The primal-dual formulation can sig-
nificantly improve the poor output effectivity due to this effect; however, as we shall point
out, the output effectivity can still be large because the primal-dual formulation does not
capture the “correlation” between the primal error and dual error into the output bound.
Of course, if ep/(p) is large such that the second term in (6.58) dominates, we can not
improve the output convergence even with the introduction of the adjoint techniques.

Numerical results in [52] also confirmed our theoretical claim: by using the adjoint
techniques, significant improvement for both the output approximation and output ef-
fectivity has been observed. This improvement can then translate to online efficiency
relative to the usual reduced-basis formulation. In particular, we observe that the on-
line cost for solving either the primal problem or the dual problem is typically O(N?)
under some reasonable assumption on the order of M [52], the online complexity for the
primal-dual formulation is thus O(2N3); we further assume that ej/(u) is in order of
O(a(u(p) —unar(p), ¥(p) — YN (p); g (-5 1))); thus in order to obtain the same output
bound for the usual reduced-basis formulation without the dual problem we would need
to increase N by a factor of 2 or even more, leading to an online cost of O(8N?) or higher
(Section 3.5.1 provides clarification for our claim). As a result, the dual reduced-basis
formulation typically enjoys O(4) (or greater) reduction in computational effort. How-
ever, the simple crude output bound A% (u) = ||4||x An(p) is still very useful for cases
with many outputs present, since adjoint techniques have a computational complexity
(in both the offline and online stage) proportional to the number of outputs.

In this section, we shall not discuss the primal-dual formulation and theory for this
set of problems,; as the detail was given in [52]. Instead, we will develop a primal-
dual formulation for another set of problems relevant to the inverse scattering problems

described in Chapter 10.

2To see this, we need only note from (6.57) that sup,¢ x % = SUP,cx %)ng(“))
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6.6.2 Problem Statement

We consider the following problem: Given pu € D, we evaluate

s(p) = L(u(p); h(z; 1)) (6.60)

where u(p) is the solution of

alu,vip) = Fvi gl ), Vv eX . (6.61)

Here a(-,-; p) and f(+; g(x; 1)), €(+; h(x; p)) are continuous complex bilinear form and linear
functionals, respectively; the nonaffine complez functions, g(z; 1) and h(z; p), are assumed
to be continuous in the closed domain 2 and sufficiently smooth with respect to p; and
X is a complexified truth approximation space. We further assume that a satisfies a
continuity and inf-sup condition in terms of a supremizing operator T* : X — X: in

particular, for any w in X,

(THrw,v)x = alw,v;p), YveX; (6.62)
we then define
TH
otwip) = Tl (6.63)
and require that
|a(w, v; p)|

0< By < = inf su = inf o(w;pn), VueD, 6.64
ﬁO = 5(#) weX 1)6}() ||w||X||U||X weX ( ,u) 2 ( )

~v(p) = sup supM =supo(w;p) <oo, VYueD. (6.65)
weX veX HwHXHUHX weX

Finally, we assume that for some finite integer QQ, a may be expressed

Q
a(w,v;p) = Z O!(p)a!(w,v), Yw,ve X, VueD; (6.66)
g=1
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where for 1 < ¢ < @, ©¢ : D — C are differentiable complex parameter-dependent

coefficient functions and bilinear forms a? : X x X — C are parameter-independent.

6.6.3 Reduced-Basis Approximation
Discrete Equations

We first develop a primal-dual reduced-basis approximation that can significantly improve
accuracy of the output approximation. To begin, we introduce a dual, or adjoint, problem:

given p € D, ¢(u) € X satisfies

a(v, Y(p);p) = —L(v; hz; p), VveX (6.67)
We next construct nested parameter samples S%,, = {uf € D,--- ,u3;,s € D}, 1 <
My < Mg, St ={uteD, - ph, eD} 1< M <M, associated nested approx-

imation spaces Wy, = span{q{, ..., ¢} }, 1 < M9 < M4, Wi, = span{q},...,q%},
1 <M< M!

o« and the nested sets of interpolation points T3, = {t{,...,t3,,},1 <

M9 < M, Th={th, ... th,}, 1< M <M following the procedure of Section 6.2.
For the primal problem, (6.61), we introduce nested parameter samples Sy = {u}" €
D,...,uy € D} and associated nested reduced-basis spaces Wy = span {(, = u(ud),

n

1 <n < N} for 1 <N < Nyay; similarly, for the dual problem (6.67), we define cor-

responding samples SV, = {uf™ € D,...,u34, € D} and reduced-basis approximation
spaces Wi, = span {¢J" = ¢ (ui"), 1 <n < N4} for 1 < N < N Our reduced-

basis approximation is thus: given pu € D, we evaluate

s (1) = LC0n (10); hagn (3 1)) — 7" (v (1) gasa (3 1)) (6.68)

where uy(p) € Wy and ¥yau(p) € Wﬁ,ﬁu satisfy

a(un(p),v; ) = f(v; gare (T 1)), Vv €Wy, (6.69)

a(v, yan(p); ) = —0(0; hagn (3 41)), ¥ v € Wik - (6.70)
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Here rP"(v; gare (25 1)) is the residual associated with the primal problem

P (v; gare (25 1)) = F (05 900 (25 1)) = alun (p), 03 p), Vo e X (6.71)
Recall that gare(z; ) and by (z; 1) — the coefficient-function approximations for g(z; u)
and h(x; ), respectively — are given by

Mh

M9
gus (@3 p0) = X0 Do han (i) = 2 @ (W s (6.72)

m=1

M9
where Y1 (#) @ (1) = g(tfp), 1 < i < MO, and M qh () @l (1) =
h(th:p),1 <i < MM,
Offline-Online Computational Procedure
We expand our reduced-basis approximations as

Ndu

un (p) = éuw(u)@ o Una(p) = ;1 Yvan ()G - (6.73)

It then follows from (6.66), (6.68), (6.71), (6.72), and (6.73) that

M9 Ndu
ZZS@W wun (1) €5 ) = 0> e m (1) e ; (1) (G5 45)
m=1 j=1 m=1 j=1
N Ndv Q .
+ Zl /Zl 2 un (1) yaw ()OO ()a? (G G) (6.74)
J=1y=lg=

where the coefficients uy (1), 1 < j < N, and ¢yauj, 1 < j < N9 satisfy the N x N

and N x N9 Jinear algebraic systems

%{i O'() a <<j,<z>}um< =T G, 1<i< N, (6.75)

Jj=1

N @ — Mh —du
Zl {;@q(ﬂ) a?( ?uag;lu)} deuj(:u) = _Zm 1<PMh ()e(C; §Q£Ln)71 <i< N,
(6.76)
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The offline-online decomposition is now clear. For simplicity below we assume that N =
N and M" = M9 = M.

In the offline stage — performed once — we first generate nested approximation
spaces Wi, ={q],..., ¢}, Wi ={q¥,...,q%}; we then solve for the ¢;, (I, 1 <i < N;
we finally form and store €(C;iqls). f(Gira), (5 qh), and f(G™q8), 1 < i < N,
1 <m < M, and a%((;, G), a®(¢M, ¢, a?(G,¢™), 1 < 4,5 < N, 1 < ¢ < Q. This
requires 2V (expensive) finite element solutions, linear optimization cost for constructing
Wy, and W}, and 4M N +3Q N? finite-element-vector inner products. Note all quantities
computed in the offline stage are independent of the parameter .

In the online stage — performed many times, for each new value of y — we first solve
for the %y, (1), %, (1), 1 < m < M; we then assemble and subsequently invert the
N x N “stiffness matrices” Zqul () a?(¢j, ¢;) of (6.75) and Zqul () a(¢M™, ¢M) of
(6.76) — this yields the uy (), ¥yau;(p), 1 < j < N; we finally perform the summation
(6.74) — this yields the sy(u). The operation count for the online stage is respectively
O(M?) to calculate the %, ., (1), %0 (1), 1 < m < M, O(QN?) and O(N?) to assemble
and invert the stiffness matrices, and O(MN) + O(QN?) to evaluate the output. The
essential point is that the online complexity is independent of N, the dimension of the
underlying truth finite element approximation space. Since M9, M" N, N¥ < N, we
expect — and often realize — significant, orders-of-magnitude computational economies

relative to classical discretization approaches.

6.6.4 A Posteriori Error Estimators

Error Bounds

~

We assume that we are privy to a lower bound for the inf-sup parameter, 3(u), such that
B(u) > B(u) > e30(p), ¥V o € D, where eg € ]0,1]. The construction of B(u) is described

in detail in Section 4.3. We then introduce an energy error bound for the primal

An(p) =

6.77
B(w) (67D

1 ( P (v; gage)

v’
sup —l—é?\/[g sup f( 7qu+1)> ,
veEX ||U||X veX ||U||X
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and an energy error bound for the dual

1 r(v; hygn) 0(v; @hpny)
AL (1) = = sup ’ 4 &t sup — 2 ) (6.78)
N Blp) \vex  Ilvllx Moex vl
Here r9%(v; hysn(x; 1)) is the residual associated with the dual problem
9 (v; hogn (25 1)) = —L(T; hagn (25 1)) — a(v, Yyau(p); ), Vo e X . (6.79)

We can then state

Proposition 10. Suppose that g(x; ) € Wi, and h(z;pn) € W, then the enerqy

h+17
error bounds satisfy |[u(p) —un ()| x < An(p), (1) — Yy ()| x < A (i), Y € D.

Proof. We consider only the primal since the dual result can be derived by a similar

route. We first note from (6.61) and (6.71) that the error e(u) = u(p) — uy(p) satisfies
ale(p), v; ) = 17 (v; gus (25 1)) + f(059(25 1) — guas (T 12)), Vo€ X . (6.80)
It then follows (6.62) and (6.80) that
(T"e(p),v)x = rP(vi gaeo (z; ) + f(vi g(@; 1) — g (25 1)), Vo e X . (6.81)

The desired result immediately follows

[T e(p)]|x
le()llx < 300

L P (T"e(p); gus (s p) + f(T"e(p); g(; ) — gma (5 1))
T Bw) [ Tre(p) | x
1 TP (v gue (T3 1) o f(v; C]zgv[g+1>>
= B (s ™ P s s T ) L (e

from (6.63) and (6.64) in the first inequality, (6.81) in the second inequality, and our

assumption g(x; u) € Wi, in the last inequality. ]
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We may also define an output error bound for the error in the output as

A (1) = Enpn ()| E@N (12); @hn 1)+ 00 () F v (18); @0 1] + BUD AN (1) AN (1)
(6.83)

for which we readily demonstrate

Proposition 11. Suppose that g(x; ) € Wi,y and h(z;p) € W then the output

h+17

error bound satisfies |s(u) — sy ()] < A% (p).

Proof. We first note from (6.61), (6.67), (6.69), (6.70), and (6.71) to express

s(u) = sn(u) = L@ h) = L@n; han) + " (Pnas; gars)
= l(un;h = hyn) = alu, ¥; p) + alun, ¥; p) + 77 (Ynau; gars)
= L(un;h—hyn) = f(¥;9) + f(¥; gus)
— f(¥; gare) + alun, Y5 ) + 1P (Y yaw; o)
= L(un;h —hyn) = f(bnas; g — gus)
— f( = ¥naus g = gus) — TP (% — Yyau; gus) - (6.84)

It thus follows from g(z; ) € Wi, h(z;pn) € Wl and Proposition 10 that

h+]_7

[s(i) = sw(l < Exn(IC@N: aypn )]+ E4ro (W (Ynan: aasr)]

+ é?\/[!?(/ubﬂf(w - 77Z)Ndu; Qg/[g+1>| + |Tpr<¢ - 77Z}Ndu;gM9)|
Enmn (WNE@N; aypn )]+ E8po ()] F (Wnvan afpo 1)

. . f(vqq

+ &5 (1) A (1) sup 1 (v: Ghror)
vex  lvllx vex  |[vllx

= Ay(p) .

IA

P (v;

This concludes the proof. O

Equation (6.83) suggests that for rigor of the output bound M9 and M" should be

chosen such that
A (1)
A (w)

<1/2, (6.85)
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where AYy; () is the nonrigorous component in the output bound

AN u(B) = Exn () €@N (1) aygn )] + E80 (1] f (Unvan (10); o 1) - (6.86)

From the perspective of computational efficiency, M9 and M" should be chosen so that the
ratio A (1) /A (1) is as close to 1/2 as possible; that is, £, (1) and €}, (1) are roughly

N

O(3(n) A (1) A, () since | f(yan (1), s )| and [€(n (). gy, )] axe actually O(1)

due to [|qio 1[Iz = lldm Lo = 1. If M9 and M" are chosen too large the last
term in (6.83) dominates, we may thus obtain rigorous bounds but at the expense of
unnecessarily increasing the computational cost. On the other hand, we may risk to
obtain nonrigorous bounds if M9 or M" are chosen too small.

Moreover, if €9, () and €%, () are sufficiently small, we then obtain the same result
as for the affine linear case [99], |s(u) — sn(p)| ~ a(u(p) — un(p), Y(u) — Pya) =
TP (1) — Ynaw(p); gurs (w3 ) and Ay (1) ~ B(M)AN(M)A?\}I@(M): the output error

(and output error bound) vanishes as the product of the primal and dual error (bounds),
and hence much more rapidly than either the primal or dual error. From the perspective
of computational efficiency, a good choice is Ay(pn) ~ A%, (n); the latter also ensures
that the bound (6.83) will be quite sharp. However, the output effectivity can still be
rather large because the “correlation” between the primal and dual errors is not captured
into the output error bound which is constructed by using either the Cauchy-Schwarz

inequality for a(u(p) — un(p), (@) — ¥yau) or the Riesz representation for rP"(y(u) —

Ynau(pn); gars (5 1))

Offline-Online Computational Procedure

We consider only the primal residual; the dual residual admits a similar treatment. To

begin, we note from standard duality arguments that

177" (05 gas (5 1))l xr = lle(u) I x (6.87)

where é(p) € X satisfies

(6(u), v)x = (v; garo (w5 10)), Voe X . (6.88)
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We next observe from our reduced-basis representation (6.73) and affine assumption (6.66)

that rP"(v; gare (25 1)) may be expressed as

] é un ()0 (p)a?(Gj,0), Vo € X.
(6.89)

Mo

P (v; gva (25 1)) Zwmm fvigh,) —

q

It thus follows from (6.88) and (6.89) that é(u) € X satisfies

5 w10 (Wat(Cyv), Yo e X, (6.90)

1n=1

Mo

Vx =Y o m) f(v:dh) —

q

The critical observation is that the right-hand side of (6.90) is a sum of products of
parameter-dependent functions and parameter-independent linear functionals. In partic-

ular, it follows from linear superposition that we may write é(u) € X as

ZsoMgm ) Cn +ZZuNn<> W) L3

q=1n=

for C,, € X satisfying (Cp,v)x = f(v;¢%,), Vv € X, 1 <m < MY and LI € X satisfying
(L2 v)x = —a((p,v), Vv e X, 1<n<N,1<q<Q. It thus follows that

G2 = 3 3 @ (10Ba0 e (1) Cons Cor)x +

m=1m/=1

{3 S mescax+ 35 5 @ (umn/wxcz,ﬁz’»x} (6.01)

q¢'=1n'=1

s

ﬁ (o (1) %

i M@

N M9

#3550 50 B a1 ) Cos £8)x

g=1n=1

Furthermore, we invoke our reduced-basis representation (6.73) to write

N _

Cun (1) dhpnir) = Z:jl un (1) 0(Cpi Ay ) (6.92)
Ndu_

F(Wnas(1); o 1) = 2:31 U yan (1) F (G2 qRra11) - (6.93)
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Note that €(C,,; ¢h,n +1) and f(C% qf0,1) have been already formed and stored in the
previous section. The offline-online decomposition may now be identified. For simplicity
below we assume that N = N and M" = M9 = M.

In the offline stage — performed once — we first solve for C,,,, 1 < m < M, and L,
1<n <N, 1<q<Q; we then evaluate and save the relevant parameter-independent
inner products (Cp,,Cp)x, (Cim, L) x, (C‘}L,E;{,)X, 1 <mm < M,1 < nn <N,
1 <q,¢ < Q. This requires M + QN finite element solutions and M? + MQN + Q*N?
finite-element inner products. Note that all quantities computed in the offline stage are
independent of the parameter p.

In the online stage — performed many times, for each new value of y “in the field”
— we simply evaluate the sums (6.91), (6.92), and (6.93) in terms of the ©7(u), un (1)
and the precalculated and stored (parameter-independent) (-,-)x inner products. The
operation count for the online stage is only O(M?+ MQN +Q?N?) — again, the essential
point is that the online complexity is independent of N, the dimension of the underlying
truth finite element approximation space. We further note that, unless M and @) are quite
large, the online cost associated with the calculation of the dual norm of the residual is

commensurate with the online cost associated with the calculation of sy(u).

6.6.5 A Forward Scattering Problem

We apply the above primal-dual reduced-basis formulation for the forward scattering
problem described in Section 10.3. We briefly mention that the problem in the original
domain 2 is reformulated in terms of a reference domain € corresponding to the geometry
bounded by a unit circle 9D and a square I' = [—5, 5] x [—5, 5] as shown in Figure 6-5;
and that the mapped problem can be cast in the desired form (6.60)-(6.61) in which
o= (p1, po, 3, fa, pis, ft6) € D = [1/16,37/16] x [1/3,1] x [0, 7] x [0,27] x [0,27] x
[7/8,m/8] C RS, the bilinear form is affine for Q = 5 as shown in Table 6.4, and the force

and output functionals are given below

Fsgte =~ [ vt o) =~ 2 [ w60

oD
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g(zip) = ipn (a1 cos piz — 2 8in pg) cos pug + (o1 Sin pz + T2 €OS f13) Sin f1g) X

ei,ul((ml COS p3— 22 sin p3) cos pa—+ (21 sin pu3+poxa cos 13 ) sin pa)
s

h(z;p) = ipn (a1 cos ps — @2 8in pg) cos pis + (a1 Sin pg + @2 €08 p3) Sin fis) X

e—i,ul((acl COS i3 — 22 sin p3) cos ps+(x1 sin p3+pew2 cos us) sin ps) )

q| ©%n) a’(w, v)

1 2 Q %‘i%

3| —pips Jowv

4| —ip fFl wo + frg wo
5| =iy | fr, wo A+ [, wo

Table 6.4: Parametric functions ©%(u) and parameter-independent bilinear forms a?(w, v)
for the forward scattering problem.

5 oL
R x : :
I X
2 g’ a) F4
-5
-5 Iy 5

Figure 6-5: Linear triangular finite element mesh on the reference domain.

It should be noted that the forward scattering problem is a complex boundary value
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problem, our piecewise-linear finite element approximation space of dimension N' = 6,863

is thus complexified such that
X ={v=0"+iv' € X°| vy, € Pi(Ty), V|1, € P1(Th), YT} € T} (6.95)
where X°€ is a complex function space defined as
Xe={v=20"+i' | € H'(Q), v' € H'(Q)} . (6.96)
The associated inner product is defined as
(w,v)x = /QVwVv + wo . (6.97)

Here R and I denote the real and imaginary part, respectively; and v denotes the complex

conjugate of v, and |v| the modulus of v. Figure 6-5 shows the triangulation 7j,.

6.6.6 Numerical Results

We pursue the empirical interpolation procedure described in Section 6.2 to construct

Stey Wie, Ty, 1 < M9 < Mg, for M9, = 21, and S?/Ih, WA}}}” T]}\}h, 1< Mh<
M}, for M. = 21. We present in Table 6.5 £, .. for different values of M? and

h : h g _ g h _
ENh max for different values of M", where £/, . = max,czs i (1) and £5;, =

,max

h =9 _ =h 256 - : :
max,ezh  Epypn (), and = = Zhee C (D)*° is a regular parameter grid of size 256.

We observe that the coefficient function approximations converge very rapidly. This is
expected as both the functions g(-; ) and h(-; ) defined on 0D are smooth and regular

in the parameter pu.

M9 = M" 5?\/[9,max e’5}]7{4h,maux
4 2.65x10791 [ 4.32x10791
8 2.18x10792 [ 2.19x 10792
12 3.42x107% | 3.53x107"
16 1.34x107% | 3.37x10~%
20 8.73x107°7 | 1.36x 10796

.29 : (] h : h
Table 6.5: €}7g . as a function of MY and e M7 max 85 @ function of M™".
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We next consider the piecewise-constant construction for the inf-sup lower bounds.
For this purpose, we choose (w;v)x = [, Vw - VU 4 w0, |v|3 =a?(v,v), 1 < g < q, since
the af(-,-) are positive semi-definite; it thus follows from the Cauchy-Schwarz inequality
that ' = 1, 1 < ¢ < @, and the numerically calculated Cx = 1.0000. We can cover
the parameter space of the bilinear form a (for € = 0.5) with J = 20 polytopes;® here
the P#i, 1 < j < J, are quadrilaterals such that [V = 4, 1 < j < J. Armed with
the inf-sup lower bounds, we can pursue the adaptive sampling strategy to arrive at

Nopox = N = 60 for np = 1024.

max

N AN,max,rel TIN ;ave A?\}ldu max,rel n}d\/}iiu ave A?\f,max,rel 7ﬁ\/,awe
10 | 3.50x107% | 29.15 | 2.40x107% | 30.45 | 7.87x10"% | 47.49
20 [ 1.83x107% | 28.15 | 6.97x107 | 30.88 | 6.67x107" | 50.41
30 [ 1.97x107% | 25.68 | 4.85x107 | 28.82 | 6.23x107% | 92.96
40 | 8.54x1079 | 30.86 | 1.28x107° | 29.24 | 1.07x107% | 92.62
50 | 2.85x107%2 [ 27.92 | 3.98x 107 | 29.48 | 8.58x107% | 99.33

60 | 1.52x107% | 27.91 | 1.47x107%* | 29.36 | 1.90x107% | 68.65

Table 6.6: Convergence and effectivities for the forward scattering problem obtained with
M9 = M" = 20.

We readily present basic numerical results and take N4 = N for this purpose. We
show in Table 6.6 AN max rel, anave7A(]j\}ldu,max7rel7 nj‘l}iju’ave, AN maxrer a0d 1y . as a func-
tion of N. Here Ay maxre 18 the maximum over Zqes, of An(p)/||u(p)]lxs Nnvave is the

average over Zregs of An(p)/||u(p) — un ()| x, A is the maximum over Zreg

Ndu max,rel
of A (10)/ (1)1 5 N aye 15 the average over Emesi of Afh, (1)/[1(k) — Yyan(p) x,
AS

N,max,rel

is the maximum over Zqeg of Ay (u)/[s(p) — sn(p)], and 0y .. is the average
over Zmes; of A% (11)/|s(i) — sy ()], where Eqy C (D)*° is a regular parameter grid of
size 256. We observe that the reduced-basis approximation converges very rapidly; that
our error bounds are fairly sharp; and that the output error (and output error bound)
vanishes as the product of the primal and dual error (bounds) since £, ..., and gilt/[h,max
are very small for M9 = M" = 20. The output effectivity is quite large primarily due

to the fact that correlation between the primal error and dual error is not captured into

the output error bound. However, effectivities O(100) are readily acceptable within the

3 Although the problem has six-component parameter, p = (K@1),- -5 1)), but a depends only on
pe1y and pioy; hence its parameter space is two-dimensional. Note further that no inf-sup correction is
required since a is affine in the parameter.
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reduced-basis context: thanks to the very rapid convergence rates, the “unnecessary”

increase in N and N — to achieve a given error tolerance — is proportionately very

small.

Next we look at the relative contribution of the rigorous and nonrigorous components
to the error bounds Ay (u), A%, (1), A% (u). We provide in Table 6.7 Ay aven/AN aves

Ndu
AN, aven/ Adu and Ay en/A as a function of N. Here Ay ,y. is the average

Ndu aye? N,ave

over Eqest Of An(1); AN aven is the average over S of

Adu

Ndu ,ave

) SqueX[f(U; qg/lﬂ-&-l)/”””){];

is the average over Zrye of A?\}ldu( ); A?\}‘du aven is the average over Zrpe of

is the

ﬁf(”z) sup,ex [¢(v; thH)/HvHX] AR ave 18 the average over Sy of A% (p); AN aven
average over Zreg Of A3 Non- As expected, the ratios increase with IV, but still much less
than unity; and thus, in the error bounds, the rigorous components strongly dominate

the nonrigorous components.

N AN’ave7n/AN7ave ANdu ave H/ANdu Lave Nave n/AN ave
10 | 1.34x107% 1.44x1079 1.84x 10~
20 | 4.69x107% 6.09x 107 1.28x10°%
30 | 1.73x10°% 1.78x107% 8.46x10~%
40 | 5.96x10"% 5.29%10~% 7.28x107%4
50 | 1.41x107% 1.32x107% 4.07x10793
60 | 3.46x107% 3.21x107% 2.34x10702

Table 6.7: Relative contribution of the non-rigorous components to the error bounds as
a function of N for M9 = M" = 20.

Turning now to computational effort, for (say) N = 30 and any given u (say,a = b =1,
a=0,k=mn/8 d=(1,0), d = (1,0)) — for which the error in the reduced-basis
output sy(u) relative to the truth approximation s(u) is certifiably less than A% (u)
(=2.29 x 1075) — the Online Time (marginal cost) to compute both sy (p) and A% (1)
is less than 1/122 the Total Time to directly calculate the truth result s(u) = £(u(u)).
Clearly, the savings will be even larger for problems with more complex geometry and
solution structure in particular in three space dimensions. Nevertheless, even for our

current very modest example, the computational economies are very significant.
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Chapter 7

An Empirical Interpolation Method

for Nonlinear Elliptic Problems

In this chapter, we extend the technique developed in Chapter 6 to nonlinear elliptic
problems in which ¢ is a nonaffine nonlinear function of the parameter pu, spatial coor-
dinate z, and field variable u — we hence treat certain classes of nonlinear problems.
The nonlinear dependence of g on w introduces new numerical difficulties (and a new
opportunity) for our approach: first, our greedy choice of basis functions ensures good
approximation properties, but it is quite expensive in the nonlinear case; second, since
u is not known in advance, it is difficult to generate an explicitly affine approximation
for g(u;z; p); and third, it is challenging to ensure that the online complexity remains
independent of N even in the presence of highly nonlinear terms. We shall address most
of these concerns in this chapter and leave some for future research.

Our approach to nonlinear elliptic problems is based on the ideas described in Chap-
ter 6: we first apply the empirical interpolation method to build a collateral reduced-basis
expansion for g(u;x; u); we then approximate g(un ar(z;p); x; ) — as required in our
reduced-basis projection for uya(p) — by gy (z;p) = Zﬁ\:{:l Onm(1)qm(x); we fi-
nally construct an efficient offline-online computational procedure to rapidly evaluate the
reduced-basis approximation uy a(p) and sy ar(p) to u(p) and s(p) and associated a

posteriori error bounds Ay () and Ay /(1)
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7.1 Abstraction

7.1.1 Weak Statement

Of course, nonlinear equations do not admit the same degree of generality as linear
equations. We thus present our approach to nonlinear equations for a particular nonlinear
problem. In particular, we consider the following “exact” (superscript e) problem: for
any p € D C RP, find s°(u) = £(u®(p)), where u®(p) € X© satisfies the weak form of the

p-parametrized nonlinear PDE

).+ [ glaiaso = (o), Vo e X (7.1)

Here g(u®; x;p) is a general nonaffine nonlinear function of the parameter p, spatial
coordinate z, and field variable u®(x; u); al(-,-) and f(-), (-) are X°-continuous bounded
bilinear and linear functionals, respectively; these forms are assumed to be parameter-
independent for the sake of simplicity.

We next introduce X C X°€ a reference finite element approximation space of di-
mension N. The truth finite element approximation is then found by (say) Galerkin

projection: Given u € D € R”, we evaluate

s(n) = C(u(p)) (7.2)

where u(u) € X is the solution of the discretized weak formulation

o (u(i),v) + / gz o = f(v), WweX . (7.3)

We assume that ||u®(p) — u(p)|| is suitably small and hence that N will typically be
very large.

We shall make the following assumptions. First, we assume that the bilinear form
ab(-,-) : X x X — R is symmetric, a”(w,v) = a*(v,w),Vw,v € X. We shall also make

two crucial hypotheses related to well-posedness. Our first hypothesis is that the bilinear
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form a' satisfies a stability and continuity condition

ol
O<a—1nfM; (7.4)
veX ol
L
sup a (v v) =7<00. (7.5)
vex  |vll%

For the second hypothesis we require that g be a monotonically increasing function of
its first argument and be of such nonlinearity that the equation (7.3) is well-posed and
sufficiently stable.

Finally, we note that under the above assumptions if solution of the problem (7.3)

exists then it is unique: Suppose that (7.3) has two solution, u; and us, this implies

o (s — 1, v) + / (glun s 1) — glugs s ) v =0, Vo e X .
Q

By choosing v = u; — us, we obtain

aL(ul — Us, Uy — Us) +/ (g(ur;x;p) — glug; x;p)) (ug —ug) =0, VoeX;
Q

it thus follows from the coercivity of a* and monotonicity of g that u; = uy. For proof

of existence, we refer to [52].

7.1.2 A Model Problem

We consider the following model problem —V?u+ i) ———* 522)’1 = 10%sin(2mz 1)) cos(27mz(a))
in a domain 2 =|0, 1[*> with a homogeneous Dirichlet condition on boundary 952, where
= (@, fi2)) € D* =[0.01,10]%. The output of interest is the average of the product of
field variable and force over the physical domain. The weak formulation is then stated as:
given p € D*, find s(u) = [, f( ), where u(p) € X = Hy(Q) = {v € Hi(Q) | v|oq =

0} is the solution of

|
/Vu Vv + / ,u(l)e—v = 100/ sin(2mx(y)) cos(2mx())v, Yve X . (7.6)
Q Q H2) Q
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Our abstract statement (7.2) and (7.3) is then obtained for

a”(w,v) :/QVw-Vv, fv) = 100/Qsin(27rx(1)) cos(2mx)) v, L(v) :/Qv, (7.7)

and
g(u; p) = uu)—eu@)u - (7.8)
H(2)
Our model problem is well-posed as proven in [52]. Note also that ji;) controls the
strength of the sink term and ji(2) controls the strength of the nonlinearity.

We give in Figure 7-1 two typical solutions obtained with a piecewise-linear finite
element approximation space X of dimension N = 2601. We see for p = (0.01,0.01)
that the solution has two negative peaks and two positive peaks with the same height
(this solution is very similar to that of the linear problem in which g(u;p) is absent).
However, due to the exponential nonlinearity, as p increases the negative peaks remain
largely unchanged while the positive peaks get rectified as shown in Figure 7-1(b) for
p = (10,10). This is because the exponential function p1)e*®* in g(u;p) sinks the

positive part of u(u), but has no effect on the negative part of u(u) as p increases.

06 O 05
0.4
oy 02 R 05

(a) (b)

Figure 7-1: Numerical solutions at typical parameter points: (a) g = (0.01,0.01) and (b)
1= (10, 10).
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7.2 Coefficient—Approximation Procedure

Given a continuous non-affine nonlinear function g(u; z; u) € L*°(Q) of sufficient regular-
ity, we seek to approximate g(w;z;u) for any given w € X by a collateral reduced-basis
expansion g3 (z; p) of an approximation space Wy, spanned by basis functions at M se-
lected points in the parameter space. Specifically, we choose pf, and define SY = {u},
& = g(u;z;pd), and WY = span {£1}; we assume that & # 0. Then, for M > 2, we
set pyy = argmax,ezo infoews  [|g( 55 1) — 2l (), where =7 is a suitably fine param-
eter sample over D of size J9. We then set S7, = S%,_, U 1, & = g(u; a; pf,), and
Wi, =span{&n, 1 <m < M} for M < My, Note that since w is in the finite element
approximation space X, g(w; z; ) is really the interpolant of g(w®; x; u), w® € X¢, on the
finite element “truth” mesh.

Next, we construct nested sets of interpolation points Ty = {t1,...,ty}, 1 < M <
Myax. We first set ¢, = arg ess sup,cq |&1(2)|, ¢ = &(x)/&i(t), By = 1. Then for
M =2,..., M., we solve the linear system Z]A/Sl UJM_I q;(ti) =&u(ty), 1 <i<M-—1,
and set ry(z) = &) — Zj\gl UJM_l ¢;(z), tyr = arg ess sup,cq |rm(@)], qu(z) =
ra(x)/rar(tar), and Bl = q;(t;), 1 < 4,5 < M.

Finally, our coefficient-function approximation to g(w;x;u) is the interpolant of g
over Ty as defined from Lemma 6.2.3: g} (z; u) = 2%21 O m (1) gm (), where @y, € RM
is found from E]Ail BM onj(p) = g(w(t;);ti;p), 1 < i < M. Moreover, we define the
interpolation error as epr(pt) = [|g(w, x; 1) — g3y (3 pt)|| L) and calculate the associated

error estimator as &y (u) = |g(w, tare1; 1) — 9% (Ears; 1)

7.3 Reduced-Basis Approximation

7.3.1 Discrete Equations

We first motivate the need for incorporating the empirical interpolation procedure into
the reduced-basis method to treat nonlinear equations. The most significant numeri-
cal difficulty here is in finding an efficient representation of the nonlinear terms. To
understand the implications, we consider a Galerkin projection directly on the non-

linear equation (7.3). Towards this end, we introduce nested samples, Sy = {u} €
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D, -, u% € D} 1 < N < Npax and associated nested Lagrangian reduced-basis spaces
as Wy = span{(; = u(,u;f),l < j < N} 1< N < Npax, where u(,u;t) is the solution
to (7.3) for u = pf. Our reduced-basis approximation is then: for a given u € D, we

evaluate sy(u) = £(uy(p)), where uy(pn) € Wy satisfies

o (un(12), v) + / glun ()i o = f(v), Vo € Wi, (7.9)

To obtain ux(p) and sy () = (uy(p)), we may apply a Newton iterative scheme: given

a current iterate un(p) = Zjvzl un;(p)¢, find an increment duy € Wi such that
a"(dun,v) +/91(uN(u);x;u)5qu =r(vigun(p);z;p)), YveWy;  (7.10)
0

here r(v; g(an (p); 25 1)) = f(v) — a’(un (i), v) + [, 9(an(p); z; p)v, Yo € X, is the usual
residual; and g, is the partial derivative with respect to its first argument.

The associated algebraic system is thus

N

Z{ (CJaCl /QI(ZUNn )G 5 N)CJC%}5UNJ

j=1
f(G) —a (Zum )6us i) = Ag(iuNn(u><n;x;u)ci, 1IN (7.11)

Observe that if g is a low-order (at most quadratically) polynomial nonlinearity of
u, we can then develop an efficient offline-online procedure by resolving the nonlinear
terms, 9(25:1 ﬂNn(,u)Cn;x;u) and 91(2521 aNn(u)Cn;ac;u), into their power series.
Unfortunately, this useful trick can not be applied to high-order polynomial and non-
polynomial nonlinearities; and hence the quantities fQ g1 ( 25:1 Un n(p)Cn; x; ,u) ;¢ and
fQ g( e 1uNn( )Cns 5 ,u) (; must be evaluated online at every Newton iteration with
N-dependent cost. The operation count for the on-line stage will thus scale in some
order with A/ — the dimension of the truth finite element approximation space: the com-
putational advantage relative to classical approaches using advanced iterative techniques
is not obvious; and, in any event, real-time response may not be guaranteed.

In the reduced-basis approach, we seek an online evaluation cost that depends only

172



on the dimension of reduced-basis approximation spaces and the parametric complexity
of the problems, not on N. To achieve this goal, we develop a collateral reduced-basis
expansion for the nonlinear terms by using the empirical interpolation method. We
henceforth construct nested samples S%, = {uf € D,--- 144, € D},1 < M < Mpay,
associated nested approximation spaces Wy, = span{¢,, = g(u(ud,);z;pd,),1 < m <
M} = span{q,...,qu},1 < M < Mp.x, and nested sets of interpolation points Ty, =
{t1,...,tn}, 1 < M < My following the procedure of Section 7.2. Then for any
given w € X and M, we may approximate g(w;z; ) by gy (z; pu) = Z%zl Onm (1) qm (),
where ij‘il B% omi(p) = g(w(t;); ti; p), 1 < i < M; note that although this “composed”
interpolant is defined for general w € X, we expect good approximation only for w (very)
close to the manifold M* = {u(u)|ux € D} as which WY, is constructed. The construction
of W3, requires solutions of the underlying nonlinear PDE (7.3) at all parameter points
in Z9 — the associated computational cost may be very high. (In contrast, in the linear
nonaffine case, g was only a function of the spatial coordinate x and the parameter u; the
construction of W3, involved only the evaluation of the function g(x; i), Yu € D, and not
the solution of the PDE itself.) Hence, at present our approach to nonlinear problems is
not very effective in high-dimensional parameter spaces.

We may now approximate g(uy a; ; pt) — as required in our reduced-basis projection
for un () — by gy ™ (w5 ). Our reduced-basis approximation is thus: Given pu € D,

we evaluate

snm (i) = (un,ar(p)) (7.12)
where uy (1) € Wy satisfies
a® (un (1), v; 1) +/g}fjv’M(x;u)v =f(v), YveWy. (7.13)
Q

The parameter sample Sy and associated reduced-basis space Wy are constructed using

the adaptive sampling procedure described in Section 6.5.3.
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7.3.2 Offline/Online Computational Procedure

N]VI(

The most significant new issue is efficient calculation of the nonlinear term g T ).

Note that we can not directly solve (7.13) as in the linear case since g,;"" (z; ) is, in fact,
a nonlinear function of the un;(p),1 < j < N. To see this more clearly, we expand

our reduced-basis approximation and coefficient-function approximation as

M
UN,M ZUNM] CJ ) g]\/?f M ?M) = Z @Mm(ﬂ)qfn . (7‘14)
m=1

Inserting these representations into (7.13) yields
N
=1
where AN € RVXN ONM ¢ RV*M v ¢ RV are given by AZNj =al(¢;,G),1 <i,5 <N,

CNA JotmGi:1 < i < N, 1 <m < M, and Fy; = f({;),1 < i < N, respectively.

Furthermore, (1) € RM is given by

> BYonn(n) = glunar(tmip)itmip), 1<m<M

= Q(ZUN,Mn(U)Cn(tm)§tm;M>, 1<m<M. (7.16)

We then substitute py/ (1) from (7.16) into (7.15) to obtain the following nonlinear alge-

braic system

N

ZAZ]'\;uN,M] +Z D Q(ZCn Jun, v n(); th) =Fyi, 1<i< N, (7.17)
where DNM = CNM(BM)=1 ¢ RNXM,

To solve (7.17) for un (1), 1 < j < N, we may again apply a Newton iterative

scheme: given a current iterate @ arj(p),1 < j < N, we must find an increment

174



dun,aj, 1 <7 < N, such that

N N
Z (AN + EY)ounar (1) = Fni — ZAzj‘VjanMjW)
j=1

j=1

—ZDWL g(ZCn YN 11 )tm;u>, 1<i<N; (7.18)

here BN € RV*N must be calculated at every Newton iteration as

ZDW 91<ZCn it ()it 1) Glbn), 10 SN (7.19)

Finally, the output can be evaluated as

s (i) = Z unn () L (7.20)

where Ly € RY is the output vector with entries Ly; =10(¢),1 <j < N. We observe
that we can now develop an efficient offline-online procedure for the rapid evaluation of
sn.m(p) for each pin D.

In the offline stage — performed once — we first generate nested reduced-basis approx-
imation spaces Wy = {(1,...,(x},1 < N < Ny, nested approximation spaces Wy, =
{q1,---,qu}, 1 < M < M., and nested sets of interpolation points Ty = {t1,...,tx};
we then form and store A, BM DNM Fy and Ly.

In the online stage — performed many times for each new p — we solve (7.17) for
unaj(p),1 < j < N and evaluate sy (p) from (7.20). The operation count of the
online stage is essentially the predominant Newton update component: at each Newton
iteration, we first assemble the right-hand side and compute EV at cost O(M N?) — note
we perform the sum in the parenthesis of (7.19) before performing the outer sum; we
then form and invert the left-hand side (Jacobian) at cost O(N?3). The online complexity
depends only on N, M, and number of Newton iterations; we thus recover online N

independence.
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7.3.3 Implementation Issues

At this point we need to comment on an important issue concerning the actual numerical
implementation of our proposed method which, if not addressed properly, can lead to
erroneous results. To begin, we consider a Newton iterative scheme to solve the truth
finite element approximation (7.3) for u(u): given a current iterate u(u), find an increment

du(p) € X such that

M Gu().0) + [ gua)sasdulon = f(0) = at(i0.0) + [ alaln)izzpno. o e X
(7.21)
We must then require the numerical integration of terms of the form fQ g(u; z; p)v (and

Jo 9u(@(n); ; p)wv) — which (usually) have to be evaluated by Gaussian quadrature:

Nap

/Qvg(ﬂ(l‘ pizip) & Y wiv(@d) ga@d ), af ), (7.22)

J=1

where the w; are the elemental Gauss-Legendre quadrature weights, ol

5 are the corre-

sponding elemental quadrature points, and Nqp is the total number of quadrature points.
Similarly, the reduced-basis approximation procedure requires, during the offline stage,
the evaluation of (say) fQ (iqm. For consistency, the term should be evaluated using the

same quadrature rule that was used to develop the “truth” finite element approximation

Nap

/ Gi Gm ~ Z Wy C% m( ), (7.23)

absent this consistency, uy p(p) will not converge to u(u) as N, M — oo.

From the construction of the interpolation points t;, 1 < ¢ < M., We note that
the ¢n, 1 < m < M.y, can be written as a linear combination of the basis function
& = g(u; s pd), 1 < i < My, which we obtained from our greedy adaptive procedure in
Section 7.2. It is easy to show that & = Tjmgm, 1 < i,m < Mpax, where T' € RMmax>Mmax
is the corresponding transformation matrix . Unfortunately, it turns out that 7" is badly
conditioned and the resulting g,, required in (7.23) susceptible to large round-off errors.

To avoid this problem we thus have to follow a different route: while generating the basis
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functions & = g(u(uf);z;pd) € RV, 1 < i < My, we also generate a corresponding
set of functions f?P evaluated at the quadrature points :E?P, 1 < j < Ngp, that is
giQP = g(u(uf);xgp;uf), 1 <7 < Ngp, 1 <i < Mpax Next, we construct the set of
interpolation points ¢; and basis functions ¢; from the §; according to Section 7.2. During
this procedure we also evaluate ¢QF by starting with ¢ = 27 (2)/¢2F(t;) and then
. P P M-1 -1 QP P P P
setting iy (¢) = & () = L' o ¢ (2), i (@) = o (2)/riy (ta), 2 < M <
M.y, Wwhere the GZ‘M ~1 are determined during the construction of the g;.
Note that ¢9F is simply the “basis” function corresponding to ¢,,, but evaluated at

the quadrature points. Given the ¢@¥, we can then directly evaluate the integral fQ Ci Gm

by Gauss Quadrature
/\/Qp

/ Gam~ Y w G @) . (7.24)
Q o

Using this approach during the numerical implementation we can avoid the round-off

errors that resulted from the conditioning problems of the transformation matrix 7'.

7.4 A Posteriori Error Estimation

7.4.1 Error Bounds

We first assume we are given o and €,,(u) which are the coercivity parameter of a® and
the a posteriori error estimator for the error in our coefficient function approximation,

respectively.! We may now introduce our error bound Ay a (1) for [Ju(p) — unn(p)|

1 r(v; gy ™ (x; . v
AN,M(u)z—(sup Wi AL))+6M(u)supfﬂqﬂ) , (7.25)
o \vex [0l x vex lvllx

where 7(v; gy 7" (25 1)), the residual associated with uy (1) and gy (z; p), is given by

r(vign " (@) = f(v) = a"(una (), v) — / g M (@pv, YveX . (7.26)
Q
!Note if a” is parameter-dependent we will then require &(u) — a lower bound for ().
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We next define the error bound for the error in the output as

(v
A1) = sup L A () (7.27)
2 ol

Proposition 12. Suppose that g(una(p); x5 1) € Wy, we then have

Ju(p) —una()lly < Anar(p), [s(p) = svar(p)| < Ay (), VYpeD. (7.28)

Proof. We first note from (7.3) and (7.26) that ey () = u(p) — uy ar(p) satisfies

o (e ar(j1), v) + / (9(ui); 25 1) — gt ar (s 22 1) o =

(v gAY (1)) + / (25 (2 1) — gluwar ()@ 0))v, Vo € X.

We next choose v = e(u) and invoke the monotonicity of g to obtain

a®(e(p), e(1)) Sr(e(u);gﬁ“M(:c;u))Jr/Q(ng’M(x;u)—g(uN,M(u);x;u))e(u)- (7.29)

It follows from (7.29), a-coercivity, and our assumption g(uya(p); x; p) € Wi, that

el < é (r(e(ﬂ);gM’ (3 10)) + Jq (gHJ\Z(‘M)(HI;u) —g(uN,M(u);x;M))e(M))
< (Su)fg T<U;g]|1\tl41:|ﬂ|l(x; ) + Suf? fQ (QQJ\LJJV’M@; 1) NvﬁWN,M(M); Z; M))U>

Ql— Q|r

( r(vi gy (23 )

z)v
sup + () sup —fQQMH( ) ) :
veX [0l x veX V]l

Finally, it follows from the continuity of ¢ that |s(x) — syar(p)] < |[lx lena(p)|lx <
1llxs Anar(p). This concludes the proof. O

Our hypothesis g(un,a(@); z; ) € Wi, is obviously unlikely since W7}, is constructed
upon g(u; z; p), and hence our error bound Ay a/() is not completely rigorous; however,
if un () — w(p) very fast we expect that the effectivity ny (1) = An () /[Ju(pe) —

un ()] x is close to (and above) unity.
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7.4.2 Offline/Online Computational Procedure

It remains to develop the offline-online computational procedure for the efficient calcula-
tion of our error bounds Ay /(1) and A%y 5, (). To begin, we note from standard duality

arguments that
r(vigy ™ (x; 1))

sup = [lenar(m)lx (7.30)
veX 1]l x
where éy (1) is given by
(ennr(p),v)x = r(v; gy (w3 )), YveE X . (7.31)

We next substitute uy a(p) = Zf:[:l un (1) G and gy (2 ) = Z%zl Onrm () gm(x)
into (7.26) to expand r(v; gy, (z; 1)) as

r(v; gy (5 1)) ZUNMn " (Gnyv) Z Onrm(p / gm(x)v, VoveX.
(7.32)
It then follows from (7.31)-(7.32) and linear superposition that we may express éy p () €

X as
N+M

exar(u) =C+ Y oj(u) L; (7.33)

j=1
where (C,v)x = f(v), Vv € X; 0,(1t) = unyarn(it), (Lnyv)x = —a*(Cyyv), Vv € X, for
1 <n < N; opman(p) = om(p), (Longn,v)x = — [ am(@)v, Vo e X, for 1 <m < M. It
thus follows that

N+M N+M N+M
lenar(W)lx = CCX+QZ (C.L)x + Z Z o5 (1o (1) (L5, L)x - (7.34)
Finally, by invoking duality arguments we calculate sup,ex[ [, qv+1(z)v/|[v] ] = [ Z]|x,

where (Z,v)x = [, qu+1(2)v,¥Yv € X. The offline-online decomposition is now clear.
In the offline stage — performed only once — we first solve for C, Z, and £;, 1 < j <

N + M; we then form and store the associated parameter-independent inner products

(Z,2)x, (C,0)x,(C,Lj)x, (L, Li)x, 1 < j, 7" < N+ M. Note that these inner products

computed offline are independent of the parameter p.
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In the online stage — performed many times for each new p — we simply evaluate
the sum (7.34) in terms of @arm (i), unarn(p) — at cost O((N + M)?). The online
cost is independent of /. We further note that unless M is very large, the online cost
associated with the calculation of the error bounds is much less expensive than the online

cost associated with the calculation of sy as(1).

7.5 Numerical Results

In this section, we apply our approach to the model problem described in Section 7.1.2 and
present associated numerical results. We first choose bound conditioner (w, v)x = [, Vw-
Vv and thus obtain a = 1. We then introduce =9 — a regular grid of 144 parameter points
— up on which SY,, W{,, Tas, and BM | 1 < M < My, are constructed for M., = 26
by the procedure of Section 7.2. We readily pursue the adaptive sampling procedure
described in Section 6.5.3 to construct the nested samples Sy: for €y min = 107> and
np = 1600, we obtain Ny, = 20. We present in Figure 7-2 the two samples S]gwmax
and Sy,,... As expected from the form of nonlinearity, both the samples are distributed

mainly around the two “corners” (10,0.01) and (0.01, 10). .
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Figure 7-2: Parameter sample set: (a) S7, and (b) Sy,
We now introduce a parameter test sample Zqo of size 225 (in fact, a regular
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15 x 15 grid over D), and define ey pmaxrel = MaXuezy,,

lennr () llx/[lu(p)||x and
snar(p)]/|s()]. We present in Figure 7-3 €y armaxre and

EN Mmaxrel = MAXueTq
EN M.maxrel 38 @ function of N and M. We observe very rapid convergence of the reduced-
basis approximations. Furthermore, the errors behave very similarly as in the linear
elliptic example of the previous chapter: the errors initially decrease, but then maintain
persistently plateau with N for a particular value of M; increasing M effectively brings

the error curves down.

===

=L
Honoonn
N oA
oo N

MIRRRS
NSRS

o~ H

4 6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
N N

Figure 7-3: Convergence of the reduced-basis approximations for the model problem.

1.05E-01 | 3.28 | 1.08 E-01 | 32.33
707E-03 | 1.74 | T40E-03 | 28.94
9.33E-04 | 1.84 | 9.78E-04 | 24.09
16 || 9.44E-05 | 2.15 | 9.66E-05 | 16.61
20 || 260E-05 | 1.27 | 260E-05 | 55.35
18124 | 927TE-06 | 1.08 | 9.53E-06 | 53.12
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M AN,M,max,rel NIN, M AN,Mmax,lrel 77N,M
4

8

— =
o © o wl =
—_
)

Table 7.1: Effectivities for the model problem.

We further show in Table 7.1 Ay afmax,rel, TNM> AN 1 max.rel> @0d Ty as a function
of N and M. Here Ay prmaxrel 18 the maximum over Eqest of Ay ar () /|| ar (1) || x5 Tv,ar
is the average over Zqes; of Ay ar(p)/[lennr ()|, AN armaxrel 15 the maximum over S
of Aﬁva(u)/bN,M(u)L and 73 ), is the average over S of AN ar () /I5(p) — snar ()]
We observe that Ay asmaxrel cOnverges very rapidly, and the associated effectivities are

O(1); hence our energy error bound is very close to the true error. However, the output
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bound does not perform that well as the output effectivities are quite high primarily due
to the relatively crude output bounds by using the dual norm of the output functional.
Next we look at the relative contribution of the rigorous and non-rigorous components
to the energy error bound Ay s (p). We display in Figure 7-4 the ratio An asaven/ AN M ave
as a function of N and M. Here Ay s ave is the average over Zqest of An ar(14); AN Maven
is the average over Zqeg of %a sUPyex [ fo qmr+1v/|[v]|x] — note this quantity is nonrig-
orous due to the lower bound property of éy/(u) as a surrogate for e5/(p). We see that
very similar as in the linear elliptic example of the previous chapter, the ratio tends to

increase with NV, but decrease with M.
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Figure 7-4: An aaven/ AN Mave as a function of N and M.

Finally, we present in Table 7.2 the online computational times to calculate sy ()
and Ay (1) as a function of (N, M). The values are normalized with respect to
the computational time for the direct calculation of the truth approximation output
s(p) = L(u(p)). The computational savings are much larger in the nonlinear case: for an
accuracy of less than 0.1 percent (N =9, M = 12) in the output bound, we observe the
online factor of improvement of O(5000). This is mainly because solution of the “truth”
approximation (7.3) involving the matrix assembly of the nonlinear terms and Newton
update iterates is computationally expensive. Note also that the time to calculate sy (u)
considerably exceeds that of calculating A} ,,(x) — this is due to the higher computa-
tional cost, O(MN? + N3) at each Newton iteration, to solve for uy (). The online
cost thus grows faster with N than with M, but can be controlled tightly by our online
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adaptive strategy.

N | M| snau(p) | ANar(pe) | s(p)
34 [583E 05|607TE 06| 1
6| 8 ([1.33E-04|1.00E-05]| 1
9 |12(231E-04|1.21E-05]| 1
1216 | 3.72E-04 | 1.33E-05 | 1
1520 || 5.48E-04 | 1.58E-05| 1
1824 || 740E-04 | 2.32E-05| 1

Table 7.2: Online computational times (normalized with respect to the time to solve for
s(u)) for the model problem.

However, the offline computations in the nonlinear case are also more extensive pri-
marily due to the sampling procedure for S9,. Nevertheless, at the present, the technique
can be gainfully employed in many practical applications that willingly accept the ex-
tensive offline cost in exchange for the real-time responses in the design, optimization,

control, characterization contexts.
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Chapter 8

A Real-Time Robust Parameter
Estimation Method

8.1 Introduction

Inverse problem has received enormous attention due to its practical importance in many
engineering and science areas such as nondestructive evaluation, computer tomography
and imaging, geophysics, biology, medicine and life science. Formally defined, inverse
problems are concerned with determining unknown causes from a desired or an observed
effect. In this thesis, we shall view inverse problems as follows: the forward problem is to
evaluate the PDE-induced input-output relationship (which in turn demands solution of
the underlying partial differential equation); in contrast, the inverse problem is concerned
with deducing the inputs from the measured-observable outputs.

In Chapters 3 through 7, we develop the method for rapid and reliable evaluation of
the PDE-induced input-output relationship for various classes of PDEs: linear coercive
and noncoercive equations, nonaffine elliptic equations, as well as highly nonlinear mono-
tonic elliptic equations. The three essential components are reduced-basis approximations,
a posteriori error estimation, and offline-online computational procedures. Thanks to the
rapid convergence of the reduced-basis approximation and the offline/online computa-
tional stratagem we can, in fact, enable real-time prediction of the outputs; and, thanks

to our a posteriori error estimators, we can associate rigorous certificates of fidelity to

184



our (very fast) output predictions. The method is thus ideally suited to the inverse-
problem context in which thousands of output predictions are often required effectively
in real-time.

The wide range of applications has stimulated the development of various solution
techniques for inverse problems. However, the inverse problem is typically ill-posed; in
almost cases the techniques are quite expensive and do not well quantify uncertainty. Ill-
posedness is traditionally addressed by regularization. Unfortunately, though adaptive
regularization techniques are quite sophisticated, the ultimate prediction is nevertheless
affected by the a priori assumptions — in ways that are difficult to quantify in a robust
fashion.

Our approach promises significant improvements. In particular, based on the reduce-
basis method we develop a robust inverse computational method for very fast solution
region of inverse problems characterized by parametrized PDEs. The essential innova-
tions are threefold. First, we apply the reduce-basis method to the forward problem for
the rapid certified evaluation of PDE input-output relations and associated rigorous error
bounds. Second, we incorporate the reduced-basis approximation and error bounds into
the inverse problem formulation. Third, rather than regularize the goodness-of-fit objec-
tive, we may instead identify all (or almost all, in the probabilistic sense) inverse solutions
consistent with the available experimental data. Ill-posedness is captured in a bounded
“possibility region” that furthermore shrinks as the experimental error is decreased.

We further extend our inverse method to an “Analyze-Assess-Act” approach for the
adaptive design and robust optimization of engineering systems. In the Analyze stage we
analyze system characteristics to determine which ranges of experimental control variables
may produce sensitive data. In the Assess stage we pursue robust parameter estimation
procedures that map measured-observable outputs to (all) possible system-characteristic
inputs. In the subsequent Act stage we pursue adaptive design and robust optimization
procedures that map mission-objective outputs to best control-variable inputs. The essen-
tial mathematical ingredients of our approach are twofold. First, we employ reduced-basis
approximations and associated a posteriori error estimation to provide extremely rapid
output bounds for the output of interest. Second, we employ a combination of advanced

optimization procedures and less sophisticated probabilistic and enumerative techniques:
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techniques which incorporate our reduced-basis output bounds for efficient minimization

of objective functions with strict adherence to constraints.

8.2 Problem Definition

8.2.1 Forward Problems

A mathematical formulation of the PDE-induced input-output relationship is stated as:
For given p € D C RP | we evaluate s¢(u) = £(u®(u)), where the field variable u®(u) satis-
fies a p-parametrized partial differential equation that describes the underlying physics,
g(u®(p),v;pu) = 0, Vv € X Here D is the parameter domain in which our P-tuple
input p resides; X¢ is an appropriate Hilbert space defined over spatial domain Q € R%;
f(-),¢(-) are X°-continuous linear functionals; and g is the weak form of the underlying

partial differential equation. In the linear case, we typically have

g(w, v;p) = a(w,v;p) — f(v) (8.1)

where a(-,+; 1) is a continuous bilinear form. In the nonlinear case, g typically includes
general nonlinear functions of the field variable u®(u) and/or its partial derivatives. We
assume explicitly here that the forward problem is well-posed in the Hadamard sense.
This essentially requires the solution exist, be unique, and depend continuously on data.

Recall that the PDE may not be analytically solvable; rather classical numerical
approaches like the finite element analysis are used. In the finite element method, we
first introduce a piecewise-polynomial “truth” approximation subspace X (C X°€) of
dimension N. The “truth” finite element approximation is then found by (say) Galerkin

projection: Given u € D C RP, we evaluate

s(p) = ((u(p)) ; (8.2)

where u(p) € X is the solution of

glu(p),v;u) =0, VveX. (8.3)
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For accurate numerical solution of the underlying PDE, we shall assume — hence the ap-
pellation “truth” — that X is sufficiently rich that u(u) (respectively, s(u)) is sufficiently
close to u®(u) (respectively, s¢(u)) for all g in the (closed) parameter domain D. Un-
fortunately, for any reasonable error tolerance, the dimension A required to satisfy this
condition — even with the application of appropriate (and even parameter-dependent)
adaptive mesh generation/refinement strategies — is typically extremely large, and in
particular much too large to provide real-time solution of inverse problems.

For clarification of the following discussion, let us denote the input-output relationship
by an explicit mapping F' : p € D — s € R, hence s(u) = F(u). The mapping F'
encompassing the mathematical formulation of the forward problem is called forward

operator; and hence evaluating F' is equivalent to solving (8.3) and (8.2).

8.2.2 Inverse Problems

As mentioned earlier, in inverse problems we are concerned with predicting the unknown
input parameters from the measured/observable outputs. In the inverse-problem context,
our input has two components, y = (v, o). The first component v = (v1,... ,v™) e D C
RM comprises system-characteristic parameters that must be identified; here D" is the
associated domain of interest. The second component o consists of experimental control
variables that are used to obtain the experimental data. Inverse problems may then

involve identifying the “exact” but unknown parameter v* from

{veD"|F(v,or) =s(v*,01),1 <k <K}, (8.4)

where s(v*,0%),1 < k < K are the “noise-free” data, and K is the number of mea-

surements. For convenience below, let us denote F(v) = (F(v,01),...,F(v,0k)) and
s(v*) = (s(v*,01),...,s(v*,0k)), and thus rewrite (8.4) as
F(v) =s(v") . (8.5)

Neither existence nor uniqueness of a solution to (8.5) are guaranteed. The notion of

parameter identifiability is important since parameter identifiability is concerned with
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the question whether the parameters can be uniquely identified from knowledge about
the outputs, assuming perfect data. The parameter v* is called identifiable if F(v) = s(v™*)
implies v = v*, if otherwise non-identifiable. A problem is called parameter identifiable
if every v* € D" is identifiable, i.e., the mapping F is one-to-one. The identifiability of
v* depends not only on the governing equation, but also on the outputs and the number
of observations/measurements. Furthermore, a problem may be parameter identifiable
when considering the analytic forward operator F*(u) and analytic output data s®(v*),
but loses this property for the discretized inverse problem (8.5). We refer to [12] for
detailed description of the identifiability concept in inverse problems.

Clearly, under assumptions that the exact data s(v*) is attainable and that the un-
derlying model is correct, solution of (8.5) does exist, but need not be necessarily unique.

Typically, solution of the problem (8.5) is found by solving the minimization problem

v* = arg min ||F(v) —s(v")]]| ; (8.6)
veDv
here || - || denotes the Euclidean norm. In actual practice, due to errors in the measure-

ment the exact data are not known precisely, and only the perturbed experimental data,

{2(v*, 01),1 < k < K}, satisfying

sO(v*, o) — s(v*, o)

S 6exp7 1 S k S K ? (87)

s(v*, o)

are available; here €., is the experimental error in the data. Note from (8.7) that the

norm of noise in measurements is bounded by
I1s° (") = ()| < d(eexp) - (8.8)

where § known as the noise level is a function of the experimental error €qy,, and s°(v*) =
(s°(v*,01),...,8°(v*,0k)). The output least-squares formulation (8.6) is thus replaced

by the minimization problem

v° = arg min ||F(v) — °(v)|| , (8.9)

veDv
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with the noise estimate (8.7) or more conveniently (8.8).

Our approach to treat inverse problems in the presence of uncertainty is different
from traditional approaches in the sense that: rather than strive for only one regularized
solution, we may identify all (or almost all, in the probabilistic sense) inverse solutions
consistent with the available experimental data. In particular, instead of the vector

s’(v*), the experimental data is given in the form of intervals
T (€exp, 0%) = [S(V", 0k) — €exp |S(V", 0%)|, S(V, 0k) + €exp |S(VT, 00%)|], 1 <k < K. (8.10)

Our inverse problem formulation is thus proposed as: Given experimental data in the
form of intervals Z(€exp, 0%), 1 < k < K, we wish to determine a region P € D" in which

all possible inverse solutions must reside. Towards this end, we define
P ={veD"|F(v,o) € L(€exp,0%), 1 <k < K} . (8.11)

Here we use Z(€exp, 0%) defined by (8.10) in our numerical experiments. Of course, in
practice, we are not privy to s(v*,0x),1 < k < K; in such cases, the experimental data
must be replaced with Z(€exp, 0k) = [Smin(0k), Smax(0k)] D s(v*,0%),1 < k < K, where
Smin(0%) and Spax (o)) are determined by manipulating the original experimental data set
by means of statistical and error analysis [3, 139].

The crucial observation is the following
Proposition 13. All possible solutions v* of the problem (1.4) reside in P.

Proof. We first note from (8.10) that s(v*,0k) € Z(€exp,0x),1 < k < K. The result
follows from (8.5) and the definition of P in (8.11). O

Clearly, we have accommodated experimental error and model uncertainty. The size of
‘P depends on the level of noise in experimental data and the particular problem involved
and in turn reflects how severely ill-posed the inverse problem is. Also note importantly
that the optimization formulation (8.9) yields only one particular solution v° € P, since
s2(v*,0%) € Z(€exps o), 1 <k < K.

Before proceeding with the development of the computational method for determining

P (more precisely, another region that includes P and can be constructed very inexpen-
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sively), we give in the next section a short discussion of computational approaches that

can treat inverse problems with uncertain data.

8.3 Computational Approaches for Inverse Problems

8.3.1 Regularization Methods

In inverse problems, one must address ill-posedness namely existence, uniqueness, and
continuous dependence of the solution on data. Under our assumptions of well-posedness
of the forward problem and of boundedness of the output functional, and if we consider
“zero” noise level (€ex, = 0%), the solution of (8.9) does exist and depend continuously on
data provided that mathematical model agrees with physical phenomena. But the inverse
problem is still possibly ill-posed since multiplicity of solutions may exist. One practical
way to counter the problem of multiple solutions is to obtain more data. One can then
hope that fairly accurate results can be obtained by using “over-determined” data. In
practice, due to the presence of noise in data, the use of over-determined data often leads
to bad solutions. Consequently, in face of uncertainty, posing inverse problems as an
optimization problem in (8.9) may work for some problems, but may not for others. As
a result, a priori regularization hypotheses accommodating the uncertainty are usually
made, and iterative regularization algorithms are often pursued [137, 39, 63].

Before proceeding with our discussion, it is worthwhile to point out under what cir-
cumstances regularization methods are appropriate for solving inverse problems. To

begin, we note from (8.6) and (8.9) that

F(v*) —F(°) =s(v*) — s’ (V") . (8.12)

F(v* — %) =s(v*) —s°(v") . (8.13)

Assuming F is invertible and if the inverse of F is bounded such that a small error in

)

data leads to small error in the solution, v° can then be considered a good approximation
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for v*. However, if the inverse is unbounded, a very small error in data can be magnified
by the inverse itself so that the error in the solution is unacceptably large when solving
(8.9) directly for »°.

In the nonlinear case, by replacing F(v*) and F(¢?) with a first-order approximation

around a point 1y, we can obtain

F'(v)(v* — %) =s°(v*) —s(v*) ; (8.14)

here F'(v) is the Fréchet derivative of F at v. Although it is not always true, but ill-
posedness of a nonlinear problem is frequently characterized via its linearization [10].
Therefore, if a nonlinear inverse problem is solved by methods of linearization, its degree
of ill-posedness is typically represented by the unboundedness of the inverse of F’'(v).
Regularization methods prove very appropriate for inverse problems whose ill-posedness
comes from the unbounded property of the inverse of the operator or its Fréchet derivative.

In Tikhonov regularization, a reqularization parameter o and associated reqularization
operator R reflecting the uncertainty are added to the problem (8.9) as a way to ensure
fairly accurate solutions. This leads to the minimization problem

v? = arg min ||F(v) — °(v")|| + a(0) |R(V)| - (8.15)

veDv

The basic idea is to replace the original ill-posed inverse problem with a family of well-
posed problems by taking explicitly the uncertainty into the optimization problem. For a
positive a;, minimizers always exist under the well-posedness assumptions on the forward
problems but need not be unique. In [11], it was shown that ©° depends continuously on
the data and converges towards a solution v* of (8.6) in a set-valued sense as a(d) — 0
and 6%/a(d) — 0 as ¢ tends to zero. The solution method for (8.15) and the choice of
and R (by which the solution of inverse problems will be certainly affected) have inspired
the development of many regularization techniques. Typically [12, 10], R is set to either
v or v — v®, where v is some a priori estimate of the desired solution v* of (8.6). For
choosing the regularization parameter, there are two general rules of thumbs namely a
priori and a posteriori choice. In a priori choice [10], the parameter is defined a function

of only noise level § such as a@ = 0(529%) for some p € [1/2,1]. Although simple and
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less computationally expensive, the a priori choice does not guarantee the best accuracy
for the solution of (8.15) since the optimal value of « at which the best accuracy is
obtained is generally unknown. As a consequence, several a posteriori strategies have

been introduced to provide the best possible solution. In the a posteriori choice, « is

decided by the generalized discrepancy principle [137, ] such that
|F (%) = s (") = 6(€exp) (8.16)
holds; see [133] for a posteriori strategy that yields optimal convergence rate.

Tikhonov regularization methods have been very successful in solving linear ill-posed
problems. However, in the nonlinear case, solving the problem (8.15) with adherence to
(8.16) is quite complicated and requires high computational efforts. Since furthermore the
nonlinearity and nonconvexity of the problem (8.15) could make gradient methods fail if
the problem is ill-posed, iterative regularization methods prove an attractive alternative.

A starting point for our discussion of iterative regularization methods is the Newton’s

method for solving (8.9)
Vg1 = vp + F ()7 (8°(") = (1)) ; (8.17)

here F'(v) is the Fréchet derivative of F at v. The stability and convergence of the
Newton scheme (8.17) strongly depend on smoothness of F and invertibility of F/. Even
if F' is well-posed and F’ is invertible, the inverse of F’ is usually unbounded for ill-posed
problems. Therefore, some regularization technique has to be applied since (8.17) means
to solve a linear ill-posed problem at every iteration. The idea is to replace the possibly
unbounded inverse F’(¢2)~! in (8.17) with a bounded operator G,

ViH =10 + G,, (F'(1)) (s5(y*) — F(y‘;)) , (8.18)

n

where {«,} is a sequence of regularization parameters. There are several choices for

G,, leading to several iterative regularization schemes (see [23] and references therein
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for detail). Typically, the Levenberg-Marquardt method [59] defines
Go, = (F'/(10)F(12) + a,]) 'F (12)" ; (8.19)

here F'(v)* is the adjoint of F/(v). This method is essentially the Tikhonov regularization
applied to the linearized problem (8.17). The parameter «, is chosen from the Morozov’s
discrepancy principle

Is°(v") = F(wy) = F' () (vna — )|l = plIs’ (") = F ()] (8.20)

n n

with some positive p < 1. The convergence and stability of the scheme was given in [59)]

(Theorem 2.3) under the assumptions that F’ is locally bounded and that
[F(v) = F(@) = F'(v = )| < CIIF () = F@)[lllv - 7]l , (8.21)

for all » and 7 in a ball B around v* and some fixed C' > 0. However, the convergence
rate result has not been established.

The iteratively regularized Gauss-Newton method [3] suggested augmenting (8.18) with
additional stabilization term

Vzﬂ = Vg + G, (56(V*) — F(Vé)) — (F/(Vz)*F/(Vg) + ocnI)_1 o, (Vz — 1/“) ;o (8.22)

n

where «y, is the a priori chosen sequence satisfying

o
a, >0, 1<—

<r, lima,=0 (8.23)

Qnt1 n—00

for some constant » > 1. The convergence and convergence rate of this method have
been analyzed [20] under certain conditions on F and v* — v*. These conditions are in
fact quite restricted and difficult to verify for many important inverse problems arising
in medical imaging and nondetructive testing; see [67] for the improved scheme yielding
higher rates of convergence even under weaker conditions.

Alternatively, the methods of steepest descent are also used to solve nonlinear ill-posed
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problems. A typical scheme of this kind is the Landweber iteration

Vo = X+ F (1) (S‘S(V*) - F(Vﬁ)) . (8.24)
In [60], the convergence analysis of the Landweber iteration is given under the following
assumptions: for a ball B,(1y) of radius p around the initial guess vy, F is required to

satisfy
IF'W)| <1, veB,(w), (8.25)

IF(@) —F() —F'@—v)| <nlF() =F@)|, v,7eBn) (8.26)

for some positive n < 1/2; in addition to (8.25) and (8.26), there are other (even more
restricted) conditions that F and v* must meet. Despite slower convergence, the much
simpler Landweber iteration are still useful in many situations (in which the evaluation
of G, is computationally prohibitive), since a single step in (8.26) is much less expen-
sive than in (8.18) and (8.22). Further discussion and other variants of the Landweber

iteration can be also found in [36, 132].

8.3.2 Statistical Methods

Bayesian statistical methods have been applied to both linear and nonlinear inverse
problems. In Bayesian approach [10, , 68, 16, 98], the experimental data, s°(v*) =
(s°(v*,00),...,8°(v*,0K)), is treated as a random variable with probability density func-
tion p(s(v*)|v). Typically, the noise in measurement is normally distributed with zero
mean and standard deviation A, the probability density for the data in this case is given

by

K/2
P10 = (5o5)  ep(-IF0) = L0720 (527

Bayesian approach also treats the unknown parameter v* as random variable; hence, a
prior distribution IT(v*) is needed to express initial uncertainty about the unknown model

parameter v*. For a simple Gaussian prior of mean v* and standard deviation 7, we have
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the a priori distribution of the form
(v) = exp{—|v — v*|?/27%} . (8.28)

To infer the information about v*, we compute the posterior density function, II(v|s®(v*)),
which is the probability distribution of v on the given data s’(v*). Bayes’s theorem states
that the posterior density function (PDF) is proportional to the product of the probability
density of the data and the a priori distribution

p(s*(v*) [v)l(v)
(s0(v*) | v)(v)dy

(v |s°(v*)) = T (8.29)

It thus follows that

exp{—||F(v) — s’ (*)|[*/2)*} exp{—|v — v*||?/27°}

v () =
s ) = b R W) = 990 2] exp{—[lv — v |E/2r)dv

(8.30)

We now maximize to obtain the maximum a posteriori (MAP) estimate for the unknown
parameter v* as

Viap = arg max (v |s°(vY)) . (8.31)

By noting that maximization of the PDF is equivalent to minimization of the negative

log of the PDE and that the denominator of (8.30) is constant, we arrive at

. A2 .
Vanap = argmin [F(v) —s*(v")|* + S [lv — || . (8.32)

This expression reveals a connection between the Tikhonov regularization and Bayesian
approach; in particular, the regularization parameter « is related to the covariance scale
factor 72 by o = A\?/72%. See [10] for an excellent discussion of the relationship of the
Bayesian approach to Tikhonov regularization. Selection of the regularization param-
eter in Bayesian framework — more precisely, the covariance scale factor 72 — is also
a critical issue, as it substantially affects the quality of the MAP estimate. Bayesian
framework provides an automatic procedure to choose 72 based on the noise level and

2

priori distribution models. Specifically, by treating 7% as a random variable, an opti-

mal distribution of 72 can be obtained during iteration process [0, ]. Nevertheless,
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the selection procedure often involving the Monte-Carlo simulation is computationally
extensive.

Generally, there are two solution methods in Bayesian estimation. The first one is
the Markov Chain Monte Carlo (MCMC) simulation to solve the maximization (8.31)
by exploring the posteriori density function II(v | s°(v*)). The basic idea is to draw a
large set of samples {v9}E, from II(v | s°(v*)) based on an appropriate proposal distri-
bution ¢(v|v;) that ensures the convergence of the irreducible Markov chain to the MAP
estimate 1,p. The set {r0}Z, can then be used to construct the MAP estimate as
Viap = argmax;eqr, ry (7 | s°(v*)). The efficiency of an MCMC algorithm depends
on the proposal distribution; careful design of the proposal distribution can improve the
convergence speed. We refer to [97, (8] for details of this method. The second solu-
tion method is any optimization procedure to solve the minimization (8.32), which is
essentially the Tikhonov regularization in Bayesian framework.

While the expense of extensive computations (mostly due to the need of using Markov
Chain Monte Carlo for the expectation and the regularization parameters) is a major dis-
advantage of the Bayesian approach to inverse problems, there are few advantages of this
approach. First, the Bayesian approach provides a more robust and integrated analysis
of inverse problems by including the statistics of the measurement error, the maximum
likelihood of the unknown parameter, and the a priori distribution about the unknown
parameter into the statistical process. (Note however that, in the case of nonlinear in-
verse problems the single most likely solution {;,p may not be a good estimate for the
true unknown parameter v* [18].) Second, not only a point estimate of the unknown
parameter, but also summary statistics such as the probability distribution and variance
of the estimate which give a measure of uncertainty in the estimate can be obtained at

the same time.

8.3.3 Assess-Predict-Optimize Strategy

The idea of finding all possible inverse solutions consistent with the experimental data
is not new. In fact, it was proposed in [3, | as one of the three components of the

Assess-Predict-Optimize (APO) Strategy. The APO has been used in the design contexts
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for Assessment, Prediction, and Optimization of evolving systems (under design) under
changing environmental conditions and dynamic objectives.

In the Assess component, the experimental data is first given in the form of K intervals
I" = [Smin(0%), Smax(0%)], k=1,..., K, (8.33)

where spin(0y) and spax(0x) are determined by manipulating the original experimental
data set using statistical and error analysis. The set B of all possible parameter values v

consistent with the experimental data is then defined as
B={veD|s(vop) e I"k=1,...,K}. (8.34)

In the Predict component, by applying the reduced-basis output bounds a conservative

approximation to B, B , can be defined such that

A

BCB. (8.35)

Note that the definition of B is identical that of the region R described in Section 8.4.1.
In the Optimize component, the goal is to find the optimal “design” parameter 6* that
minimizes a design objective f(#) while strictly meeting a dynamic requirement, for

example, max . 5 g(0, u) < C. Mathematically, we look for

6* = argmin f(0) (8.36)

DY

s.t. maxg(f,pu) <C;
neB

here g is a dynamic-constraint function, and constant C'is an allowable limit. For rapid
and reliable solution of the optimization problem (8.36), we refer to the work of Oliveira
and Patera [103, ] in which the authors developed the reduced-basis output bounds,
the derivative and Hessian of the output bounds and incorporated them into a trust-region
sequential quadratic programing implementation of interior-point methods to obtain very
fast global (at least local) minimizers.

Though, in fact, the technique has been intended for optimal parametric design, it
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can be efficiently used to solve the inverse problems with uncertainty: the method not
only addresses both experimental and numerical errors rigorously and effectively, but also
reduces the model complexity significantly by applying the reduced-basis approximation
and associated error bounds to the original model. However, no direct construction of
B was proposed; instead, in the inner optimization problem, the feasible domain B was
replaced with the parameter domain D" and associated set of relevant constraints. As a
consequence, the optimization procedure to solve the two-level optimization (8.36) was
very costly even with the incorporation of the reduced-basis output bounds. Our aim of
this chapter is to remedy this problem by providing an efficient construction of B and

thus render the APO strategy more useful.

8.3.4 Remarks

We see that solution of inverse problems amounts to solving some kind of optimization
problems. Of course, optimization techniques for solution of optimization-based inverse
problems are rich. Global heuristic optimization strategies such as neural networks,
MCMC simulation, simulated annealing, and genetic algorithms have powerful ability
in finding globally optimal solutions for general nonconvex problems [79, 80, , ,

]. However, the problem with these methods is that they are heuristic by nature and
computationally expensive. Therefore, gradient methods like Newton’s method [, 20, 19,

], descent methods [60, 125], and current state-of-the-art interior-point method [24, 104]
have been employed to solve inverse problems in many cases. Unfortunately, the objective
is usually nonlinear and nonconvex, leading to the presence of multiple local minima which
can not easily be bypassed by local optimization strategies. Moreover, it is more much
difficult and expensive to obtain gradient F”(v) and Hessian F"(v) of the forward operator
F', which could further restricts the use of gradient optimization procedures for inverse
problems. The choice of optimization methods for solving inverse problems depends on
many factors such as the convexity /nonconvexity of objective, the accessibility to the
gradient F'(r) and Hessian F”(v), the particular problem involved, and the availability
of computational resources.

In summary, there are a wide variety of techniques for solving inverse problems. How-
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ever, in almost cases the inverse techniques are expensive due to the following reasons:
solution of the forward problem by classical numerical approaches is typically long; as-
sociated optimization problems are usually nonlinear and nonconvex; and most impor-
tantly, inverse problems are typically ill-posed. Ill-posedness is traditionally addressed
by regularization methods or Bayesian statistical approach. Though quite sophisticated,
regularization and Bayesian methods are quite expensive (often fail to achieve numerical
solutions in real-time) and often need additional information and thus lose algorithmic
generality (in many cases, do not well quantify uncertainty). Furthermore, in the presence
of uncertainty, solution of the inverse problem should never be unique at least in terms of
mathematical sense; there should be indefinite inverse solutions that are consistent with
model uncertainty. However, most inverse techniques provide only one inverse solution
among the universal; and hence they do not exhibit and characterize ill-posed structure

of the inverse problem.

8.4 A Robust Parameter Estimation Method

In this section, we aim to develop a robust inverse computational method for very fast
solution region of many inverse problems in PDEs. The essential components are: (%)
reduced-inverse model — application of the reduced-basis method to the forward problem
for effecting significant reduction in computational expense, and incorporation of very
fast output bounds into the inverse problem formulation for defining a possibility region
that contains (all) inverse solutions consistent with the available experimental data; (i)
robust inverse algorithm — efficient construction of the possibility region by conducting
a binary chop at different angles to map out its boundary; (i) ellipsoid of the possibility
region — introduction of the small ellipsoid containing the possibility region by solving

an appropriate convex quaratic minimization.

8.4.1 Reduced Inverse Problem Formulation

Identifying the very high dimensionality and complexity of the inverse problem formu-
lation (8.11) originated by the need for solving the forward problem, we first apply the

reduced-basis method to obtain the output approximation sy (v, o) and associated error
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bound A% (v, o). We then introduce s (v,0) = sy(v,0) £ A% (v,0), and recall that —

thanks to our rigorous bounds — s(v,0) € [sy(v,0), s (v,0)]." We finally define
R={veD |[syWw on), sk, on)] NT(exp,0%) #0,1 <k <K} . (8.37)

The remarkable result is that
Proposition 14. The region R is a superset of P, i.e., P CR; and hence v* € R.

Proof. For any v in P, we have F (v, 0y) € Z(€exp, 0%); furthermore, we also have F(v, o) €
[sy(v,0), s (v, 0)]. Tt thus follows that [sy (v, or), s§(V, 01) NI (€exp, %) # 0,1 < k < K;

and hence v in R. O

Let us now make a few important remarks: First, by introducing R we have not only
accommodated model uncertainty (within our model assumptions) but also numerical
error. Second, unlike the inverse problem formulation (8.11), the complexity of our
reduced inverse model (8.37) is independent of N — the dimension of the underlying
truth finite element approximation space. Third, R is almost indistinguishable from P
if the error bound A% (u) is very small compared to the experimental error €., — this
is typically observed given the rapid convergence of reduced-basis approximations and
the rigor and sharpness of error bounds as demonstrated in the earlier chapters. And
fourth, in the absence of measurement and numerical errors (€., = A3 (1) = 0), the
possibility region for an “identifiable” inverse problem is just the unique parameter point
v* ie., R = v*. In practice, it is unlikely to find such R due to the numerical error and
computational expense; however, we can numerically test and confirm this behavior. We
simply decrease the measurement error gradually and plot the possibility region for each
error level. We will use this as a regular test when discussing numerical results in the

next two chapters.

8.4.2 Construction of the Possibility Region

Of course, it is not possible to find all points in R, and hence the idea is to construct

the boundary of R. Towards this end, we first find one point v, in R which is called the

'We do note that in nonaffine and nonlinear case our a posteriori error estimators — though quite
sharp and efficient — are completely rigorous upper bounds only in certain restricted situations.
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initial center; next for a chosen direction d; from the initial center v, we conduct a binary
chop to find the associated boundary point, v;, of R; we repeat the second step for J
different directions to obtain a discrete set of J points R; = {11, ..., v } representing the

boundary of R. The algorithm is given below

1. Set R; = and find v. € R;

2. Forj=1:J

3. Set v; = v, and choose a direction d;;

4. Find A such that v, = v. + A\d; ¢ R;

5. Repeat

6. Set v; = (1 + 1) /2;

7. If v; € R Then 1; = v; Else v, = v;;
8. Until {||v, — 14]| is sufficiently small.}

9. RJ:RJU{I/j};

10.  End For

Figure 8-1: Robust algorithm for constructing the solution region R.

In essence, we move from the center v, toward the boundary of R by subsequently
halving the distance between the inner point v; and the outer point v,. Note from (8.37)

that v € R if and only if v resides in D” and satisfies

sn(v, o) + AN (v, o) > s(V*, 0k) — €expls(V*,0%)], k=1,...,K

IN

sn(v, o) — AN (v, 08) < s(V*, 0k) + cexpls(v*,on)|, k=1,...,K .

To find the initial center, we propose to solve the following minimization

(ICP) minimize,, ||sy(v) — s(v*)||
lsy(v,on) — s(v*, o) < AN (v,01), k=1,...,K
v e D,
for the minimizer vy, where sy (v) = (sy(v,01), ..., sn(v, 0k)).> We can demonstrate

Proposition 15. Minimizer of the ICP problem exists and resides in R.

2In practical contexts, since the exact data s(v*) is not accessible, we should replace s(v*) in the ICP
problem with s(€exp) = (5 (€exps T1), - - - s S (Eexp, Ok )), Where $¢(€exp, 0% ) is the midpoint of the interval
I(Eexp, O )
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Proof. 1t is clear that v* satisfies the constraints; hence the feasible region is nonempty.
This shows the existence of v,;,. We further note that if v, = v* then v, € R
by Proposition 14; otherwise, we have s(v*,01) € [sy(Vmin, 0k)s Sy (Vimin, 0x)] by the
constraints on vy, and s(v*,0x) € Z(€exp, 0x), and hence [sy(Vimin, 0k)s So (Vanin, 0k)] N

T (€exp, k) # 0,1 < k < K. This proves vmi, € R. O

Solution of the ICP problem is certainly not easy due to its constraints. In actual practice,

we solve the bound-constrained minimization problem instead

Vb = arg min ||sy(v) —s(v)]| (8.38)

o veDY

and see if %, is in R. Furthermore, it is not necessary to solve the problem for the

minimizer; rather than we make use of the search mechanism provided by optimization
procedures to obtain a necessary point v, € R. The essential observation is that during

iterative optimization process, the current iterate 7. may satisfy 72, € R at some early

min

stage even before the minimizer 1?,. is actually found. Hence, instead of the minimizers

min

v, is in fact any iterate ¥, residing in R. If there is no such point found

b
Vmin OT V. in

min
by this “trickery”, we turn back to solve the ICP problem by the technique proposed in
[104].

There are a few issues facing by our construction algorithm. First, the solution region
R may not be completely constructed if it is not “star-shaped” with respect to 15.> To
remedy this problem, we may restart the algorithm with another or more initial centers
to map out the missing boundary of R. Second, R may be non-connected. We may need
to perform extensive search for multiple initial centers resided in different non-connected
subregions and construct the non-connected region R with these initial centers. Thirdly,
in high dimensional space, constructing R is numerically expensive and representing it
by a discrete set of points is geometrically difficult. A continuous region like the smallest
ellipsoid or more conservatively the smallest box containing R is needed. The advantages
are that the ellipsoid or box is geometrically visible in higher than three dimension and

is much less expensive to be formed.

3Note by definition that the region U is called star-shaped if there is a point p € U such that line
segment pqg is contained in U for all ¢ € U; we then say U is star-shaped with respect to p.
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8.4.3 Bounding Ellipsoid of The Possibility Region

Now given a discrete set of J points Ry = {vj, ..., v} representing the boundary of R, the

smallest volume ellipsoid £(B, 1) containing R is found from the following minimization

(MSE) minimizeg,, — In(det(B))
(Vj—l/o)B(Vj—l/o)Sl, jzl,,J

B is SPD .

By factoring B = A? and letting y = —Avy, we can transform the MSE problem into a

simpler convex minimization

(CMP) minimizeys, — In(det(A))
[Av; +yll <1, j=1,....J

A is SPD .

This problem can be solved efficiently by methods of semi-definite programming. We
refer to [138] for a detailed description of the primal-dual path-following algorithm which

is used here for the solution of the CMP problem.

8.4.4 Bounding Box of the Possibility Region

The smallest ellipsoid £ constructed on the finite set R is in some sense not conservative,
i.e., may not include entirely the continuous region R. To address this potential issue,

we introduce the smallest box bounding the solution region R as

M M
B= [ i vis] = T i vl + A (8.39)
m=1 m=1
where for m = 1,..., M, Ay, = v — v} denotes the m™ length of the bounding
box B and
Yim) = TURV(m), Yim) = MAXV(m) ; (8.40)
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which can be expressed more explicitly as

(MIP) minimize, V()
sn(v, o) + AN (v, 01) > s(V*, 0k) — €expls(V™,0%)], k=1,...,K
sn(v, o) — AN (v, o) < s(V*,0k) + Cexpls(V™,0%)], k=1,...,K
veD”,

(MAP) maximize, V()

sn(v, o) + AN (v, 0k) > s(V*, 0k) — €expls(V*,0%)], k=1,...,K
sn(v, o) — A (v, 01) < s(V*, 0k) + €expls(v*,on)|, k=1,...,K
veD”.

Solution method for these minimization and maximization problems have been discussed
in [104] in which the authors developed the gradient and Hessian of sy (v, o) and A% (v, 0)
and incorporated them into a trust-region sequential quadratic programing implementa-
tion of interior-point methods to obtain global (at least local) optimizers. However,
the monotonicity of the objectives allows us to pursue a simple descent derivative-free
strategy for solution of these problems. The idea is to find and follow feasible descent
directions until there is no such direction found.* The following algorithm guarantees (at

least local) optimal solutions for the m™ MIP or MAP problem.

1. Starting with the center v; and a feasible descent direction d° = (0, ... ,d((]m), )
where d{,,, = —1 for the m!™ MIP problem and d},,y = 1 for the m'™ MAP problem,
we conduct a binary chop to find the associated boundary point 1.

2. If there is no feasible descent direction at 1, then v solves the m'™ MIP/MAP
problem. Otherwise, we set k = 1.

3. Starting from the boundary point 1/5’1, we find a feasible descent direction d* and

conduct a binary chop along d* to find a new boundary point .

4. We set k = k + 1 and repeat step (3) until there is no feasible descent direction

4Note that a direction d is said to be feasible at a point v € R if there exists a small § > 0 such
that v 4+ dd € R and is said to be descent if the objective is decreased with respect to minimization or
increased with respect to maximization when traveling along that direction.
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found at the current boundary point vf. The point v is thus the solution of the

m'™ MIP/MAP problem.

The algorithm correctly finds the global optima in the case of convex region R. Since
however R is usually nonconvex, multi-start strategy in which multiple-local optima are
sought from multiple initial centers should be effectively used to find the global optimizer.

We emphasize that any fast forward solver other than the reduced-basis output bound
methods can be used to construct the solution possibility region R, the bounding ellip-
soid &£, or the bounding box B. However, the reliable fast evaluations provided by the
reduced-basis output bound methods permit us to conduct a much more extensive search
over parameter space. More importantly, R rigorously captures the uncertainty due
to both the numerical approximation and experimental measurement in our prediction
of the unknown parameter without a priori regularization hypotheses. Of course, our
search over possible parameters will never be truly exhaustive, and hence there may be
small undiscovered “pockets of possibility”; nevertheless, we have certainly reduced the
uncertainty relative to more conventional approaches. Needless to say, our procedure
can also only characterize the unknown parameters within our selected low-dimensional
parametrization; but, more general null hypotheses can be constructed to detect model

deviation.

8.5 Analyze-Asses-Act Approach

The inverse problem is to predict the true but “unknown” parameter v* from experimental
measurements Z (€exp, 0x) (with experimental error €e,) corresponding to several values
of experimental control variable o;,1 < k£ < K. In practice, more than just the inverse
problem, we often face the following questions: What values of experimental control
variable o should be used to produce sensitive experimental data that are useful to the
prediction of all possible unknown parameters? Can we provide solutions of the inverse
problem effectively in real-time even with significant noise in experimental measurements
and how we deal with this uncertainty? How we use our inverse solutions meaningfully

and in particular how we act upon them to tackle engineering design and optimization
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problems? To address these questions in a reliable, robust, real-time fashion we employ
the Analyze-Assess-Act approach.

In particular, we extend our inverse computational method for the adaptive design
and robust optimization of critical components and systems. The essential innovations
are threefold. The first innovation addresses pre-experimental phase (the first question):
application of the reduced-basis approximation to analyze system characteristics to de-
termine which ranges of experimental control variable may produce sensitive data. The
second innovation addresses numerical efficiency and fidelity, as well as model uncertainty
(the second question): application of our robust parameter estimation method to identify
(all) system configurations consistent with the available experimental data. The third
innovation addresses real-time and uncertain decision problems (the third question): ef-
ficient and reliable minimization of mission objectives over the configuration possibility
region to provide an intermediate and fail-safe action.

Our discussion here is merely a proof of concept; many further improvements and

more efficient algorithmic implementation are possible and will leave for future work.

8.5.1 Analyze Stage

In the Analyze stage, we aim to address the first question. Poor choice of experimen-
tal control variable may lead to unacceptable (or even wrong) prediction, while careful
choice will substantially improve the result. To begin, we assume that we are given a
number of experimental control variable values IT; = {0;,1 < i < I}.° Next we pick a
“nominal” point 7 and solve the forward problem to simulate the associated “numerical”
data Z(€exp, 0:) = [8(0,0:) — €exp|S(V,04)|, $(V, 04) + €expls(P,04)|],1 < @ < I. We then

apply the inverse algorithm to obtain a set of possibility regions R;,1 < i < I,

Ri = {V e D" | SN(Va Uz‘) - I(eexp70-i>}7 1 S [ S I. (841)

5In practice, the set II; can be obtained from many sources including knowledge of the problem,
pre-experimental analysis, modal analysis, and engineers’ experiences.
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We finally choose in TI; a smallest subset, Iy = {ox,1 < k < K}, that satisfies an

“Intersection” Condition

ﬂ Ry = le : (8.42)

{k|okellk}
here the k-th element in IIx may not necessarily be the k-th element in II;. It is important
to note that in constructing the above possibility regions, we require only the reduced-
basis approximation sy (u), the associated offline is thus not computationally extensive.
Therefore, I1; is allowed to be very large so that ﬂle R; is suitably small.

We emphasize that since we use the synthetic numerical data associated with the
particular parameter v to perform the “pre-analysis”, our choice of experimental control
variable is thus particularly good to the prediction of unknown parameters near the
nominal point 7. More generally, our Analyze stage can accept synthetic numerical data
from many different nominal points so that the resulting set of experimental control

variable is useful to the prediction of not one but all possible unknown parameters.

8.5.2 Assess Stage

In our attempt to address the second question, we consider the Assess stage: Given ex-
perimental measurements, Z(€exp, 0%), 1 < k < K, we wish to determine a region P € D”
in which the true — but unknown — parameter, v*, must reside. Essentially, the Assess
stage is the inverse problem formulation (8.11) and can thus be addressed efficiently by
our inverse computational method in which a region R is constructed very inexpensively

such that v* € P C R.

8.5.3 Act Stage

We finally consider the Act stage as a way to address the last question. We presume here
that our objective is the “real-time” verification of a “safety” demand about whether
s(v*, ) exceeds a specified value sy,.x, where 7 is a specific value of the “design” variable.
(For simplicity, we use o as both the design variable and the experimental control variable;
in actual practice, the design variable can be different from the experimental control

variable.) Of course, in practice, we will not be privy to v*. To address this difficulty we
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first define

Sh = max sy(v,o) (8.43)
ve

where si(v,6) = sy(v,5) + A%(,v); our corresponding “go/no-go” criterion is then

given by s} < syax. It is readily observed that s}, rigorously accommodates both exper-
imental and numerical uncertainty — s(v*,5) < s}, — and that the associated go/no-go
discriminator is hence fail-safe.

Needless to say, depending on particular applications and specific targets, other opti-
mization statements (such as, in the APO strategy, bilevel optimization problems) over
the possibility region R (more precisely, the ellipsoid containing R) with additional con-

straints are also possible.
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Chapter 9

Nondestructive Evaluation

9.1 Introduction

Nondestructive evaluation has played a significant role in the structural health monitor-
ing of aeronautical, mechanical, and industrial systems (e.g., aging aircraft, oil and gas
pipelines, and nuclear power plant etc.). There are several theoretical, computational
and /or experimental techniques [19, 81, 83, 79, 82, 2, , 25] devoted to the assessment
and characterization of fatigue cracks and regions of material loss in manufactured com-
ponents. However, in almost all cases, the techniques are expensive due to the presence
of uncertainty and number of computational tasks required.

Our particular interest — or certainly the best way to motivate our approach — is in
“deployed” systems: components or processes that are in service, in operation, or in the
field. For example, we may be interested in assessment, evolution, and accommodation
of a crack in a critical component of an in-service jet engine. Typical computational
tasks include pre-experimental sensitivity analysis, robust parameter estimation (inverse
problems), and adaptive design (optimization problems): in the first task — for exam-
ple, selection of good exciting frequencies — we must determine appropriate values of
experimental control parameters used to obtain experimental data; in the second task —
for example, assessment of current crack length and location — we must deduce inputs
representing system characteristics based on outputs reflecting measured observables; in
the third task — for example, prescription of allowable load to meet safety demands

and economic/time constraints — we must deduce inputs representing control variables
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based on outputs reflecting current process objectives. These demanding activities must
support an action in the presence of continually evolving environmental and mission pa-
rameters. The computational requirements are thus formidable: the entire computation
must be real-time, since the action must be immediate; the entire computation must be
robust since the action must be safe and feasible.

In this chapter, we apply the robust real-time parameter estimation method developed
in the previous chapter for deployed components/systems arising in nondestructive test-
ing. In particular, the method is employed to permit rapid and reliable characterization
of crack and damage in a two-dimensional thin plate even in the presence of significant
experimental errors. Numerical results are also presented throughout to test the method

and confirm its advantages over traditional approaches.

9.2 Formulation of the Helmholtz-Elasticity

Inverse analysis based on the Helmholtz-elasticity PDE can gainfully serve in nonde-
structive evaluation, including crack characterization [0/, 81, 83] and damage assessment
[79, 82]. In this section, we first introduce the governing equations of the linear Helmholtz-
Elasticity problem; we then reformulate the problem in terms of a reference (parameter-
independent) domain. In this and the following sections, our notation is that repeated
physical indices imply summation, and that, unless otherwise indicated, indices take on
the values 1 through d, where d is the dimensionality of the problem. Furthermore, we use

a tilde to indicate a general dependence on the parameter p (e.g., Q = Q(u), or @ = u(y))

particularly when formulating the problem in an original (parameter-dependent) domain.

9.2.1 Governing Equations

We consider an elastic body Q € R? with (scaled) density unity subject to an oscillatory
force of frequency w. We recall in Section 2.3 that under the assumption that the dis-
placement gradients are small compared to unity, the equations governing the dynamical

response of the linear elastic body are expressed as

b+ 0%, =0 inQ, (9.1)



Oij = ~ijkl<§kzl , (9.2)

1 (Ou, Ou
Er==|—=—+—=—]. 9.3
M (85:, * a:zk) (9:3)
For simplicity we consider isotropic materials, though our methods are in fact applicable

to general anisotropic and nonlinear materials, Cyjr(@;Z;p). The isotropic elasticity

tensor thus has the form

Cijel = €100k + C2 (8051 + dadji) (9.4)

where ¢; and ¢y are the Lame elastic constants, related to Young’s modulus, E, and
Poisson’s ratio, v, as follows
Ev E

a= (1+2)(1—27) =50y (9:5)

Due to the symmetry of 7,5, £x; and isotropy, the elasticity tensor satisfies

Cijit = Cirt = Cijie = Chaij - (9.6)

It thus follows from (9.2), (9.3), and (9.6) that

ou
Uij == Cijkla_x]; . (97)

Substituting (9.7) into (9.1) yields governing equations for the displacement @ as

o [~ Ou - o
G_:ij <O”kla_:i";) + bz + WQUZ' = 0 1mn Q . (98)

The displacement and traction boundary conditions are given by

i; =0, onlp, (9.9)
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and
~  Ouy

ijkl% é;l = th s on fN 5 (910)
l

where & is the unit normal vector on the boundary I'; I'p and Ty are (disjoint) portions of
the boundary; and ¢; are specified boundary stresses. Note that we consider homogeneous

Dirichlet conditions for the sake of simplicity.

9.2.2 Weak Formulation

To derive the weak form of the governing equations, we first introduce a function space
~ ~\a ~
— (i c <H1(Q)) |5, =0onIp), (9.11)

and associated norm
d 1/2
lolz = (ZH@H;@) . (9.12)
i=1

Next multiplying (9.8) by a test function ¢ € X and integrating by parts we obtain

81}1 ou oy, _,, - =
a~ Ukl a~k / u;v; — / ’ij‘l ke Vi — / bivz‘ =0. (913)
O Q

It thus follows from (9.10) and & € X that the displacement field 4 € X satisfies

a(a, ) = f(v), VieX, (9.14)
where
(i, o) = a?zézﬂﬂag?;—-@2a¢@i; (9.15)
Q 0 J 0 l

N:/@@+/@@. (9.16)
a e

Now we generalize the results to inhomogeneous bodies € consisting of R homogeneous

subdomains QF such that

J— R J—
=& (9.17)
r=1

212



here (2 is the closure of (2. By using similar arguments and taking into account additional
displacement and traction continuity conditions at the interfaces between the 7, 1 <

7 < R, we arrive at the weak formluation (9.14) in which

R L L
a(w,v) = Z/ — W, v; (9.18)

1 QF 857] gkl 8@

7
N

f(@) zi/ﬁfﬁﬁ/f bit; ; (9.19)

here C7,, is the elasticity tensor in O, and I} is the section of I'y in .

9.2.3 Reference Domain Formulation

We further partition the subdomains Q7,7 =1,...,R, into a total of R subdomains ",
r=1,...,R. We then map cach subdomain " to a pre-defined reference subdomain Q"
via a one-to-one continuous (assumed to exist) transformation G"(&; p): for any & € Q"
its image = € ()" is given by

r=G"(T;p) . (9.20)

We further assume that the corresponding inverse mapping (G”)~! is also one-to-one and

continuous such that for any 2 € Q, there is uniquely & € Q" where
7= (G i) (9.21)

A reference domain  can then be defined as Q = Uf‘zl Q"; and hence for any 7 € €, its
image x € () is given by

r=G(Tp) . (9.22)

where G(Z; 1) : Q@ — Q, a compose of the G"(#; ), is also a one-to-one continuous

mapping. We can thus write for 1 <r < R,

o ox; 0 0Gi(Tip) o0 L0

r

8501 N 657% 81‘]‘ N 8!1?2 &rj N Jl(l‘“u)a_% ;

(9.23)
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for & € Q, and

A = J" (2 p) A, dTT = J7(z; ) dIT (9.24)

Here G;(x; 1) is obtained by substituting & from (9.21) into 0G7(Z; p) /0%y J" (x5 ) is

the Jacobian of the transformation G" : Q" — Q'; and J7(z; u1) is determined by

oy oy
T ™

Ji (x5 ) = ZZT 2; , (9.25)
oy" 02"

where (g",2") and (y", 2") — functions of spatial coordinate x and the parameter u —
are surface coordinates associated with I and I, respectively. See Section 2.2 for the
definitions of the above quantities.

We now define a function space X in terms of the reference domain €2 as
X ={ve (H'(Q)" |v;=0o0nTp}; (9.26)

clearly, for any function @ € X, there is a unique function w € X such that w(z) =
w(G Y (x; p)), and vice versa. It thus follows that the displacement field u € X corre-

sponding to @ € X satisfies

a(u,v) = f(v), VoveX, (9.27)
where n
a(w,v) = Z/ {% (T )% —wa'v} J" (x5 ) (9.28)
’ —~ Jor | O, igke\ % # Oy o dad '

R
=3 [ v+ [ ot (9.29)

N

here C7; wo(x; ), the elasticity tensor in the reference domain, is given by

Finally, we observe that when the geometric mappings G"(Z;u),r = 1,..., R, are
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affine such that
G (T;p) =G (T +g" (1) ; (9.31)

our bilinear form a is affine in p, since G" and J" depend only on x, not on x.

9.3 The Inverse Crack Problem

9.3.1 Problem Description

We revisit the two-dimensional thin plate with a horizontal crack described thoroughly
in Sections 4.6.1 and 5.1.3. Recall that our input is pu = (1, pio, 3) = (w?,b, L), where
w is the frequency of oscillatory uniform force applied at the right edge, b is the crack
location, and L is the crack length. The forward problem is that for any input parameter
i, we evaluate the output s(u) which is the (oscillatory) amplitude of the average vertical
displacement on the right edge of the plate. The inverse problem is to predict the true

but “unknown” crack parameter (b*, L*) € D** from experimental data
T(eoxp,wi) = [s(wi, b, L*) —€exp|s(wi, b, L*)|, s(wi, b*, L) +€oxp|s(wi, b, L], 1 <k < K .

Recall that €., is experimental error, and K is number of measurements.

More broadly and practically, we shall focus our attention on the following questions:
What value of frequencies should be used to obtain sensitive experimental data that
yields good prediction of all possible unknown crack parameters in consideration? Can
we provide rapid predictions even in facing significant error in experimental measurements
and how we deal with this uncertainty? Can the cracked thin plate withstand an in-service
steady force such that the deflection does not exceed a specified value? To address these
questions in a real-time yet reliable and robust fashion, we employ the Analyze-Assess-Act

approach developed in the previous chapter.

9.3.2 Analyze Stage

We first perform modal analysis to select a set of candidate frequencies. In particular,

we display in Figure 9-1 natural frequencies in the first six modes as a function of b and
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L. We observe that the natural frequencies in the first three modes are invariant with b
and L, which indicates that frequencies in the range of these modes may not be a good
choice. We begin to see some variation from the fourth mode onward. We may hence
suggest IT; = {2.8,3.2,4.8} which are a set of frequencies squared in the frequency region
between the third mode and the fifth mode.

We next consider a “nominal” point (b, L) = (1.0,2.0) and present in Figure 9-2 possi-
bility regions R;, 1 < i < I, associated with II;. We see that two subsets Iy, = {2.8,4.8}
or Iy, = {3.2,4.8} are equally good because their intersection regions ﬂ{klwﬁeﬂxl} Ry
and (k| w2ellx, ) Ry, are very small and almost coincide with ﬂle ‘R; which is the shaded
region. However, we will choose the second subset for illustrating the subsequent Assess
and Act stages.

As an additional note, we observe that no frequency alone can identify well the un-
known parameter (b*, L*); and that only good choice and good combination of frequencies
result in good prediction (for example, the subset Iy, = {2.8,3.2} gives unacceptably
large possibility region, while its counterparts, IIx, and Ilk,, produce reasonably small

regions).

9.3.3 Assess Stage

Having determined the appropriate frequencies, we employ the inverse algorithm intro-
duced in Chapter 8 to construct R defined by 8.37. Here we could develop two different
reduced-basis models for each of frequencies w? = 3.2 and w? = 4.8 over a smaller pa-
rameter domain D*F = [0.9,1.1] x [0.15,0.25] to achieve more economical online cost.
However, we shall reuse the reduced-basis model that was developed in Chapter 5 for
the problem with the parameter domain D = (w? € [3.2,4.8]) x (b € [0.9,1.1]) x (L €
[0.15,0.25]), because small error tolerance €, can be satisfied with very small N (recall
that Nyax = 32). In Figure 9-3 we plot R and & for €qy, = 0.5%, 1%, 5% for two test cases
(b*, L*) = (1.0,0.2) and (b*, L*) = (1.05,0.17). We furthermore tabulate in Table 9.1 the
half lengths of B relative to the exact (synthesis) value (b*, L*).

As expected, as €qy, decreases, R shrinks towards the exact (synthetic) value, b*, L*.

We further observe that the half lengths of B relative to the exact value are about order
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Figure 9-1: Natural frequencies of the cra@éd thin plate as a function of b and L. The
vertical axis in the graphs is the natural frequency squared.
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Figure 9-3: Crack parameter regions R and £ obtained with N = 24: (a) (b*,L*) =
(1.0,0.2) and (b) (b*, L*) = (1.05,0.17).

Test case (a) Test case (b)
€on | 0.5AD/b* | 0.5AL/L* | 0.5Ab/6° | 0.5AL/L*

5.0% | 3.70% 5.42% 3.95% 6.27%
1.0% | 0.74% 1.09% 0.78% 1.26%
0.5% | 0.37% 0.55% 0.39% 0.63%

Table 9.1: The half lengths of the bounding box B relative to 0*,L* for €op =
5.0%, 1%, 0.5%.
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of €exp and increases linearly with eecp,. The problem is thus linearly ill-posed for the
two test cases. The crucial capability here is reliable and fast evaluations that permit
us to conduct a much more extensive search over parameter space: for a given ey, R
requires 2650 forward evaluations and is generated online in less than 38 seconds on a
Pentium 1.6 GHz, while B can be found less than 11 seconds for 740 forward evaluations.
More importantly, for any finite eqx,, R rigorously captures both the model uncertainty and
numerical error in our assessment of the crack parameters without a priori regularization
hypotheses. Furthermore, since the relative output bound is much less than experimental
error of 0.5% (recall in Section 5.4 that for N = 24 our relative output bound is essentially
less than 5.0 x 1079), the experimental error greatly dominates the numerical error in our
numerical results; we could hence even achieve faster parameter estimation response —
at little cost in precision — by decreasing N to balance the experimental and numerical
error. And R is almost indistinguishable from P; however, the latter is about 350 times
more expensive than the former.

In addition, we present in Figure 9-4 £ obtained with much coarser region R for the
same test cases. We observe that although R; in Figure 9-4 is considerably fewer than
that in Figure 9-3, the ellipses in 9-4 are slightly smaller than those in Figure 9-3; hence,
they do not cover entirely the possibility region R and thus solution region P. Note
however that the number of forward evaluations and time to construct £ now is dropped
by approximately a factor of 4 to 274 and 12.75 seconds, respectively.

We see that for this particular example that good results have been obtained for dif-
ferent unknown parameters even with only one nominal point used for the Analyze stage.
Nevertheless, our search over possible crack parameters will never be truly exhaustive, and
hence there may be small undiscovered “pockets of possibility” in D»*; however, we have
certainly reduced the uncertainty relative to more conventional approaches. Needless to
say, the procedure can also only characterize cracks within our selected low-dimensional
parametrization; however, more general null hypotheses (for future work) can be con-

structed to detect model deviation.
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Figure 9-4: Crack parameter regions R and £ obtained with N = 24: (a) (b*, L") =
(1.0,0.2) and (b) (b*, L*) = (1.05,0.17).

9.3.4 Act Stage

Finally, we consider the Act stage. We presume here that the component must withstand
an in-service steady force (normalized to unity) such that the deflection s(0,b*, L*) in the
“next mission” does not exceed a specified value sy (= 0.95); of course, in practice, we

will not be privy to (b*, L*). To address this difficulty we first define

+ _ + L 32
SR (ﬂ?é(RSN(O’@ ) ) (9 3 )

where s4(0,b, L) = sy(0,b, L) + A%(0,b, L); our corresponding “go/no-go” criterion is
then given by sf < Syay. It is readily observed that sf rigorously accommodates both
experimental (crack) and numerical uncertainty — s(0,0*, L*) < s; — and that the
associated go/no-go discriminator is hence fail-safe.

Before presenting numerical results, we note that the Act stage is essentially steady
linear elasticity — w? = 0 — and the problem is thus coercive and relatively easy; we
shall thus omit the detail (indeed, for this coercive problem, we need only Ny, = 6 for
€tol min = 10_4). To be clear in our notation, we shall rename N by N' in Assess stage
and by N™ in Act stage. Our primary objective is to obtain s}, defined by (9.32), which

is always an upper bound of s(0, b*, L*); and hence, even under significant uncertainty we
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can still provide real-time actions with some confidence. We tabulate in the Table 9.2 the
ratio, [s} — s(0,b%, L*)]/s(0,b*, L*), as a function of N' and ey, for (b*, L*) = (1.0,0.2)
and N = 6. We observe that as € tends to zero and N' increases, s; will tend to

s(0,b*, L*), and thus we may control the sub-optimality of our “Act” decision.

N! 5.0% 1.0% 0.5%

12 [/ 1.19 x 1073 | 4.44 x 1074 | 3.25 x 1074
18 || 4.20 x 107* | 8.07 x 107° | 4.16 x 107>
24 || 4.07 x 107* | 7.40 x 107° | 3.70 x 107°

Table 9.2: [s} — s(0,b%, L*)]/s(0,b*, L*) as a function of N' and eq, for (b*,L*) =
(1.0,0.2).

In conclusion, we achieve very fast Analyze-Assess-Act calculation: Ilx may be ob-
tained from the set II; in less than 31 seconds, R may be generated online in less than
38 seconds, and s may be computed online less than 0.93 seconds on a Pentium 1.6
GHz laptop. Hence, in real-time, we can Analyze the component to facilitate sensitive
experimental data, Assess the current state of the crack and subsequently Act to ensure

the safety (or optimality) of the next “sortie.”

9.4 Additional Application: Material Damage

In this section, we apply our Analyze-Assess-Act approach to the rapid and reliable char-
acterization of the location, size and type of damage in materials. The characteristics of
damage in structures play a key role in defining preemptive actions in order to improve
reliability and reduce life-cycle costs. It serves crucially in the structural health monitor-
ing of aeronautical, mechanical, civil, and electrical systems. Our particular example is

the prediction of the location, size and severity factor of damage in sandwich plates.

9.4.1 Problem Description

We revisit the two-dimensional thin plate with a rectangular damaged zone described

thoroughly in Section 5.5. Recall that our input is 4 = (w?,b, L, ) € D* x D»H° where
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DHL9 =10.9,1.1] x[0.5,0.7] x [0.4, 0.6] ; and our output s(u) is the (oscillatory) amplitude
of the average vertical displacement on the right edge of the plate. The forward problem
is that for any input parameter u, we evaluate the output s(u). The inverse problem is to
predict the true but “unknown” damage parameter (b*, L*, §*) € D> from experimental
measurements Z (€eyp, wi),1 < k < K. with experimental error €,. The primary goal
in this example is to demonstrate new capabilities (in dealing with inverse problems)
enabled by our robust parameter estimation method; and our focus is thus on the Assess

stage.

9.4.2 Numerical Results

We directly consider the Assess stage with the given set Il = {w? = 0.58,w? = 1.53,w3 =
2.95} which is indeed obtained by pursuing the Analyze stage. We henceforth need three
different reduced-basis models for each of frequencies square: Model I for w? = 0.58,
Model 1II for w3 = 1.53, and model III for w3 = 2.95. Recall that these reduced-basis
models were already developed in Section 5.5 (see the section for details of the reduced-
basis formulation for these models and associated numerical results).

We present in Figure 9-5 the possibility regions for the location and length and damage
factor of the flaw — more precisely, ellipsoids that contain the possibility regions for the
location and length and damage factor — for experimental error of 2%, 1%, and 0.5% for
Case 1 (b* = 1.05, L* = 0.65,* = 0.55) and Case 2 (b* = 1.00, L* = 0.65,5* = 0.46). We
observe that as e, decreases, £ shrinks towards the exact (synthetic) value (b*, L*, 6*).
The bounding ellipsoid £ constructed from 450 boundary points requires roughly 12150

forward evaluations and 336 seconds in online.

Test Case 1 Test Case 2
€exp | 0-DAD/D* | 0.5AL/L* | 0.5A0/6* | 0.5Ab/b* | 0.5AL/L* | 0.5A6/6*

2.0% | 2.16% 5.80% 2.33% 2.37% 4.49% 2.54%
1.0% | 1.07% 3.04% 1.41% 1.19% 2.44% 1.32%
0.5% | 0.55% 1.39% 0.59% 0.60% 1.29% 0.71%

Table 9.3: The half lengths of the bounding box B relative to b*, L*,0* as a function of
€exp fOr two test cases.
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We also show in Table 9.3 the half lengths of the box bounding the ellipsoid relative to
the exact value. Unlike £, B needs approximately 2980 forward evaluations. In both test
cases, the relative half lengths for b* and 0* are slightly larger than .y, while the relative
half length for L* is more than twice as €qyp. Furthermore, the half-lengths of B appear
to increase linearly with eqxp; hence, for these test cases, the problem is linearly ill-posed.
Note further that our relative output bound is much less than experimental error of 0.5%
(recall in Section 5.5 that for N = 40 the relative output bound is less than 2.56 x 1075
for model I, 1.71 x 10~* for model II, 2.42 x 10~ for model III). Therefore, the results
are largely indistinguishable from those based on the direct finite element calculation
of s(u). However, the latter is much (280 times) more expensive than our method. In
short, B — obtained online in (less than) 78 seconds on a Pentium 1.6 GHz thanks to a
per forward evaluation of 0.0261 seconds — quantifies uncertainty in both the numerical
approximation and experimental data without a prior: hypotheses; we can thus provide
appropriate real-time actions with some confidence.

Rather than a picture, another (or even better) way to see the possibility region is by
means of numbers. In particular, we tabulate in Table 9.4 the center, half-lengths, and
directions of the ellipsoids for different values of €.,. We see that the center is closer to
the exact unknown parameter (b*, L*,0*), the half-lengths get smaller, and the directions
change slightly as €.y, decreases; indeed, these ellipsoids shrink toward the synthesis value
(1.00,0.6,0.5). The key point here is that we can see the possibility region and how it
changes very clearly even in higher than three-dimensional space where it is not possible

with picture.

Since our primary goal in this problem is the nondestructive assessment of material
damage in a sandwich, we shall not pursue the Act stage. However, we do identify that
there are two immediate situations that can be well tackled by our Act stage: (1) a
real-time query in which we verify whether the structure can withstand a steady static
force such that the deflection does not exceed a specific value (robust optimization); (2) a
design problem in which a shim is designed to have its weight minimized while effectively
strengthening the structure and maintaining the deflection at the desired level (adaptive

design) [139]. In parallel to Section 9.3.4, these subproblems can be formulated as ap-
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€exp || Center | Half-lengths Directions

1.0006 0.0444 0.2826 0.3345 -0.8990
2.0% || 0.5988 0.0202 0.9492 0.0373 0.3123
0.4966 0.0060 -0.1380 0.9417  0.3069
0.9998 0.0216 0.2817 0.3578 -0.8903
1.0% || 0.5998 0.0098 0.9487 0.0353 0.3143
0.4999 0.0030 -0.1439 0.9331 0.3295
0.9999 0.0110 0.2790 0.3693 -0.8864
0.5% | 0.5999 0.0048 0.9482 0.0400 0.3151
0.5000 0.0015 -0.1518 0.9284  0.3390

Table 9.4: The center, half-lengths, and directions of £ for (b*, L*, §*) = (1.00, 0.60, 0.50)

as €exp decreases.

propriate optimization problems over the possibility region (or preferably the ellipsoid

containing it) constructed by the Assess stage.

9.5 Chapter Summary

In this chapter we have applied the “Analyze-Assess-Act” approach developed in the
previous chapter to the assessment of crack and damage in a two-dimensional thin plate.
Although characterized by simple physical model and geometry, these problems and re-
lated numerical results show strong advantages of our approach over traditional methods
in two key aspects. First, as regards the computational expense and uncertainty in the
model, our approach is more efficient and robust: (1) real-time and reliable evaluation
of functional outputs associated with the PDEs of continuum mechanics rather than
time-consuming calculation by use of classical numerical approaches; and (2) robust and
efficient identification of all (or almost all, in the probabilistic sense) inverse solutions
consistent with the available experimental data without a priori regularization hypothe-
ses rather than only one regularized inverse solution with a priori assumptions. Second,
as regards the practical application and implementation for real-life engineering prob-
lems, our approach is more practical and effective: (1) a systematic way rather than a
“trial and error” method to the selection of experimental control parameters; and (2)
use of many frequencies and single-sensor measurement rather than one frequency and

multiple-sensor measurements.
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Chapter 10

Inverse Scattering Analysis

10.1 Introduction

Inverse scattering problem has attracted enormous interest due to its wide range of prac-
tical applications in engineering and science such as medicine, geophysics, defense science.
In particular, inverse scattering problems arise in medical imaging, detection of mines,
underwater surveillance, and target acquisition. In all of the abovementioned areas the
common goal is to recover characteristics (like geometric measures, material properties,
boundary conditions, etc.) of an interrogated object from experimental data (far-field
pattern measured at distributed sensor locations) obtained by sending incident waves at
the object.

The wide range of applications has stimulated the development of different solution
methods for inverse scattering problems. However, the task of solving inverse scattering
problems is admittedly difficult for two reasons. First, due to the incomplete and noisy
data the inverse scattering problems are typically ill-posed and numerically ill-conditioned
— the existence, uniqueness, and stability of the solution are not simultaneously ensured.
Uniqueness theorems [70, 61, 69, 30], which are crucial for both the theoretical study and
the implementation of numerical algorithms, have been long investigated often under
the assumption of complete and accurate data. Restoring stability is not less important
especially in practical contexts where error in measurements is intrinsically present. In
order to restore stability some kind of a priori information is needed and regularization

methods [31, 30, 62, , 44] making use of the available a priori information are often
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used. Though quite sophisticated, iterative regularization methods often need additional
information and thus lose algorithmic generality. Second, since the inverse scattering
problems are inherently nonlinear, most methods are computationally expensive and
often fail to have the numerical solution in real-time.

In this chapter we apply our robust inverse computational method developed in Chap-
ter 8 for rapid and reliable solution of inverse scattering problems. The key and unique
components of our method are reduced-basis approximations and associated a posteri-
ori error estimation procedures. As we shall see, the inverse scattering problems are
generally nonaffine and noncompliant. We thus need to develop a coefficient-function
approximation and integrate it into a “dual-primal” formulation as described thoroughly
in Section 6.6. The coefficient-function approximation and dual-primal consideration si-
multaneously ensure online N independence (efficiency), and more rapidly convergent
reduced-basis approximations and better error bounds (accuracy). These advantages are
further leveraged within the inverse scattering context: we can, in fact, achieve robust
but efficient construction of a bounded possibility region that captures all (or almost all,
in the probabilistic sense) model parametrizations consistent with the available experi-
mental data. Numerical results for a simple two-dimensional inverse scattering problem

are also presented to demonstrate these capabilities.

10.2 Formulation of the Inverse Scattering Problems

In this section we first introduce the governing equations of the inverse scattering prob-
lem. We then reformulate the problem in terms of a reference (parameter-independent)
domain. In this and the following sections, our notation is that repeated physical in-
dices imply summation, and that, unless otherwise indicated, indices take on the values
1 through n, where n is the dimensionality of the problem. Furthermore, we use a tilde
to indicate a general dependence on the parameter u (e.g., Q = Q(u), or @ = u(p)) par-

ticularly when formulating the problem in an original (parameter-dependent) domain.
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10.2.1 Governing Equations

We consider the scattering of a time harmonic acoustic incident wave @' of frequency w
by a bounded object D € R™ (n = 2,3) having constant density pp and constant sound
speed ¢p. We assume that the object D is situated in a homogeneous isotropic medium
with constant density p and constant sound speed c. The corresponding wave numbers
are given by kp = w/cp and k = w/é. Let @ be the scattered wave, then the total field

' = @' + @ and the transmitted wave o satisfy the acoustic transmission problem

Adl + k*at =0 in R"\D, (10.1a)
Av+ k3o =0 in D, (10.1b)
it =17 on 9D, (10.1c)
1008 1 0% "

= oD 10.1d
500 ppov O (10.1d)
lim 7(n~1/2 (% — ikﬂ) =0, 7=|3; (10.1¢)
T—00 T

where 7 denotes the unit outward normal to the boundary and the incident field @* is a

plane wave moving in direction d, i.e.,

@(7) = e |d =1 . (10.2)

Note that the continuity of the waves and the normal velocity across dD leads to the
transmission conditions (10.1c) and (10.1d), and that the scattered field satisfies the Som-
merfeld radiation condition (10.1e). Mathematically, the Sommerfeld condition ensures
the well-posedness of the problem (10.1); physically it characterizes out-going waves [30)].

We shall consider a special case of the above transmission problem. In particular, if the

object is sound-hard, i.e., pp/p — oo, we are led to the exterior Neumann problem [29]

A+ Ea=0  inR™\D, (10.3a)
0 . -

5 (@+a")=0 ondD, (10.3b)
lim 7(n~1/2 (% - umz) =0, 7=]|z|. (10.3¢)
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Equation (10.3c) implies that the scattered field behaves asymptotically like an outgoing

spherical wave

. N 1
U(T) = =73l (D, d°, d, k) + O <m) (10.4)

as |#| — oo, where d* = %/|Z|. The function i, defined on the unit sphere S C R" is
known as the scattering amplitude or the far-field pattern of the scattered wave. The
Green representation theorem and the asymptotic behavior of the fundamental solution

ensures a representation of the far-field pattern in the form

. . BekdE Qu(E) -
lioo(D, d*,d, k) = 3, | (& — ikd*2 10.5
il DR = [ i) * e = T (10.5)
with
- 1/ 2 emin/A n=2
B, =4V (10.6)
ﬁ n=3

The proof of (10.4) and (10.5) can be found in Appendix A.

We can now be more explicit what we mean by the acoustic inverse scattering problem.
Given specific geometry D of the object and the incident wave @, the forward problem
is to find the scattered wave @ and in particular the far field pattern .. In contrast,
the inverse problem is to determine the unknown geometry D* from the knowledge of the
far field data Z(eqp, d°, d, k) measured on the unit sphere S := {# : |#| = 1} for one or

several directions d and wave numbers k& with measurement error e.y,.

10.2.2 Radiation Boundary Conditions

Since the problem is posed over indefinite domain, before attempting to numerically
solve the problem, it is required to replace the indefinite domain with an artificial closed
boundary r enclosing the object. A boundary condition is then introduced on L in
such a way that the resulting boundary-value problem is well-posed and its solution
approximates well the restriction of @ to the bounded domain € limited by 0D and T.
From numerical point of view, there are two classes of such a boundary condition that can
be used: (1) exact conditions give exactly the restriction of 4 if no further approximation

is made; (2) approximate (also called radiation or absorbing) boundary conditions only
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yield an approximation of this restriction. Because exact conditions can only be derived
for certain special cases, several approximate conditions have been developed (See [7]
for generalized results on various radiation conditions including the most accurate one,
namely, the second-order Bayliss-Turkel radiation condition).

For simplicity, we consider simple first-order complex-valued Robin condition; higher
order approximation of the Sommerfeld radiation condition requires more sophisticated
implementation and will be considered in future research. As a result, we have the direct

acoustic scattering problem (10.3) being replaced with

AT+ ki = 0 in Q, (10.7a)
ot ou' .

%= on 0D, (10.7b)
% —iki+Ha=0, on I ; (10.7¢)

where H is the mean curvature of I' (see Section 2.2 for the definition of mean curvature).

10.2.3 Weak Formulation

To derive the weak form of the problem (10.7), we first introduce a complex function
space

X ={o=0"+it"| % € H'(DQ),2"' € H'(Q)} , (10.8)
and associated inner product

(0,7) ¢ = / Vi - Vo + 00 . (10.9)
Q

Here superscripts R and I denote the real and imaginary part, respectively; and © denotes
the complex conjugate of 0, and |0| the modulus of ¥. Our weak formulation of the direct

scattering problem is then: find @ € X such that

a(a,v) = f(v), VieX; (10.10)
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here the forms are given by

a(w, 0) = / V. Vi — B0 — / (ik: - 7%) Wb (10.11)
Q r
f(o) = / —ikd - peh TG (10.12)
oD
Finally, it follows from (10.2), (10.7b), and (10.5) that the far field pattern is given by
Goo(D,d*,d, k) = B, / —a(F)ikd® - pe T ik - petT ik E (10.13)
oD

10.2.4 Reference Domain Formulation

We now define a reference domain Q. We then map Q — Q by a one-to-one continuous

transformation G(Z; u): for any z € Q, its image x € Q is given by
r=G(T;pn) . (10.14)

We further assume that the corresponding inverse mapping G~! is also one-to-one and

continuous such that for any 2 € Q, there is uniquely # € Q, where

F=G" () - (10.15)
We can thus write
0 _01; 0 _ 0G;(&:p) 0 9
0x;  0z; Ox; 0; O, G”(x’“)axj’ (10.16)
dQ = J(xip) 2, (10.17)
doD = Jy(x;p) dOD | (10.18)
dl' = Jy(x;p) dU . (10.19)
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Here Gj;(z; 1) is obtained by substituting & from (10.15) into 0G;(Z; p)/0%;; J(z;p) is

the Jacobian of the transformation; Jy(z; u) is given by

9y 9y
Jalwp) = | 7% (10.20)
dy 0z

where (7, 2) and (y, z) are surface coordinates associated with D and dD, respectively;
and Jy(x; ) is similarly determined. See Section 2.2 for the definitions and formulas of
these quantities.

Next we define the function space X in terms of the reference domain €2 as
X =R it [o® e HY(Q), o' € HY(Q)} (10.21)
in terms of which we introduce an appropriate bound conditioner
(w,v)x = /QVw -Vo+wo . (10.22)

It then follows that the scattered wave u € X corresponding to @ € X satisfies

a(u,v;z;p) = flv;a;p), YoveX; (10.23)
where
ow 0v 5 _
olw.vizip) = [ (ij:c,ma—%-c:m(x,ma—%—k wr) Jain)

—/F (ik - 7:((90;#)) wods(x; 1) (10.24)

floyz;p) = _/a vikd - ﬂeiki”de(x;u) : (10.25)
D

The far-field pattern is then calculated as

Uoo (1) = L(U(p); 5 p) + €25 1) (10.26)
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where ¢ takes u(p) € X as its argument, but ¢° does not as shown below

(v 23 1) = B, / vikd® - e Jya; ), (10.27)
oD
°(x;p) = ﬁn/ ikd - Deikj'Je_ikds'de(m; ) (10.28)
oD

Finally, we note that when the geometric mapping G(Z; i) is affine such that

G(@ ) = Glu)& + g(u) | (10.29)

and J,(x; 1) and H(x; p) are all together affine, our bilinear form a is an affine operator.

10.2.5 Problems of Current Consideration

In this thesis, we shall only consider the inverse scattering problems in which D is a
simple geometry such as an ellipsoid (in future work, we shall apply our robust parameter
estimation method to more complex curved geometries); and hence « is affine for an
appropriate consideration of the truncated domain 2. In this case, the direct scattering
problem can be restated more generally as: given u = (D,JS,CZ, k) € D, find uy(p) =
s(u) + €°(x; u) with

s(p) = L(u(p); h(z; 1)) (10.30)

where u(p) satisfies

a(u,vip) = f(vig(asp), VveX. (10.31)

Here f(v;g(z;p)) and £(v; h(x; p)) are given by

[ g(z;p) = —/

vg(z;p), Lo h(z;p) = —ﬂn/ vh(z; ) (10.32)
oD

oD

where g(x; ) and h(x;u) are nonaffine functions of coordinate = and parameter p and

can be found by referring to (10.25) and (10.27)

gz p) = ikd - ﬁeikid(]d(x; " h(z; p) = ikd® - De_i’“zs'de(x; ) . (10.33)
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Moreover, a is expressed as an affine sum of the form

Q
a(w,v; p) = Z@q(,u)aq(w,v) : (10.34)

for©: D —-Randa?: X x X - R, 1 <¢g<@Q.

We further assume that a satisfies a continuity and inf-sup condition

, a(w, v; 1)
0<pB(p) = inf sup —————, 1035
(1) weX wex ||w|x||v|x ( )
sup supw =7y(p) < oo (10.36)

wex vex [[w]x[lv]lx

Here ((p) is the Babuska “inf-sup” constant and (1) is the standard continuity constant.
Because f (respectively, £) depends on a general nonaffine function g (respectively, h)

of pand x, and £ # f, such problem is nonaffine and noncompliant. Fortunately, effective
and efficient reduced-basis formulation has been developed in Section 6.6 to treat this
class of problems. In particular, by constructing the coefficient-function approximation
and incorporating it into the primal-dual reduced-basis formulation, we can recover online

independence and fast output convergence and better output effectivity.

10.3 A Simple Inverse Scattering Problem

10.3.1 Problem Description

We consider the scattering of a time harmonic acoustic incident wave (i) = el¥®d
moving in direction d by an infinite cylinder with bounded cross section D, where k is
the wave number of the incident plane wave %‘. As a simple demonstration we consider
an two-dimensional ellipse of unknown major semiaxis a (half length of the major axis),
unknown minor semiaxis b (half length of the minor axis), and unknown orientation «
for D. The input g thus consists of k,d,d*,a,b,and & in which (a,b,a) € DW=
x[0.5,1.5]x[0.5, 1.5] x [0, 7] are characteristic-system parameters and (k, d, d*) € D44 =

[7/8, /8] %[0, 27| x [0, 27| are experimental control parameters; and the output of interest
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is the far-field pattern .. More specifically, we define pu = (pq, o, i3, fa, iis, fe) €
D C RS as: puy = ka,uy = b/a,uz = «, py is radian angle of incident wave (i.e.,
d = (cos jug, 8in 14)), pis is radian angle of the far-field pattern (i.e., d* = (cos s, sin ji5)),
and g = k; note that the first five parameters are nondimensional.

In addition, the truncated domain € is bounded by the elliptical boundary dD and
an artificial boundary I'. Here T is an oblique rectangle of size 10a x 10b which has the
same orientation as the ellipse and is scaled with the major and minor semiaxes as shown
in Figure 10-1(a). We define a reference domain corresponding to the geometry bounded
by a unit circle D and a square of size 10 x 10 as shown in Figure 10-1(b). We then map

Q(a,b, ) — Q via a continuous piecewise-affine transformation. The geometric mapping

is simply rotation and scaling as given below

cosa/a  sina/a 0

G(p) = _ ;9w = : (10.37)
—sina/b  cosa/b 0

Furthermore, we have
J(rip) =det G (w),  Jo(mp) =G )Tl Ja(wip) = 1G5 (10.38)

here 7 = (7, 72) and 7° = (79, 79) are the unit vectors tangent to the boundary I" and
dD, respectively. Note further that the mean curvature H(i; 1) is zero for the chosen
boundary I" except for the corner points. We can thus ignore this term in our formulation
of the direct scattering problem.

The problem can now be recast precisely in the desired abstract form (10.31), in
which ©, X defined in (10.21), and (w;v)x defined in (10.22) are independent of the
parameter p; and our affine assumption (10.34) applies for @ = 5. We summarize the
©(un), a?(w,v),1 < ¢ <@, in Table 10.1.

To derive the explicit form for g(z;u), h(x;p), and €°(x; p), we first need the unit

normal vector to the elliptic boundary 9D in the reference coordinate

Uy (x; ) = (bry cosa — axg sina) 4/ b2 4+ a’x3 | (10.39)
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aD

Figure 10-1: Two-dimensional scattering problem: (a) original (parameter-dependent)
domain and (b) reference domain.

q| ©%u) a’(w, v)

1 H2 Q g—:ﬁ%

3| —p3pe Jo wo

41 =i fFl wo + st wo
D | —ipgpg fF2 wo + fF4 wo

Table 10.1: Parametric functions ©9(y) and parameter-independent bilinear forms
a?(w,v) for the two-dimensional inverse scattering problem.
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Uo(x; ) = (bry sin v + axq cos a) /4/b%x? + ax3 . (10.40)

Since 0D is the unit circle, from (10.38) we have

Ja(z; ) = /0?22 + aa3 . (10.41)

It finally follows from (10.28), (10.33), and (10.37)-(10.41) that

g(z; ) = ipy ((pewy cos 3 — o sin pug) cos pg + (poxy sin pg + o cos fig) sin fug)

61#1((371 COS p3— 22 sin p3) cos pa+ (21 sin pu3+paxs cos ug) sin pg) 7 (1042)

h(z;p) = ipn ((pex1 cos iz — 2 8in fi3) cos pis + (s sin pg + 2o cos p3) sin i)

¢~ (@1 cos p3—pzw2 sin ps) cos ps+ (w1 sin s +p2w2 cos p3) sin us) : (10.43)

Cz;p) = Bn / iy ((poxy cos g — o sin pg) cos iy + (pox Sin pg + o oS p3) sin fiy)
oD

ei,u1((ac1 COS i3 — 22 sin p3) cos pa+(x1 sin p3+pe2 cos pu3) sin pa)

e ((z1 cos p3—p2x2 sin pg) cos us~+(x1 sin pg+pawe cos us) sin us) ' (1044)

10.3.2 Numerical results

We first show in Figure (10-2) a few FEM solutions for slightly different parameters. We
observe that changing only one component of the parameter results in a dramatical change
in both solution structure and magnitude. This will create approximation difficulty in
the reduced-basis method, and thus it may require N large to achieve sufficient accuracy.
Recall that the reduced-basis approximation and associated a posteriori error estimators
for the direct scattering problem were developed in Section 6.6; also see the section for
related numerical results including the convergence and effectivities, rigorousness of our
error bounds, as well as computational savings relative to the finite element method.
We can now turn to the inverse problem that illustrates the new capabilities enabled
by rapid certified input-output evaluation. In particular, given limited aperture far-field
data in the form of intervals 7 (eexp,k,d, Js) obtained at several angles d* for several
directions d and fixed wave number k, we wish to determine a region R € D“** in which

the true but unknown parameter, (a*,b*, a*), must reside; recall that e, is experimental
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error. In our numerical experiments, we set the wave number fixed to k = 7/8 and use
three different directions {0, 7/4,7/2} for the incident wave. For each direction of the
incident wave, there are I angles, {(i — 1)7/2,1 < i < I}, at which the far-field data are
obtained; hence, the number of measurements is K = 3 x I. We tabulate in Table 10.2
the half lengths of the bounding box B relative to the exact value as a function of the

experimental error and the number of measurements for a* = 1.35,0* = 1.15, a* = 7/2.

op | K=3 K=6 K=9 K=12

5.0 | 2.59 2.50 2.44 2.44
0.5Aa/a* || 2.0 | 1.04 1.01 0.98 0.98
1.0 | 0.52 0.50 0.49 0.49
5.0 | 1870  2.44 2.40 2.40
0.5Ab/b* || 2.0 | 9.72 0.97 0.97 0.96
1.0 | 3.83 0.49 0.49 0.48
5.0 | 31.57 418 2.27 2.24
0.5Aa/a* | 2.0 | 16.94  1.82 0.82 0.82
1.0 | 6.34 0.89 0.40 0.40

Table 10.2: The half lengths of B relative to a* = 1.35,b* = 1.15, o = /2 vary with eeyp
and K. Note that the results shown in the table are percentage values.

We observe that as €., decreases and K increases, B shrinks toward (a*,b*, a*) and
that the number of measurements have strongly different impact on the identification of
the unknown parameters. For K = 3, the relative half-length of a* is smaller than the
experimental error, but those of b* and a* are significantly larger than the experimental
error. As K increases to 6, B shrinks very rapidly in the order of O(10) along the b-axis
and a-axis. Further increasing K to 9 leads to the improvement for only a*. Meanwhile,
the bounding boxes for K = 9 and K = 12 are almost the same; this implies that the
experimental error dominates at K = 9 at which B no longer shrinks with K increasing.
Hence, for this particular instantiation, we should use K = 9 at which the relative half-
lengths are less than one-half of the experimental error.

We perform another test for the case of a* = 1.2,b* = 0.8,a* = 37/4 and show the
results in Table 10.3. We see again that B begins to saturate at K = 9. The implication
is that the ill-posedness of the problem also depends on the number of measurements. In

both cases, the relative half-lengths are increasing linearly with the experimental error for
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sufficiently large K (K > 6); the problem is thus linearly ill-posed in both test cases. Most
importantly, these results not only quantify robustly uncertainty in both the numerical
approximation and measurements, but also are obtained within 9 x K seconds on a
Pentium 1.6 GHz laptop thanks to a per forward evaluation time of only 0.008 seconds
and yield significantly computational savings for our method compared to conventional

approaches.

p | K=3 K=6 K=9 K=12

5.0 | 7.18 2.26 2.30 2.30
0.5Aa/a* || 2.0 | 3.28 0.90 0.92 0.92
1.0 | 2.15 0.45 0.46 0.46
5.0 | 1728  6.46 4.51 4.51
0.5Ab/b* | 2.0 | 11.09  2.58 1.75 1.75
1.0 | 6.24 1.29 0.88 0.88
5.0 | 11.04  2.69 2.42 2.20
0.5Aa/a* || 2.0 | 6.48 1.08 0.96 0.88
1.0 | 3.74 0.54 0.48 0.44

Table 10.3: The half lengths of B relative to a* = 1.2,b* = 0.8, a* = 37/4 vary with €y
and K. Note that the results shown in the table are percentage values.

In addition, we plot £ in Figure 10-3 and tabulate B in Table 10.4 for a* = 0.85,b* =
0.65, " = m/4 at values of €ep = 5%,2%,1% and K = 6,9; note that £ (constructed
from 450 points) and B require roughly 4150 x K and 1060 x K forward evaluations,
respectively. We see that £ is not only more expensive, but also less conservative than B
since £ does not include entirely R. It should also be noted that these results are obtained
with N = 40 for which the largest relative output bounds are about than 1.0% (see
Table 6.6). Therefore, the results here are largely indistinguishable from those obtained
by using the finite element method, but yield a factor of O(100) in computational savings
for our method. Of course, our search over all possible parameters will never be truly
exhaustive, and hence there may be undiscovered “pockets of possibility” in D*** if R is
non-connected. However, we have certainly been able to characterize ill-posed structure
of the inverse scattering problem and reduce the uncertainty to a certain degree. (All
uncertainty is eliminated only in the limit of exhaustive search of the parameter space to

confirm B.)

239



x

[ i h "

(a) Real part (b) Imaginary part

0.08 F

0.06

0.04 '
0.02

0

0.05

-0.02

-0.04 k

(c) Real part (d) Imaginary part

o ‘ 0.4

' 03
; 02
0.1

(e) Real part (f) Imaginary part

-0.05

Figure 10-2: FEM solutions for ka = 7/ a=1 a=0 and d = (1,0) in (a) and
(b); for ka = 7/8, b/a = 1/2, @ = 0, and d = (1,0) in (c) and (d); and for ka = 7/8,
b/a=1/2, a=0,and d = (0,1) in (e) and (f). Note here that N' = 6,863.
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€exp K=6 K=9

0.8288, 0.8706] x 0.8306, 0.8688
5.0% 0.6343, 0.6653] x 0.6343, 0.6653
0.7200, 0.8509 0.7249, 0.8466
0.8416, 0.8583| x 0.8422, 0.8577
X

0.7582, 0.8127

0.8458, 0.8542] x
0.6468, 0.6532] x
0.7715, 0.7994

0.7593, 0.8109

0.8462, 0.8539
0.6468, 0.6532
0.7725, 0.7979

1.0%

[ ] [ ] x

[ ] [ ] x

[ ] [ ]

[ ] [ ] x
2.0% || [0.6437, 0.6562] 0.6437,  0.6562] x

[ ] [ ]

[ ] [ ] x

[ ] [ ] x

[ ] [ ]

Table 10.4: B for different values of €y, and K. The true parameters are a* = 0.85,b* =
0.65,a* = /4.

10.4 Chapter Summary

In this chapter, by applying our inverse method for a simple two-dimensional inverse
scattering problem, we have once again demonstrated the robustness and efficiency of
the method. Even though the object geometry is simple and number of parameters O(5)
is quite small, this example shows that not only results can be obtained essentially in
real-time; but also numerical and experimental errors can be addressed rigorously and
robustly. Furthermore, our method favors the use of several incident waves and limited-
aperture far-field data more than one incident wave and full-aperture far-field data. Of
course, the former is of more practical use than the latter, since placement of sensors on
the entire unit sphere seems quite impractical.

Although this example is encouraging, it is not entirely satisfactory. Our vision for the
method is in three-dimensional inverse scattering problems with many more parameters.
Such problems bring new opportunities and exciting challenges. On one hand, the savings
will be even much greater for problems with more complex geometry and physical mod-
eling. In this regard, it is important to note that the online complexity is independent of
the dimension of the underlying truth approximation space; and hence approximations,
error bounds, and computational complexity are asymptotically invariant as the numer-
ical (or physical/engineering) fidelity of the models is increased. On the other hand,

these problems will often require very high dimension of the truth approximation space
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and large number of parameters. This leads to many numerical difficulties: (1) exploring
high-dimensional parameter space by greedy strategies and enumeration techniques might
be impossible; (2) although the online cost is low, the offline cost is prohibitively high;
(3) the inverse computational method is not yet sufficiently efficient since the associated
inverse algorithms are not very effective in high-dimensional parameter space. Several
recommendations to improve the efficiency and thus broaden the reach of our methods

will be given in the final (next) chapter.
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Chapter 11

Conclusions

In this final chapter, the theoretical developments and numerical results of the previous
ten chapters are summarized. Suggestions are also provided for further improvement and

extensions of the work in this thesis.

11.1 Summary

The central themes of this thesis have been the development of the reduced-basis ap-
proximations and a posteriori error bounds for different classes of parametrized partial
differential equations and their application to inverse analysis in engineering and science.

We began with introducing basic but very important concepts of the reduced-basis
approach, laying out a solid foundation for several subsequent chapters. The essential
components of the approach are (i) rapidly uniformly convergent reduced-basis approx-
imations — Galerkin projection onto the reduced-basis space Wy spanned by solutions
of the governing partial differential equation at N (optimally) selected points in param-
eter space; (ii) a posteriori error estimation — relaxations of the residual equation that
provide inexpensive yet sharp and rigorous bounds for the error in the outputs; and
(44i) offline/online computational procedures — stratagems that exploit affine parameter
dependence to decouple the generation and projection stages of the approximation pro-
cess. The operation count for the online stage — in which, given a new parameter value,
we calculate the output and associated error bound — depends only on N (typically

small) and the parametric complexity of the problem. The method is thus ideally suited
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to robust parameter estimation and adaptive design, as well as system optimization and
real-time control. Furthermore, we also brought in additional ingredients: orthogonal-
ized basis to reduce greatly the condition number of the reduced-stiffness matrix, adaptive
online strategy to control tightly the growth of N while strictly satisfying the required
accuracy, and sampling procedure to select optimally the approximation basis.

We further developed a very promising method to the construction of rigorous and
efficient (online-inexpensive) lower bound for the critical stability factor — a generalized
minimum singular value — that appears in the denominator of our a posteriori error
bounds. The lower bound construction is applicable to linear coercive and noncoerive
problems, as well as nonlinear problems. The method exploits an intermediate first-order
approximation of the stability factor around a linearization point i, which allows us
to construct piecewise constant or linear lower bounds for the stability factor. Several
numerical examples were presented to confirm the theoretical results and demonstrate
that our lower bound construction has worked well even for strongly noncoercive case.

Until recently, the reduced-basis methods could only treat partial differential equa-
tions g(w, v; p) that are (i) affine — more generally, affine in functions of p — in p, and
(74) at most quadratically nonlinear in the first argument. Both of these restrictions can
be addressed by the “empirical interpolation” method developed (in collaboration with
Professor Yvon Maday of University Paris VI) in this thesis. By replacing non-affine
functions of the parameter and spatial coordinate with collateral reduced-basis expan-
sions, we proposed an efficient reduced-basis technique that recovers online N indepen-
dent calculation of the reduced-basis approximations and a posteriori error estimators for
non-affine elliptic problems. The essential ingredients of the approach are (i) good collat-
eral reduced-basis samples and spaces, (ii) a stable and inexpensive online interpolation
procedure by which to determine the collateral reduced-basis coefficients (as a function
of the parameter), and (#7) an effective a posteriori error bounds to quantify the newly
introduced error terms. Numerical examples were presented along with the theoretical
developments to test and confirm the theoretical results and illustrate various aspects of
the method.

In addition, we extended the technique to treat nonlinear elliptic problems in which

g consists of general nonaffine nonlinear functions of the parameter u, spatial coordinate
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x, and field variable u. By applying the empirical interpolation method to construct
a collateral reduced-basis expansion for a general non-affine nonlinear function and in-
corporating it into the reduced-basis approximation and a posteriori error estimation
procedure, we recovered online N independence even in the presence of highly nonlinear
terms. Our theoretical claim was numerically confirmed by a particular problem in which
the nonlinear term is an exponent function of the field variable.

Based on the reduced-basis approximation and a posteriori error estimation methods
developed (in this thesis) for coercive and noncoercive linear elliptic equations, nonaffine
elliptic equations, as well as nonlinear elliptic equations, we proposed a robust parameter
estimation method for very fast solution region of inverse problems characterized by
partial differential equations even in the presence of significant uncertainty. The essential
innovations are threefold. The first innovation is the application of the reduce-basis
techniques to the forward problem for obtaining reduced-basis approximation sy (u) and
associated rigorous error bound A% (u) of the PDE-induced output s(u). The second
innovation is the incorporation of our (very fast) lower bounds and upper bounds for the
true output s(u) — sn(p) — A% (1) and sy () + A% (@), respectively — into the inverse
problem formulation. The third innovation is the identification of all (or almost all, in
the probabilistic sense) inverse solutions consistent with the available experimental data.
[ll-posedness is captured in a bounded “possibility region” that furthermore shrinks as
the experimental error is decreased. The configuration possibility region may then serve
in subsequent robust optimization and adaptive design studies.

Finally, we applied our robust parameter estimation method to two major areas in
inverse problems: nondestructive evaluation in which crack and damage of flawed ma-
terials are identified and inverse scattering problems in which unknown buried objects
(“mines”) are recovered. These inverse problems though characterized by simple physical
model and geometry present a promising prospect: not only numerical results can be
obtained merely in seconds on a serial computer with at least O(100) savings in compu-
tational time; but also numerical and (some) model uncertainties can be accommodated
rigorously and robustly. These examples also show strong advantages of our approach
over other computational approaches for inverse problems. First, as regards the com-

putational expense and numerical fidelity, our approach is more efficient and reliable:
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real-time and certified evaluation of functional outputs associated with the PDEs of con-
tinuum mechanics as opposed to time-consuming calculation by use of classical numerical
methods. Second, as regards the model uncertainty and ill-posedness, our approach is
more robust and able to exhibit/characterize ill-posed structure of the inverse problems:
efficient construction of the solution region containing (all) inverse solutions consistent
with the available experimental data without a priori regularization hypotheses as op-

posed to only one regularized inverse solution with a priori assumptions.

11.2 Suggestions for future work

There are still many aspects of this work which must still be investigated and improved.
We indicate here several suggestions for future work in the hope that ongoing algorithmic
and theoretical progresses to improve the efficiency and broaden the reach of the work in
this thesis will continue.

First suggestion related to parametric complexity: How many parameters P can we
consider — for P how large are our techniques still viable? It is undeniably the case that
ultimately we should anticipate exponential scaling (of both N and certainly J) as P
increases, with a concomitant unacceptable increase certainly in offline but also perhaps
in online computational effort. Fortunately, for smaller P, the growth in N is rather
modest, as (good) sampling procedures will automatically identify the more interesting
regions of parameter space. Unfortunately, the growth in J — the number of polytopes
required to cover the parameter domain of the differential operator — is more problematic:
the number of eigenproblem solves is proportional to J and the discrete eigenproblems
(4.50) and (4.52) can be very expensive to solve due to the generalized nature of the
singular value and the presence of a continuous component to the spectrum. It is thus
necessary to have more efficient construction and verification procedures for our inf-sup
lower bound samples: fewer polytope coverings, inexpensive construction of the polytopes
(lower cost per polytope), and more efficient eigenvalue techniques.

Second suggestion related to our empirical interpolation method and reduced-basis
treatment of nonaffine elliptic problems: the regularity requirements and the L*(2)

norm used in the theoretical analysis are perhaps too strong and thus limit the scope
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of the method; the theoretical worst-case Lebesgue constant O(2M) is very pessimistic
relative to the numerically observed O(10) Lebesgue constant; and the error estimators
— though quite sharp and efficient (only one additional evaluation) — are completely
rigorous upper bounds only in very restricted situations. In [52], by simply replacing
the L*®-norm by the L*norm in the coefficient-function procedure, we can avoid solving
the costly linear program and still obtain (equally) good approximation. But rigorous
theoretical framework for the weaker regularity and norm remains an open issue for
further investigation.

Third suggestion related to the reduced-basis treatment of nonlinear elliptic problems:
the greedy sample construction demanding solutions of the nonlinear PDEs over the sam-
ple =9 is very expensive; the assumption of monotonicity is essential for the stability of
the reduced-basis approximation and critical to the current development of a posteriori
error estimation, but also restricts the application of our approach to a broader class of
PDEs. It is important to note that reduced-basis treatment of weakly nonlinear non-
monotonic equations has been considered [141, |. Tt can thus be hopeful that with
combination of the theory in [110] and ideas presented in the thesis, it is possible to
treat certain highly nonlinear nonmonotonic equations.

Fourth suggestion related to our inverse computational method, as the method is new
many improvements are possible and indeed necessary: exploration of the search space
using probabilistic and enumeration techniques is not effective in high-dimensional pa-
rameter space, hence advanced optimization procedures like interior point methods must
be considered; construction of the ellipsoid containing the possibility region with linear
program is still a heuristic approach, hence rigorous but equally efficient construction is
required; the method can only characterize the solution region within the selected low-
dimensional parametrization, hence more general null hypotheses are needed to detect
model deviation; sensor deployment and sensitivity analysis to facilitate better design and
optimized control of the system should be also considered. Furthermore, the proposed
“Analyze-Assess-Act” approach is merely a proof of concepts: the Analyze stage is still
heuristic not algorithmic yet; the Act stage requires to solve some optimization problems
over an ellipsoidal feasible region, hence optimization procedures exploiting this feature

should be developed to reduce computational time.
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Final suggestion related to application of this work to engineering design, optimiza-
tion, and analysis: to be of any practical value, our methods must be applied to solve
real-life problems, for example, in (1) nondestructive evaluation of materials and struc-
tures relevant to the structural health monitoring of aeronautical and mechanical systems
(e.g., aging aircraft, oil pipelines, and nuclear power plant), and in (2) inverse scattering
and tomography relevant to medical imaging (e.g., of tumor), unexploded ordnance de-
tection (e.g., of mines), underwater surveillance (e.g., of submarines), and tomographic
scans (e.g., of biological tissues). These practical large-scale applications bring many
new opportunities and exciting challenges. On one hand, the savings will be even much
greater for problems with more complex geometry and physical modeling. On the other
hand, these problems often require very high dimension of the “truth” approximation
space associated with the underlying PDE and large number of parameters. This leads
to many numerical difficulties: exploring high-dimensional parameter space by greedy
strategies and enumeration techniques might be impossible; although the online cost is
low, the offline cost is prohibitively high; and the inverse computational method is not
yet satisfactorily effective as mentioned earlier. The treatment of these challenging prob-
lems will certainly require both theoretical and algorithmic progress on our methods as
described above. To understand the implications more clearly, we consider a particular

application (our last example).

11.3 Three-Dimensional Inverse Scattering Problem

We apply our methods to the three-dimensional inverse problems described thoroughly
in Appendix D. Recall that the problem has the parameter input of 11 components
(a,b,c,a, 3,7, k;,cz, CZS> and the piecewise-linear finite element approximation space of
dimension N/ = 10,839. However, for purpose of indicating specific directions in fu-
ture work, we shall not undertake the full-scale model, but consider a simpler model
in which b = ¢, § = v = 0, and the incident direction and output in the plane, and
fixed wave number k = w/4. Our parameter is thus u = (pay,...,1s) € D C R,
where p1y = a, fi2) = b, ji3y = @, fiq) such that d = (cos f4(a), Sin fieay, 0), pu(5) such that
ds = (cos fu(5), sin fu(s5), 0), and D x [0.5,1.5] x [0.5,1.5] x [0, 7] x [0, 7] x [0, 7].
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We first note that since our first-order Robin condition is rather crude, the domain
is truncated at a large distance as shown in Figure 11-1 (and A is thus also large) to
ensure accuracy of the finite element solutions and outputs. Future research must consider

second-order radiation conditions [5] to reduce substantially the size of domain and the

dimension of the finite element approximation space.

==
iavavavi -
QN ST AIAN
AL e NG
T\ A e IR
T 2N
SR e
ST
AN AN A
8 l%}awﬂﬂﬂﬂﬂ‘ .

Figure 11-1: Finite element mesh on the (truncated) reference domain €.

We next pursue the empirical interpolation procedure described in Section 6.2 to
construct Sy, Wi, Tip, 1 < M9 < M9, for Mg, = 39, and St,., Wi, Tt

1< M < M for M?

s max = 39. We next consider the piecewise-constant construction

for the inf-sup lower bounds: we can cover the parameter space of the bilinear form
with J = 36 polytopes for €5 = 0.5;" here the P#, 1 < j < J, are quadrilaterals such
that (V¥ = 4,1 < j < J. Armed with the inf-sup lower bounds, we can pursue the
adaptive sampling strategy to arrive at Ny, = N9 = 80 on a grid =7 of np = 8* =
4096. Would we use the full-scale model and sample along each dimension with eight
intervals, then np = 8 = 134,217,728, since both the primal and dual problems have

parameter space of 9 dimensions. In this case, our adaptive sampling procedure would

take 1242 days to reach to Ny.x = 80 for an average online evaluation time of 0.01

!Note that the bilinear form depends only on p(1y and p(g); hence its parameter space is two-

dimensional.
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seconds. Furthermore, our inf-sup lower bound construction would suffer as well due to
high-dimensional parameter space, very high dimension of the truth approximation space,
and expensive generalized eigenproblems (4.50) and (4.52). In any event, treatment of
many tens of truly independent parameters by the global methods described in this thesis
is not practicable; in such cases, more local approaches must be pursued.”

AS

N,max,rel’ and

We now tabulate in Table 11.1 Ax maxrel, TN ave, A%

u du
Ndu max,rel’ nNdu,ave )

N ave @s & function of NV for M9 = M h — 38. Here A N max.rel 15 the maximum over ey of

An(p)/l[u(i)llx, nnave is the average over Erest of An()/[lu(p) — un(1)llx, AV oy ra

is the maximum over Zqeq Of A}i\}hu () /() |l x, n}i\,‘gu,ave is the average over Sreg Of
AR (1)/ 19 (1) = Yyan (1) x, AN et 15 the maximum over Sres of Ax(n)/]s(n) —
sy ()], and 03 .. is the average over Zeg of A3 (1) /[5(1) — sn(p)], where Srese C (D)**
is a random parameter grid of size 223. We observe that the reduced-basis approximations
converge quite fast, but still slower than those in the two-dimensional inverse scattering
problem as shown in Section 6.6.6, although the two problems have the same parametric
dimension. However, we do realize online factors of improvement of O(1000): for an
accuracy close to 0.1 percent (N = 60), the total Online computational time on a Pentium
1.6GHz processor to compute sy (u) and A% (u) is less than 1/1517 times the Total Time
to directly calculate the truth output s(u).

N A1\7,max,lf61 1IN ave A(]i\/ydu max,rel 77?\/111‘1,3\,6 A?\f,maux,rcl n]SV,ave
10| 1.86E-00 | 12.72 | 1.42E-00 | 10.87 |1.44E-00 | 16.76
201 9.66 E-01]12.80 | 6.13E-01 | 11.21 | 3.18E-01 | 18.38
30| 3.68E-01]13.34 | 3.42E-01 | 12.33 | 7.33E-02 | 20.69
40 || 1.83E-01 | 13.97 | 1.78E-01 | 12.78 |2.07E-02 | 17.41
50 | 1.23E-01 | 15.15 | 1.10E-01 | 13.91 | 7.40E-03 | 16.68
60 || 5.68E-02 | 17.41 | 4.75E-02 | 16.82 | 2.04E-03 | 22.90
70 | 3.70E-02 | 19.19 | 3.07E-02 | 17.71 |6.79E-04 | 21.19

80 | 1.81E-02 | 19.71 | 1.38E-02 | 19.27 | 1.77TE-04 | 27.44

Table 11.1: Relative error bounds and effectivities as a function of N for M9 = M" = 38.

Finally, we find a region R € D% in which the true but unknown parameter,

(a*,b*, o*), must reside from the far-field data superposed with the error €q,. To obtain

2We do note that at least some problems with ostensibly many parameters in fact involve highly
coupled or correlated parameters: certain classes of shape optimization certainly fall into this category.
In these situations, global progress can be made.
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the experimental data, we use three different directions j4y = {0,7/4,7/2} for the
incident wave. For each direction of the incident wave, there are I angles, sy = {7 (i —
1)/1,1 <i <1}, at which the far-field data are obtained. We display in Figure 11-2 the
ellipsoids containing the possibility regions — for experimental error of 5%, 2%, and 1%
and number of measurements of 3 (I = 1), 6 (I = 2), and 9 (I = 3); here the ellipsoids
are constructed from the corresponding sets of 450 region boundary points obtained by
using our inverse algorithm described in Section 8.4.2. We also present in Table 11.2 the
half lengths of R — more precicely, the half lengths of the box containing R — relative

to the exact (synthetic) value a* = 1.1,b* = 0.9, a* = 7 /4.

€xp | K=3|K=6|K=9

5.0% | 2.72% | 1.99% | 1.54%
0.5Aa/a* | 2.0% | 0.78% | 0.81% | 0.62%
1.0% | 0.40% | 0.41% | 0.31%

5.0% | 10.15% | 2.35% | 1.71%
0.5Ab/b* | 2.0% | 2.75% | 0.95% | 0.69%
1.0% | 1.39% | 0.47% | 0.35%

5.0% | 35.92% | 6.11% | 6.78%
0.5Aa/a* | 2.0% | 10.48% | 2.45% | 2.72%
1.0% | 5.25% | 1.25% | 1.35%

Table 11.2: The half lengths of the box containing R relative to a*, b*, a* as a function
of experimental error €q, and number of measurements K.

We see that as eqp decreases and K increases, R shrinks toward (a*,0*,a*). The
results are indeed largely indistinguishable from the finite element method, since the rel-
ative output bound for N = 60 is considerably less than 1.0%. More importantly, these
ellipsoids not only quantify robustly uncertainty in both the numerical approximation
and expermental error, but also are obtained online within 342 seconds on a Pentium
1.6 GHz thanks to a “per forward evaluation time” of only 0.0448 seconds. However, if
we consider the full-scale model, the construction of an ellipsoidal possibility region for
(a*,b*, c*, a*, B*,7*) by our inverse computational method can be much more computa-
tionally extensive, but still viable. Of course, treatment of many more parameters by our
simple enumeration techniques is not practicable; in such cases, more rigorous inverse

techniques and efficient optimization procedures must be required.

252



089 a

08" 1.08 088 1002 1,096

(a) €exp = 5.0% (b) €exp = 2.0% (€) €exp = 1.0%
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Figure 11-2: Ellipsoids containing possibility regions obtained with N = 60 for a* = 1.1,
b* =09, o = 7/4 for: K =3 in (a), (b), (¢); K =6 1in (d), (e), (f); and K = 9 in
(g), (h), (i). Note the change in scale in the axes: R shrinks as the experimental error
decreases and the number of measurements increases.
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Appendix A

Asymptotic Behavior of the
Scattered Field

We consider the Helmholtz equation with the Sommerfeld radiation condition

Ai+ k=0  inR"\D, (A.1a)
lim 7172 (% — ika) =0, 7=|%|. (A.1b)

We shall prove that solution @ to the problem (A.1) has the asymptotic behavior of an

outgoing spherical wave

o ek 1 i
u(r) = WUW(D,CZ ,d, k) +0O (m) , |z — o0, (A.2)

T

uniformly in all directions d® = #/|#| where the function @i defined on the unit sphere

S C R™ is known as the far-field pattern of the scattered wave @ and is given by

L - He RdE Qu(E) g
oo (D, d°,d, k) = B, | (@ - —ikd® A3
il Do b) =, [ )T~ T e (A3
with
~ l le_iﬂ/4 n:2
B, =4tV (A.4)
ﬁ n=3.

Recall that 7 is the unit normal to the boundary D and directed into the exterior of D.
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We now introduce some relevant mathematics needed for our proof. First, we need
Green’s integral theorems: Let € be a bounded domain of class C*! and let 7 denote the
unit normal vector to the boundary 9 directed into the exterior of Q; then for & € C'(Q)

and 9 € C%(Q), we have Green’s first theorem

/ ano+vavo— | a2l (A.5)
o o0 OV
and for @, 9 € C%(Q) we have Green’s second theorem
/ AT — BAT = / 720 _ 0 (A.6)
) oq OV ov

Second, we need the fundamental solution' to the Helmholtz equation (A.1a) defined by

LHO (kz—g)  n=2

- o~ 4770

o9 =" (A7)
ar [E—g

where H(()l) is the Hankel function of first kind of zero order. We note that ®(Z,y) has

the following asymptotic behavior

00y o (1 :
— ik®(z,9) = O (m) , ]z — 0. (A.8)

This can be derived from

ik|z—g| ik|Z| o 1
=T le Mo (A.9)
z—ygl 2] |Z]

o  eklE—il ikl ae—ik(is.g ( 1 )
N | ~ -] — = = +O - A.10
=5 { oo O\ (A10)

!The fundamental solution is in fact the Green function for the Helmholtz equation and plays an
important role in theoretical analysis and numerical computation of solutions to the direct scattering
problem (A.1).
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2 O 2 ., ekl s 1
H(l) Ll — ) = i(k|Z—g|—-m/4) _ —in/4 —ikd®-g O
o KIE =3 =\ =51 k" RGN

0 1)1~ ~ 2 ekl [ ge—ikd®y ( 1 )
—_HV(K|7 —g|) =/ =& — +0 (= A12
R A D RN A1

as |Z| — oo, since

E—gl = V228 g+ =7 -d-F.
We can readily prove the important result (A.2) and (A.3) as follows

Proof. We follow the proof given in [33] (Theorems 2.1, 2.4 and 2.5). Let Si denote the

sphere of radius 7 and center at the origin, we note from the radiation condition (A.1b)

Lla-l -4

where 7 is the unit outward normal to S;. We next take 7 large enough such that

that

0
0%

ou

ov

— ikt

2 =
+ KA + 2k (u%)} —0, 7—o00, (A.13)
v

D is contained in S; and apply the Green’s theorem (A.5) in the domain Q: = {§ €
R"\l:? | |g] < 7} to get

ou ou ou
— = U— + amu/ an:/ &—N—k?/ a2+/ Val?. (A.14
/s ov /a[) ov /Q m' | op OV m' | Q,;‘ (419

We then insert the imaginary part of the last equation into (A.13) to obtain

2 =
lim { + k2|ﬂ\2} = —2kS (/ ua—“) : (A.15)
=00 Jg, op OV

Since both terms on the left hand side of are nonnegative and their sum tends to a finite

ou

ov

limit, they must be individually bounded as 7 — oo, i.e., we have

/ @ = 0(1), 7 o0 (A.16)
S
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It thus follows from (A.8), (A.16) and Cauchy-Schwarz inequality that

/;ﬂ@)(a®(3@-—%®@%@)—+0, F— 00 . (A.17)

I (y)

Furthermore, from the radiation condition (A.1b) for u and ®(Z,7) = O(1/7"~1/2) for
j € S, we have
9
/ o(7,7) (-ﬂ‘(g) - ik@(g)) 0, 7o oo, (A.18)
3. ov

Subtracting (A.17) from (A.18) yields

/5; (ﬂ@@?é;ﬂ)g) - %@)@(SMO —0, 7—o0. (A.19)

We now circumscribe an arbitrary point # € € with an infinitesimal sphere S(, ) =
{§ € R"||# — | = p} and direct the normal # into the interior of S(z,p). We apply the
Green’s theorem (A.6) to the function @ and ®(#; -) in the domain Q; = {§ € Q;||7—7| >
p} to obtain

| (w0 % - S + [ . (S - a5

_ /{}{(I)(i,gj)Aﬂ — UAP(Z,7)}

= /@{Aﬁ + K} ®(7,9)

p

=0. (A.20)

Since on S(, p) we have

. eikp 00(x,y 1 . ekp
@(I‘,y) = T~ ég y) = <E — 1k> V(y) R

it then follows from the mean value theorem that

| OB 0n N
i [ (500G 500000 ) = it0). (A1)
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We thus conclude from (A.19)-(A.21) by passing to the limit 7 — oo and p — 0 that

[ (0@ D N
i) = [ (00 el - Ge@e@)). =E\D. (A2

Finally, inserting the asymptotic representation of ®(Z, ) and 8;5(?)7) from (A.9)-(A.12)

into (A.22) yields the desired result (A.2) and (A.3). O
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Appendix B

Lanczos Algorithm for Generalized

Hermitian Eigenvalue Problems

We consider a generalized Hermitian eigenvalue problem (GHEP)
Az = \Bx (B.1)

where A € RVN and B € RV*V are Hermitian matrices, i.e., A = A and BY = B.
Since we are interested in the minimum eigenmode (Apin, Tmin) and the maximum
eigenmode (Apax, Tmax) Of the eigenproblem (B.1), Lanczos method is most suitable for
this task. Because these extreme eigenvalues are often (not always) isolated from the rest
in the spectrum, Lanczos method can give rapid convergence rate for these eigenvalues.
However, the convergence rate can be slow in some cases due to the generalized nature
of the eigenvalues and the presence of a continuous component (if any) to the spectrum.
We give in Figure B-1 the Lanczos algorithm and a short description as follows.
Step 4. is the computation of the mutual orthogonalized bases V, = {vy,...,v,} and
W, = {wy,...,we}, WHV, = I. Steps 5., to 9., are the computation of the residual
vector r. In step 12. we update the tridiagonal matrix H, from H, ;. In steps 13. and
14. we compute the approximate eigenvalues A, and approximate eigenvectors X,. In
step 15. we check for convergence. We see that the Lanczos iteration works by replacing
the eigenproblem (B.1) with a much simpler eigenproblem (associated with Hy) that

approximates well (certain part of) the spectrum.
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2O 0 N ote Wi =

12.

13.
14.
15.
16.

Start with normalized random vector ¢

Set wg = 0, r = Bq, fo = /|¢"r|
for / =1,2,...,until convergence
wy =71/B—1, ve = q/ B
r = Avg, ap = vilr
=71 = [Brwe1 — Quwy

fori=1,...¢
_ 'U,LHT'
r=r7r— wiHini
end for

Solve system Bq = r for q
B = /Ta™]
ar
1 az Do
H, =
e B
Be1
Compute approximate eigenvalues A, from H, = S,A,SH
Compute approximate eigenvectors X, = V; S
Test for convergence
end for

Figure B-1: Lanczos Algorithm for GHEP.
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Appendix C

Inf-Sup Lower Bound Formulation

for Complex Noncoercive Problems

C.1 Inf-Sup Parameter

We consider the lower bound construction for the inf-sup parameter

, |a(w,v; p)|
= inf sup —— . ¢l
Blw) = Ik sup o ol o

Here a : X x X x D — C is a parametrized complex noncoercive bilinear form; D € R”
is the parameter domain; and X is a complex function space over the complex field C.
We assume that for some finite integer 3, @ may be expressed as an affine decomposition

of the form

Q
a(w,v; p) = Z@q(,u)aq(w,v), Vwve X, VueD, (C.2)
qg=1

where for 1 < ¢ < @, ©9 : D — R are differentiable complex parameter-dependent
functions and a? : X x X — R are parameter-independent continuous forms.

Next we introduce the supremizing operator T : X — X, for any given p € D and
any w in X

(Tr'w,v) = a(w,v;p), VveX; (C.3)
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it is readily shown by Riesz representation that

T = arg sup L0V )
ex ]l

, YveX. (C4)

It follows from (C.1) and (C.4) that our inf-sup parameter F(u) is expressed as

B(p) = inf [Tl = inf bv, vs ) (C.5)

vex ||v]| vEX 1

where the bilinear form b(-, -; ) is given by

b(w,v; p) = (THw, T"v), YVw,ve X . (C.6)

It is a simple matter to show that b(-,-; ) is symmetric positive-definite: b(w,v;u) =

(THw, THv) = (Trv, Trw) = b(v,w; p), Y w,v € X and b(v,v; u) = (T*v, T*v) > 0,V v €

X,v # 0, from the symmetric positive-definiteness of (-,-) and T"v # 0,V v # 0. Fur-

thermore, it follows from (C.2) and (C.3) that, for any w € X, T"w can be expressed as
Q
Thw = 0%u) Tw , (C.7)
q=1
where, for any w € X, T9w, 1 < q¢ < @, are given by
(Tw,v)x = al(w,v), VvelX. (C.8)

Note that the operators T7: X — X are independent of the parameter pu.
We now introduce the eigenproblem: Given p € D, find the minimum eigenmode

Xmin (1) € X, Amin(12) € R such that

b(Xmin (1), V5 1) = Amin (1) (Xmin (1), v), Vv € X, (C.9)

[Xmin ()] =1, (C.10)
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which can be rewritten as

a(Xomin (), T3 1) = Awnin (1) (Xmin (1), 0), Vv € X, (C.11)
It thus follows from (C.5) and (C.9) that S(u) = \/Amin(1). Since furthermore b(-, -; 1)

is symmetric positive-definite, 5(u) is real and positive.

C.2 Inf-Sup Lower Bound Formulation

We consider the construction of 3(x), a lower bound for 8(u). To begin, given 7 € D

and t = (tay,....tp)) € R, we introduce the bilinear form
P
T(w,v;t;1) = (TFw, TMv)x + Z tp) X
p=1
Q a@q -
fa’(w, T )+ (m)ad(v, TFw) p (C.13)
= )

and associated Rayleigh quotient

’Z' 77
F(t;p) = minM : (C.14)

veX  oll%

It is readily shown that F(t; &) is concave in t; and hence D* = {p € R | F(p — ;1) > 0}

is perforce convex. Note also that ¢(-,-;¢; 1) is symmetric since b(+, -; p) is symmetric and

Zq L gfq ()a?(w, TFv) is a complex conjugate transpose of Zq L gf()) ()a? (v, TFw);
hence, F(u — 7i; ) is real and positive for all p € DF. (In general F(u — f1; ) is real,
but negative for u ¢ DF; the restriction of F(u — ;1) on DF is thus necessary for our
inf-sup lower bound construction.)

We next assume that a? are continuous in the sense that there exist positive finite

constants I'y, 1 < ¢ < @, such that

|a?(w,v)| < Ty lwl, |v|,, Vw,veX. (C.15)
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Here |-| : H'(Q) — R* are seminorms that satisfy

& 2
>l
g=1
C(X = Sup 2
wex [Jw][%

(C.16)

for some positive parameter-independent constant C'x. We then define, for p € D, w € D,

P

0%() — O (1) — > (1) — )

p=1

001

(I)(lu,ﬁ) = CX max (Fq %
p

qe{17"'7Q}

(ﬁ)') . (can)

In short, 7 (w,w;p — m;1)/||w||% and F(u — 71;7) represent the first-order terms in
parameter expansions about i of o2 (w; 1) and 3%(11), respectively; and ®(yu, 1) is a second-
order remainder term that bounds the effect of deviation (of the operator coefficients)
from linear parameter dependence.

We now require a parameter sample V; = {fi; € D, ..., i, € D} and associated sets

of polytopes, Py = {PF € DF1 ... PFs € DFs} that satisfy a “Coverage Condition,”

J
DclPh, (C.18)
j=1
and a “Positivity Condition,”
min [ F (v — fij; fij) — max O(y; fis) > €pB(f;), 1< <J . (C.19)
veVti pePH

Here VFi is the set of vertices associated with the polytope PHi; and eg €]0,1] is a

prescribed accuracy constant. Our lower bound is then given by

BPC(;L) = max esB(H;)- (C.20)

je{l,.., T} peP*i

which is a piecewise—constant approximation for G(ux). We finally introduce an index

mapping Z : D — {1,...,J} such that for any p € D,

) (C.21)

Ty = arg ma
o= ae 0y
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for piecewise-constant lower bound. We can readily demonstrate that

C.3 Bound Proof

Proposition 16. For any V; and Py such that the Coverage Condition (C.18) and Pos-
itivity Condition (C.19) are satisfied, we have esf3(fi,) = Bro(p) < B(u) , ¥ p € DFau.

Proof. We first note from (C.1), (C.2), (C.3), (C.13), (C.15), (C.16), (C.17) and Cauchy-
Schwarz inequality that

o la(w, TFw; p)|
N & R AT
_ oy [0 TR ) + a(w, TPw; p) — a(w, THw; )|
" wllx [T x
_ it 1T w3 + 30y S (tp) — i) gy ()a (w, TMw)
v |wl| x| TPw] x

T (€)= ©(1) = S5 (i) — ) 2 ) (w0, TP0)

[l [ T7wl] x

B . S )
- )||T“w||§< + 2 Lt (k) — i) g (B)a (w, T“w)’
1n

> —
= wex Tl [Tl
— P _ 004 (1 _
52, (67() — ©9(1) — S0 () — i) 2o aw, Tw)|
— Su
wex Tl Trallx
2
P _ q s -
el + S S ) ) 2 (Rat(w, TR
=\ CRBTE
X X
P _ o B
90°(1) | ol TP,
—  max T, e — 09n) — _ q
a&tl Q}< | & p;(lu P Oi(p) wex |lw|x||TFw]|| x
1
> (T (w,w;p— 7w/ JwlX]? = ®(u,7)

where the last inequality derives from the following inequality
|A+ B> > (A+R(B))* > (A> + 2AR(B))* = A* + A(B + B)
for A = |TFw||% real and B = 25:1 ZqQ:l(u(p) — fip)) 22~ () a?(w, TFw) complex.

Opi(p)
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It thus follows that

Bp) = VF(p—mn) —2(p0) - (C.22)

The desired result finally follows from the construction of V; and P;, the definition of

Bpc(p) and fpr(p), and the concavity of F(u — fi; i) in . O

Of course, if —®(u, 7r) is a concave function of p, we can develop a (better) piecewise-

linear lower bound Bpr, ().

C.4 Discrete Eigenvalue Problems

We give a short discussion of the numerical calculation of the inf-sup parameter 3(u) and
the Rayleigh quotient F(u— 1; iz). To begin, we denote by A(u), A?, C the finite element
matrices associated with a(-,-; ), a?(+,-), (-,-)x, respectively. We introduce the discrete

eigenproblem: Given pu € D, find the minimum eigenmode (x . (1), Amin(f)) such that

(Aw)"C Aw)x,..

(X (1) Cx

Zmin

(1) = Auin()Cx . (1) (C.23)
(W) = 1. (C.24)

The discrete value of G(u) is then \/Amin(p). Note the notion of the “H” Hermitian
transpose in the complex case, the Hermitian transpose of a complex quantity (such as
a complex number, complex vector, or complex matrix) is in fact the complex conjugate
transpose of itself.

The computation of F involving a more complex eigenvalue problem is rather com-
plicated and more expensive. In particular, we first write the matrix form 7 (u — fi; 1) of

the bilinear form 7 (-, ; u — ;@) in (C.13) as
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Next we introduce the second discrete eigenproblem: Given a pair (u € D, i € D), find
Wonin (it — 113 1) € RY, proin (10 — i3 1) € R such that

N

(Woin(pp = i) C Wi — 31) = 1. (C.26)

Note that the matrix 7 (u — ;1) is symmetric (more precisely, conjugate symmetric)
and that Fuin(p — [1; 1) is essentially the square root of the minimum eigenvalue, i.e., we
have Fruin(ft — [i; 1) = /pumin(it — fi; 1), ¥ i1 € D", The eigenproblem (C.25)-(C.26) can
be solved by using the Lanczos procedure without calculating C ™' explicitly. During the
Lanczos procedure we often compute w(u) = T'(u; fi)v for some v and do this as follows:

first solve the linear algebraic systems

and

for go and y?,1 < ¢ < @, respectively, and then simply set
P Q

q(— Q AxT/—
wl) = (A" = =i |3 Ty + 3 T (agayy
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Appendix D

Three-Dimensional Inverse

Scattering Example

D.1 Problem Description

In this example we seek to identify a three-dimensional ellipsoid D of three unknown
semiaxes (a, b, c) and three unknown orientations (m,n, p) (which together describe the
size and shape of the ellipsoid) from the experimental data given in the form of intervals.
The experimental data is the far field pattern @, measured at several angles d* with
experimental error e, for one or several incident directions d and wave numbers k.

Hence, the input p consists of (a,b,c,m,n, p,k, d, JS); and the output is e ().

D.2 Domain truncation and Mapping

The truncated domain €2 is bounded by the ellipsoid and an artificial boundary I'. Here T
is an oblique box of size 16a x 16b x 16¢ which has the same orientation as the ellipsoid and
is scaled with the three semiaxes as shown in Figure D-1(a). Hence, the mean curvature
7:((-; ) is zero for the chosen boundary T except for the corner points and can thus be
ignored in our formulation of the direct scattering problem. Furthermore, we define a
reference domain () corresponding to the geometry bounded by the unit sphere and a
perpendicular box of size 16 x 16 x 16 as shown in Figure D-1(b).

We now map Q(a, b, ¢, m,n,p) —  via a continuous piecewise-affine transformation.

268



Te
2
< I

() (b)

Figure D-1: Three-dimensional scattering problem: (a) original (parameter-dependent)
domain and (b) reference domain.

This can be done in two steps. In the first step, we map the three orientations (m,n, p)
to the three Cartesian unit vectors (i, i,,1.) by: first rotating (m, n, p) about the z-axis
an angle —a and about the y-axis an angle 5 so that m coincides with i, and n is in the
yz plan; and then rotating the resulting orientations (m, n, p) about z-axis an angle —v

so that n coincides with i,. The rotation transformation is thus given by

R(p) = Ro(—7)Ry(B)R.(—a) (D.1)
where
1 0 0 cosp 0 sing
R.¢p)=1|0 cos¢ —sing |, Ry(d)=1| 0 10 |, (D.2)
0 sing cos ¢ —sing 0 cos¢

cosgp —sing 0
R.(¢) = | sing cos¢p 0 |- (D.3)
0 0 1
In essence, we have transformed the original domain with the orientated ellipsoid to

another domain with a perpendicular ellipsoid. In the second step, we map the resulting
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domain with the perpendicular ellipsoid to the reference domain with the unit sphere by

the stretching transformation

e}

(D.4)

oS O

S(p) =

(a] S =
O oI
—

Ql

It finally follows from (D.1)-(D.4) that the geometric transformation that map Q to € is

given by
cos acos 3 sin a cos B sin 8
a a a
G =9 R — — sin a cos y—cos a:sin Bsin vy cos o cos y—sin asin Bsin vy cos (3siny ) D.5
(1) = S(WR(K) : ; j (D.5)
sin o sin y—cos asin 3 cos y — cos asin y—sin a sin 3 cos ¥y cos 3 cosy
c c c

We see that the orientations of the ellipsoid can be described more conveniently by
three angles («, 3,7) than by three vectors (m,n,p). From now on, we shall thus use

(a,b,c, o, 3,7, k,d,d*) for the input.

D.3 Forms in Reference Domain

To begin, we note that the geometric transformation  — € is affine, the problem can thus
be recast precisely in the desired abstract form (10.31), in which ©, X defined in (10.21),
and (w;v)x defined in (10.22) are independent of the parameter yu; furthermore, our
affine assumption applies for @) = 7. We summarize the ©9(u),a?(w,v),1 < ¢ < @, in
Table D.3. We can then choose \vlg = a%(v,v), 1 < q < Q, since the ai(-,-) are positive
semi-definite; it thus follows that C'x = 1.0000 and that I'? = 1, 1 < g < @, by the

Cauchy-Schwarz inequality .

To derive the explicit form for g(z; u), h(z; ) and €°(z; p), we first note from (10.20)
that

Ja(z; p) = \/bQCQx% + a?c?x3 + a?bx3 (D.6)

since 0D is the unit sphere. Furthermore, it can be easily shown that the unit normal
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—ikab frl wo + fm W

—ikbc fr2 wo + fr5 W

—ikca fl“g wo + fFe wU

q| ©p) a’(w,v)

1 be dw dv
a Q Oz Oz

2 ca Ow v
b Q Oy Oz

3| a ow 95
c Q Ox3 Oxo

4 | —k%abe fQ wo

5

6

7

Table D.1: Parametric functions ©7(u) and parameter-independent bilinear forms
a?(w,v) for the three-dimensional inverse scattering problem.

vector 7 to the boundary 9D can be expressed in terms of the reference coordinate as

Pl p) = D1 (D.7)

where the three components of v(z; i) are given by

U1(z; ) = bexry cosacos S — acry (sinacosy + cosasin Fsiny)

+ abxs (sin asiny — cos asin [ cos ) (D.8)
Oa(x; ) = bexysinacos f+ acxs (cos acosy — sinasin Fsiny)

— abzx; (cos acsiny + sin arsin 3 cos ) (D.9)
Ug(w; ) = bexysin S+ acry cos fsiny + abrs cos fcosy . (D.10)

It finally follows from (10.28), (10.33), and (D.5)-(D.10) that

glzip) = ikd- Dk (@ ) (D.11)

hap) = ikd® - pe k(G ) (D.12)

Oz p) = ﬁn/ ikd - Detkd (G (W) g=ikd(G™! (w)e) , (D.13)
oD

which are functions of the coordinate x and the parameter .
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