MODULARITY SEMINAR: TANGENT SPACES OF DEFORMATION
RINGS

DANIEL HU

ABSTRACT. I'd like to thank Halloween for sponsoring today’s lecture.

These notes are based on [Gee22, Section 3] and [Zhol4] and [CHTO08, Section 2].

Notation. Let ¢ be a prime greater than 2, and L/Qy a finite extension with ring of integers
O, uniformizer A and residue field F. We define the category Cp whose objects are complete
Noetherian local O-algebras A such that A/my = F, and whose morphisms are local homo-
morphisms f: (A,my) — (B,mp) of local algebras (i.e. f(ma) C mp). Let G be a profinite
group satisfying the following axiom:

Axiom 0.1. For all finite index subgroups A C G, A/([A, A], At is finitely generated.

Finally, let n be a positive integer such that ¢ { n, and let p : G — GL,(F) be a continuous
representation.

1. THE LIFTING AND DEFORMATION FUNCTORS

Definition 1.1. Let A € Co. A lift of p to A is a continuous representation p : G — GL,(A)
such that p mod my = p. (By p mod my we mean the composition of p with the projection
GL,(A4) — GL,(F).)
Recall the lifting functor of p, which maps to sets of lifts,
%pm :Co — Set,
A — {lifts of p to A}.
Fact 1.2. The functor %’E 1s represented by some R% € Cp, called the universal lifting ring.

Equivalently, there exists a continuous representation p” : G — GLn(Rg), called the
universal lifting, with the following property: for all A € Co and p : G — GL,(A) lifting p,
there exists a unique f, : R%’ — A making the following diagram commute. (By abuse of

=
G —— GL,(RY)

P
\ 5

GLy(A)

notation, f, also denotes the induced map GLn(R%) — GL,(A).)

These are the main definitions for the lifting functor. For the deformation functor, we first
recall that if Endg(g p = F then we say that p is Schur. And if p ®p F is irreducible, then we
say that p is absolutely irreducible. Moreover, it is absolutely irreducible if and only if it is
irreducible and Schur.
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Definition 1.3. Suppose p is Schur. A deformation of p to A is an equivalence class of liftings,
where p ~ p’ if and only if o’ = apa~! for some a € ker(GL,(A) — GL,(F)) (equivalently,
some a € GL,(A)).

We can define the deformation functor of p, which maps to sets of deformations,
5 : Co — Set,
A — {lifts of p to A}/ ~.

Fact 1.4. Ifp is Schur, the functor %; is represented by some R%niv € Co, called the universal
deformation ring.

Equivalently, there exists a continuous representation p"™™V : G — GLn(R%ni") up to ~-
equivalence, called the universal deformation, with the following property: for all A € Co and
p: G — GLy(A) lifting p, there exists a unique f, : RZ™ — A such that f, 0 p"™™" ~ p.

From the definitions, there is a natural map R%‘ — R%“i". In fact, if p is absolutely
irreducible, then R% is isomorphic to a power series ring in (n? — 1) variables over R%ni".

2. TANGENT SPACES

Knowing that the rings RﬁD and R%ni", it is worthy to study their properties such as their
Krull dimension, number of generators and relations, etc. In pursuit of this the study of
tangent spaces is very useful.

To begin, the adjoint representation ad p is given by the composite

G — GL,(F) 2% Aut(M,(F)),
where the map ad is given by

g+ (& gog™).
We also use ad p to denote M, (FF) as an F[G]-module.

Proposition 2.1. The following are in natural bijection:

(1) Homg(mpo/(m%o, A), F)

P P

(2) Homco(RpD,F[e]/<62>)

(3) Z; (Fle]/(e?)) = {lifts of B to Fle]/(e*)}

4) Zl(G adp), the continuous 1-cocycles.
Proof. For (1) = (2), define a map RﬁD — Fle]/(€2) by a+ x + @+ f(z)e for all a € O,
r € mpo. (Note that R%’/mRE ~ O/A=TF. Thus O Nmyo = A, so this is well-defined.)

P P P

For (2) = (1), note that under a map R% — Fle]/(€?), the maximal ideal mpo must map
17

to the maximal ideal €F[e]/(e?), which we identify with F. Moreover, the kernel contains mig
P

and also contains A.

The bijection (2) < (3) is by definition.

For (3) = (4), we send a cocycle ¢ € Z1(G,adp) to the lifting p : G — GL,(F[e]/(€?)),
p(g) = (1 + ¢(9)e)p(g)- O

Proposition 2.2. Suppose p is absolutely irreducible. Then we have a natural bijection
between Homp(m guniv / (Mm%, A),F) and HY(G,adp).
P P

Proof. Replicate the arguments above. O
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Corollary 2.3. We have

dimp Z' (G, ad p) = dimg m o/ (m20, \) = dimp H'(G, ad ) + n” — dimg H'(G, ad p).
P

Proof. Consider the exact sequence
0— H%G,adp) — adp — ZY(G,adp) — H'(G,adp) — 0,

where the middle arrow is ¢ — (7 +— v¢ — ¢). O
In particular, if d = dimg Z'(G, ad p), then we can choose a surjection ¢ : Ofxy, ..., z4] —
RﬁD. Similarly, if 7 is absolutely irreducible, we can choose a surjection ¢’ : Ofx1,...,zqg] —

R%ni", where d’ = dimp H!(G,ad p).

Lemma 2.4. If J = ker¢ or J = ker¢/, then there is an injection Homp(J/mJ,F) —
H?(G,adp), wherem = (\,x1,...,24) or {\,x1,...,24) denotes the marimal ideal of Ofx1, ..., 24|
or Olx1,...,xq], respectively.

Proof. Let f € Homp(J/mJ,F). Consider

PG —— QL (RD) = QL. (Ofa1, ..., 4] /)

I

GLn(O[[xl, ... ,a:d]]/mJ)

For g € G, let p(g) be a lift of p~(g) to GL,(O[z1,...,z4]/mJ). Define

cr(g.h) = F(Plgh)p(h) ™ plg) ™" = 1n) € My (F).
One shows that ¢; € Z%(G,adp), i.e. it is a 2-cocycle. We claim that f — [cf] is the desired
injection.
Note that [cf] = 0 if and only if there exists a set-theoretic map p : G — GL,(O[x1,. .., zq]/mJ)
such that p mod Jy is a homomorphism where Jy = ker(J — J/mJ — F). Suppose this is
true. By the universal property of R%, we can complete the diagram

(m]
G —— GL,(O]x1,...,x4]/J)

GL,(O[z1,...,zq4]/J¢)

Suppose f # 0. Then we have an exact sequence
0—=F = O[xy,...,zq]/Jf = Olx1,...,24]/J — 0.

O

Corollary 2.5. If H?(G,adp) = 0, then R% ~ Olx1,...,z4], where d = dimp Z' (G, ad p).

In any case, the Krull dimension of R%' is at least
1 +n? — dimp H(G, ad p) + dimp H(G, ad p) — dimp H?(G,ad p).
If 7 is absolutely irreducible, then the Krull dimension of R%“iv 15 at least
1 + dimp H' (G, ad p) — dimp H*(G, ad p).
Proof. Combine Corollary 2.3 and Lemma 2.4. O
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3. DEFORMATION PROBLEMS

Definition 3.1. By a deformation problem D we mean a collection of liftings (R, p) of (F, )
(with R € Cp) satisfying the following properties.
(F,7) € D.
If f: R— S is a morphism in Cp and (R, p) € D, then (S, fop) € D.
If f: R < S is an injective morphism in Cp then (R, p) € D iff (S, fop) € D.
Suppose that R;, Re € Co and Iy, I are closed ideals of R;, Ro, respectively such that
there is an isomorphism f : Ry/I1 = Ra/I>. Suppose also that (Ry, p1), (R, p2) € D,
and that f(p; mod I1) = pg mod Is.
Then ({(a,b) € R1 & Rz | f(a mod I1) = bmod I»}, p1 & p2) € D.
o If (R,p) is a lifting of (F,p) and I; D Ia D --- is a sequence of ideals of R with
N;I; =0, and (R/I;,p mod I;) € D for all j, then (R, p) € D.
e If (R,p) € D and a € ker(GL,(R) — GL,(F)), then (R,apa™!) € D.

Note that each element a € ker(GLn(R%') — GL,(IF)) acts on R%' via the universal property
and by sending p™ to a~'pPa. (In general, this is not a group action.)

Proposition 3.2. There is a bijection
{deformation problems} < {ker(GLn(R% — GL,(IF))-invariant radical ideals of Rﬁm}.
D I(D)
D(I) I

which is defined as follows.
If D is a deformation problem, then there is a ker(GLn(R% — GL,(F))-invariant radical

ideal 1(D) of R% such that (R, p) € D if and only if the map R% — R induced by p factors
through the quotient RﬁD/I(D).
If I is a ker(GLn(R% — GL,,(IF))-invariant radical ideal of RﬁD, then

D(I) ={(R,p) | Rg — R factors through RﬁD/I}
s a deformation problem.

Definition 3.3. Let L(D) C ZY(G, adp) ~ HomF(mBg/<m??E,/\>,F) denote the annihilator
~ 4 P
of the image of I(D) in myo/(m%,5, A). Then L(D) is actually the pre-image of its image L(D)
P

in H(G,adp).

2 O
’
r5

Note that
HOHlF(‘"RE/(‘”?%E’ I(Z )7 )‘>’ F) = L(Z )
P 7

and the exact sequence from Corollary 2.3 gives us
dim L(D) = n? 4 dim L(D) — dim H*(G, ad p).

In applications, one often wishes to fix the determinants of the lifts. Given a continuous
character x : G — O such that xy mod X\ = detp, we let %5, (A) be the set of liftings to A
that have det p = x ®o A. Similarly we define a functor Z5 with

Fact 3.4. The functor ‘%%X is represented by a universal object pg G — GLn(R%X). If p is
Schur, then %5, is represented by a universal object pS G — GLn(R%gi") up to equivalence.
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Moreover, all of the statements in Section 2 carry over if we replace ad p by the subspace
ad’p = {z € adp | trace(x) = 0}. Note that since £ { n, the exact sequence

0—>ad’p—adp—>F—=0

is split.

4. GLOBAL DEFORMATION PROBLEMS

Fix a finite set .S, and for each v € S, a profinite group G, satisfying Axiom 0.1, together
with a continuous homomorphism G, — G, and a deformation problem D, for p|q, -

Also fix a continuous character y : G — O such that x mod A = det p. Assume that p is
absolutely irreducible, and fix some subset T' C S.

Definition 4.1. Fix A € Co. A T-framed deformation of p of type S = (S,{Dy }ves, x) to A
is an equivalence class of tuples (p, {ay }ver), where p : G — GL,(A) is a lift of p such that
det p = x ®0 A and plg, € D, for all v € S, and «a, € ker(GL,(A) — GL,,(F)).

The equivalence relation is defined by decreeing that for each 8 € ker(GL,,(4) — GL,(F)),
we have (p, {aw ver) ~ (BpB™1, {Baw}tver).

Fact 4.2. The functor
BT Co — Set,
A {T-framed deformations of type S = (S, {Dy}ves, X)}

is represented by a universal object (0=, {aw, }ver) up to equivalence. This means
° RE’T € Co,
° pE’T G — GLn(RE’T) is a lift of p with determinant equal to x, and
o, € ker(GLn(RE’T) — GL,(F)) for allveT.

Definition 4.3. If 7 = () then we will write RE™ for Ry .

To get a better understanding of global Galois deformations, it will be useful to study the
rings R$™Y. Namely, we want to describe how RS™Y can be presented in terms of the rings

0
Rﬁlcwx at the local places.

Remark. When we write RE’T we should interpret this as something like R%' ’ST{DU} e

5. PRESENTING GLOBAL DEFORMATION RINGS OVER LOCAL LIFTING RINGS

To reiterate, we assume that p is absolutely irreducible.
Since a; ' p=7T| g, a : G — GL,(A) is a well-defined element of D,,, we have a tautological
homomorphism R%G /1(Dy) = RE’T. Define

—

loc __ O
RS,T - ®U€TR5‘G’U 7X/I(DU)'

Here @ denotes the completed tensor product, which is the pushout in the category of com-
plete local Noetherian (O-algebras. We have a natural map R}S‘?‘E[ — RE’T. It turns out that

RE’T is finitely presented as the quotient of a power series ring over R}é"if in some number of

variables. To compute this number, we must compute

. 2
dimp mRE,T/<ngyT, M pige A).
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This quantity will give the number of generators for RE’T as an algebra over R?CT, as was

done in the case for R%' over O.

Given a group G and an F[G]-module M, let C*(G, M) be the space of functions G* — M,
and let 9 : C*(G, M) — C**1(G, M) be the usual coboundary map. Also, write H*(G, M) for
the cohomology groups of the complex C*(G, M).

We define a complex C&T’IOC(G, ad’p) by

Cg,T,loc(G7 ado p) = @ OO(G'M ad ﬁ) D @ O,

veT veS\T

C8110c(G,2d"p) = P CN(Goad"p) & ) C'(Guyad p)/L(Dy),
veT veS\T

CSTIOCGad ?) @C G.,ad’p) for all i > 2.
ves

We define another complex C§(G,ad’p) by
C3(G,ad"p) = C°(G, ad p),
Ci(G,ad’p) = C*(G,ad’p) for all i > 1.
Finally, we let
Cs7(G,ad”p) = C3(G,ad’ p) & CF 11,0 (G, ad’ p)
where the coboundary map is given by

(d)a (wv)UES) = (6¢7 (¢|Gv - ¢’U)7JES)‘

Write HjS,T,loc’ H, HjS,T for the cohomology of the complexes C;',T,IOU g, C’&T, respectively.
Then we have an exact sequence of complexes

0 = C8 7 100(G.ad? D) — C% 1(G,ad’ p) — C§(G,ad’p) — 0,

and the corresponding long exact sequence in cohomology is

0 — Hgr —— H(G,adp) @D, cr H(Gy,adp)

—— H{p —— H'(G,ad’p) —— @,cp H'(Gy,ad°p) ® B, cq\7 H'(Gy,ad’ p)/L(D,)

—— Hip —— H?(G,ad’p) D,cs H2(Gy,ad" p)

3
% oo
— Hgp

Let’s double-check why the groups Hfs,T are worth studying.
Proposition 5.1. There is a natural isomorphism
2 1
HOm]F(mRE,T/<mRD’T, mR.lSO,CT7 )\>7 ]F) ~ HS,T

Thus, if d = dimp HéT(G, ad’p), then there is a surjection ¢ : RloC Sz, .. xq] = RE’T.
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Proof. As before, we have a natural isomorphism
2 0,17 2
Hormg (m.r/ (20,1 M, . A), ) & Homeo (RS (mpe ). Flel/(e3).

Taking the quotient by m Rloc, amounts to requiring that the lifting be trivial at v € T'. Thus

this space is identified with the set of T-framed deformations to F[e]/(¢?) of type S that give
trivial liftings at each of the places in 7T
Such a deformation is given by

((1TL =+ d)e)ﬁ’ {1n + ¢UE}UET)

where we use the data of a 1-cocycle ¢ € Z'(G,ad’ p) and elements {1, } € ad 5. By decreeing
that ¢ is a deformation of type S, we are saying that ¢|q, € L(D,) for all v € S. By decreeing
that {1y }yer gives trivial liftings at the places in T', we are saying that
(1n — ave)(1n + d€)pl G, (1n + 1bve) = Pla,
for all v € T', that is,
¢la, = (adpla, — 1)ty

for all v € T
Two such pairs (¢, {1, }) and (¢, {¢}) are considered equivalent if and only if there exists
g € adp with

¢ =¢+ (1, —adp)p

and
% = wv +
forallveT.
Using this description, one identifies the space of such data with Hé‘,T' O

We wish to express each of these quantities in terms of standard cohomology groups and
local deformation rings.
Before continuing, define the "negative Euler characteristics”

X(G,ad’p) = (~1)"*" dimp H'(G, ad’ p),
>0
XS, T,loc = Z(_l)i+1 dlm]F HfS',T,locu
>0
Xo =Y _(=1)"*! dimg Hf,
>0
xsr =Y (=1)"*" dimg H5 7.

>0

We know that xs7 = X0 — Xs5,T1oc- But we want an expression in terms of standard group
cohomology. Now

xo = x(G,ad’p) + (dim HY(G, ad p) — dim H°(G, ad’ p))
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and the last term is —1 because adp = ad’ 5 @ F. And by definition
XsTaoc = 3 X(Gy,ad’ ) = Y (dim H(Gy, ad p) — dim HO(G,y,ad” )

veS veT
+ > (dim H(Gy,ad’ p) — dim L(D,)))
veS\T
= X(Gy,ad’p) —#T + > (dim H*(G,,ad’ p) — dim L(D,)))
veES veS\T

So in total,
X8, T = X0 — XS8,T,loc

= (#T - 1)+ x(G,ad"p) = > x(Gv,ad’p) — Y (dim H(Gy,ad’ p) — dim L(D,)))
veES veS\T
(5.1)

6. THE NUMBER FIELD CASE

We specialize to the case where F' is a number field, and S is a finite set of finite places

including the places lying over ¢, and we set G = Gr5, G, = GF, for v € §. We cite a few
results on Galois cohomology.

Fact 6.1 (Cohomological vanishing). We have the following.

(a) Suppose M is a finite F[Gr,]-module. Then H (G f,, M) is finite, and H'(Gg,, M) = 0
for alli > 3.

(b) Suppose v is a real place, and Gr, = {1,c} acts on a module M whose order is a
power of a prime £ # 2. Then H*(Gf,.M) =0 for all i > 0.
(c) Suppose M is a finite F|G g s]-module. Then H'(Gp,gs, M) is finite, and

HY(Gps,M) ~ @ H'(Gy, M)

v real
for alli > 3. Thus, if the prime £ # 2, then H(Gpg, M) =0 for all i > 3.
Fact 6.2 (Local/global Euler characteristic). We have the following.
(a) Suppose M is a finite F|Gg,]-module. Then
X(GF,, M) = dimg(O/
(b) Suppose M is a finite F|GF s|-module. Then
X(Gps, M) = [F : Q| dimg s — Y _ dimg H*(Gp,,ad" p).
v]oo

Let G = Gpgs or Gy, and let M be a finite F|G]-module. Let MY = Homy(M,F). Let
M(1) = M ®z, Z(eg), where ¢, : G — 7 is the l-adic cyclotomic character. Thus MY =
MY X7z, Zg(EZ)

We have the following.

Fact 6.3 (Tate local duality). Let M be a finite F|Gp,]-module. For i = 0,1,2, the cup
product gives a non-degenerate pairing

HY(Gp,, MY (1)) x H*Y(GFg,,M) — F.



TANGENT SPACES OF DEFORMATION RINGS 9

Fact 6.4 (Poitou—Tate theorem). The following nine-term sequence is exact:

0— H(Gps, M) — @ H(Gr,, M) x [[ H*(GF,, M) — H*(Gps, M (1))"
v real vES
— H'(Gpg, M) » @ H (Gr,, M) » H (Grg, M (1))
vES
— H*(Gpg, M) — @ H*(GF,, M) - H(Grg, M"(1))" = 0.
vES

We apply these facts to the Grg-module M = ad’ p possessing the cohomology long exact
sequence above.
e 7 is absolutely irreducible, so that HY(Gpg,adp) =F, so Hg »=F.
e By cohomological vanishing, only the groups Hg o H é T Hg 7, and H, f;’ o are nonzero.
e Meanwhile, by the local/global Euler characteristic formula we find that

X(Grg,ad”p) = Y " x(Gr,ad’p) = [F: Q)(n* — 1) = > dim H*(Gg,,ad’p) — Y _(n> —1)]
veS v]oo vl
= - dim H(GF,,ad" p)
v|oo

because the last term is equal to (n? — 1)[F : Q).

e Note that M = ad’p is self-dual under the trace pairing M x M — F, (z,y) —
trace(zy) (i.e. it is a perfect pairing), which means (ad® ) ~ (ad’ )" and (&d0 p)(1)
(ad®p)"(1).

e For all v € S, let H'(GF,,ad’p) x H(GF,,(ad’p)(1)) — F be the pairing of local
Tate duality (here we use that ad’p is self-dual). Consider L(D,) € H'(GF,,ad"p)
and let L(D,)* ¢ H'(GF,, (ad’p)(1)) be its annihilator under the pairing.

e The last 6 terms of the Poitou-Tate sequence read

12

H'(Gps,ad’p) = P H'(GF,,ad"p) - H' (G, (ad’ p)(1))"

veES
H*(Gps,ad"p) — € H*(Gr,,ad’p) - H*(Gps, (ad” p)(1))" — 0.
veES
If we define
H§ 1(Grs, (ad”p)(1)) = ker(H'(Grs, (ad’p)(1)) = € H'(Gr,, (ad’p)(1))/L(Dy)"1)),

veS\T

then we can dualize this expression, and edit the above second and third terms and
have an exact sequence

FU:QZ]

H'(Grs,ad’p) » P H'(Gr,,ad’p) & @ H'(Gr,,ad’p)/L(Dy) = Hs 1(Grs, (ad’ p)(1))"

veT veS\T

H*(Gr,s,ad"p) - @ H*(Gr,,ad”p) = H"(Gr.s, (ad’ p)(1))" — 0.

vES
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e The last 6 nonzero terms of our long exact cohomology sequence read
H'(Gps,2d’p) - P H' (GF,.ad’p) & ) H'(Gr,,ad’p)/L(Dy) — Hi 1
veT veS\T

— H*(Gpg,ad"p) -+ @ H*(Gr,,ad’p) — HE 7 — 0.
vES

These two exact sequences coincide at all but the third and sixth positions. Thus
H3p ~ H(Grs, (ad"p)(1))"
and
Hgp ~ H(Grs, (ad”p)(1))".
Combining with (5.1), we see that
dimg H§ 7 = #T — Y _dim H(GF,,ad’p) + »  (dim L(D,) — dim H*(GF,, ad" p))
v|oo veS\T
+ dim Hg (G, (ad’p)(1)) — dim H(Grg, (ad” p)(1)).

The expression Hi (Grs, (ad’p)(1)) was just manufactured by us, so let’s see what con-
clusion we get in the nice case where T = ().

Proposition 6.5. The Krull dimension of Rgniv 1s at least

1+ Z(dimKruH(RflG /(D) = n?) =Y dim H(G,,ad’p) — dim H(Grs, (ad’ p)(1)).

veS v]oo
Proof. Let d = dim H 8@, and let J be the kernel of the surjection R = RIOC[[xl, oz —
Rgmv. We define an injective map
, 2 0—
Hom(J/ngva, F) = Hg (G, ad" p)
as follows. Pick a lift of p3"" to GL,(R), denoted p, and define for v, € G
cr(7,0) = F(p(v0)p(8) " (p)(1) ! — 1n) € ad’ 5.
Also for v € S, pick a lift p, of p“n“’]GU and define for v € G,
djo(v) = F(P(NP(7) " = 1)
One shows that this gives a well-defined element of H 2@ and that the associated f —

[(cf,dy )] is injective.
Hence setting T' = (), we find that

dimgran RE™ > dimgea REG + dim H ) — dim HZ
:1—Zd1mH0 (Gr,,ad’p) —{—Z (dim L(D,) — dim H*(GF,,ad’ p))

v]oo veS
~ dim H(Gr,s, (ad"B)(1)).
where the 1 comes from O. However,

dim L(Dy) — dim H*(Gg,,ad’ p) = dimgeun Ry, /1(Dy) —n°.
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In addition, we can also give a lower bound for the Krull dimension of RE’T if we assume
that D, is liftable for all v € S\T.

Definition 6.6. D, is liftable if for each R € Cp, for each ideal I C R with mgzl = (0) and
for each lifting p to R/I in D,, there is a lifting of p to R. This is equivalent to R%' /I(Dy)
being a power series ring over O.

7. MAPS BETWEEN GLOBAL GALOIS DEFORMATION RINGS

Suppose that F’/F is a finite extension of number fields, and that S’ is the set of places of

F' lying over S. Assume that plg,, o 1s absolutely irreducible. Then restricting the universal

of p to G/ g gives a ring homomorphism

univ univ
— — RY
pIGF’,S’ P

deformation p"™V

Proposition 7.1. The ring R%ni" is a module-finite Rlpl‘rg" -algebra.

F’.8!

Proof. O
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