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These are my course notes for “Etale Cohomology and the Weil Conjectures” at the University of
Georgia. Each lecture will get its own ‘chapter’. These notes are live-texed and so likely contain many
mistakes. Furthermore, they reflect my understanding (or lack thereof) of the material as the lecture was
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1 Lecturel

1.1 Course info

What are the prerequisites?
e Homological algebra (abelian categories, derived functors, spectral sequences)
e sheaf theory (sheaf cohomology)
e schemes (Hartshorne II + III)

What are the goals of this course?

e Basics of étale cohomology

étale morphisms

Grothendieck topologies, étale topology
— étale cohomology

— some computations: étale cohomology of curves
(Following Milne’s “Lectures on Etale Cohomology” supplemented with Frietals—Kiehl)
e Prove the Weil conjectures, hopefully more than one way
e If time, more advanced topics. Potentially...

— Weil IT; or
— formality; or
— other topics (e.g. monodromy)
(Katz’s AWS notes, among other references)
This will be fairly fast-paced since there is a lot to cover. We still won’t have time to prove every single

theorem we will need though.

1.2 What is étale cohomology?
Let X be a variety over C.
Definition 1.1. For us, a variety is a geometrically integral, finite type, separated scheme. o

Can associate to X, the singular cohomology of its analytic space
X (€)™ ~ H (X (C)*™, 7).

What’s special about these groups?

e There are f.g. Z-modules.

2Milne has another book called “Etale Cohomology” which is also good and covers more



e H(X(C)*;C) has extra structure (mixed Hodge structure)

e cycle classes

The goal of étale cohomology is to do a similar thing for more general nice schemes. To X a “nice
scheme” we can associated H' (X, Z /¢"7Z). Taking an inverse limit over all n, you get f-adic cohomology
H' (Xe¢t, Zg). Tensoring with Qp gives Hi(Xét, Q). Can also take cohomology with “twisted coefficients.”

What kind of schemes are nice?

e X = Spec Ok with K a number field

e X a variety over an algebraically closed field

e X a variety over a non-algebraically closed field.

Remark 1.2. The last two cases behave differently, e.g. cohomology of X/k vanishes in degree above

2dim X, but this is not true for varieties over general fields. o

We will also see related invariants. Given (X, Z) (here, T a geometric point), we’ll associated 7' (X, T),

a certain profinite group. There are even more invariants (beyond the scope of this course)
e higher homotopy groups (in some cases)
e an entire homotopy type.
Note that the cohomology theory we construct will have to be weird.

Theorem 1.3 (Serre). There does not exist a cohomology theory for schemes over Fq with the following

properties:
(1) functorial
(2) Kunneth
(3) H'(E) = Q?
Slogan. There’s no cohomology theory with Q-coefficients.

Proof. Let E be a super singular elliptic curve. Then, End(E) ® Q is a non-split quaternion algebra R.
Fact. There are no algebra homomorphisms R — M2><2(Q)ﬂ

Ezercise. functoriality + Kunneth imply that the action End(FE) ~ E gives an action End(E) ~ H*(E),
i.e. a morphism End(E) — M2«2(Q), a contradiction.

Ezercise. Prove the same thing for Q,, coefficients where p | char k.

3Like, literally none at all



1.3 Weil Conjectures

Let X be a variety over F, (geom integral, f.t., separated). We associate to X its zeta function

Cx(t) = exp (Z #Xfwt”> :
n>0

Note that 0;log (x(t) is a (usual) generated function for #X (Fyn).

Slogan. The locations of zeros/poles of a meromorphic function control the growth rate of the coefficients

of the Taylor series of its log-derivative.

This is saying (x is a function whose zeros/poles control the growth rate of the number of Fyn points
of X.

Ezercise. Make this precise for rational functions (i.e. ratios of polynomials).
Conjecture 1.4 (Weil Conjectures).
(1) ¢x(t) is a rational function.

(2) (functional equation) Suppose X is smooth, proper of dimension n. Then,
nk
(x(g 1) = +¢"2 t7¢x (1),
where E is the “Fuler characteristic” (to be defined).

(3) (Riemann hypothesis) All roots/poles of Cx(t) have absolute value ¢'/* for i € 7.

(4) Suppose again that X is smooth and proper. The number of roots/poles with absolute value q 2
is equal to the ith Betti number of XFq (to be deﬁnetﬁ),

Proof. (1) Dwork proved this using p-adic methods. It also follows from finite dimensionality of étale [T think his

cohomology groups. proof is
(2) Grothendieck (will follow from Poincaré duality). given in the
(3—4) Deligne. B | last chapter
. . . ) . o of Koblitz
The first proof we give of the Weil conjectures will be close to Deligne’s original proof. —
See
1.3.1 Euler product (sub)section

for (1)

and a bit on
Note that (2)

2degx
Cx(t) = exp <Z#XSF‘1”)t"> = H exp (tdegg@_i_t 2g —|—)

n>0 z€|X]|

Notation 1.5. We use |X| to denote the set of closed points of X.

If 2 € |X| is a point of degree n (i.e. r(xz) = Fgn), then how many F,« points does it contribute?

Equivalently, how many morphisms are there SpecF,» — Specr(x) = SpecF,n (over SpecF,), i.e.

4 Already defined if X lifts to characteristic 0, since we know what the Betti numbers of a complex manifold are




how many morphisms are there Fyn — F x (over Fy). By Galois theory, the answer is 0 if £ { n and
n = # Gal(Fn /F,) if k | n. This reasoning gives the last equality above. However, why stop there?

Recognizing the Taylor series of log(1 — z), we continue

t2deg:1z
(x(t) = HeXp<tde“+ 5 +)

z€e|X|

= H exp (—log(1 — 8 7))
z€|X|

_ 1

- H 1 — tdegz
z€|X|

— H (1+tdeg7;+t2deg:c +)
z€|X|

= Z (#Galois stable subsets of X (F) of size n) t"
n>0

=3 Sy (X)(F,) -
n>0

Above, Sym” X = X"/%,,. To get the second to last equality, partition a Galois-stable subset of X (F,)
into its Galois orbits (each will correspond to some closed pointﬂ if T understood correctly). For the last
equality, an F,-point of Sym™(X) is just n choices of F,-points of X, without an ordering, and it comes

from an F, point exactly when these choices of Galois-stable.

1.3.2 The case of curves

We can now prove the first Weil conjecture for curves.
Theorem 1.6. Suppose X is a smooth, proper curve over F,. Then, (x(t) is rational.

Proof. Note that there is a map Sym" X — Pic" X sending D — &(D). What are the fibers of this
map? The fiber above &(D) is the (complete) linear system of divisors linearly equivalent to D, i.e. it is
PT'(X, &(D)). Note that

dimPT(X, 6(D)) = deg(D) + 1 — g + dimH' (X, 0(D)) — 1

by Riemann-Roch. If deg D > 0 (in fact, deg D > 2¢g — 2), then H'(X, (D)) = 0 by Serre duality (+
the fact that line bundles of negative degree have no nonzero global sections). This, if n > 2g — 2, the

fibers of Sym™ X — Pic"™ X are isomorphic to P9,
Exercise. We may assume, WLOG, that X (F,) # 0.
With this reduction made, Pic"(X) = Pic" ™ (X) for all n (via tensoring with &(p) for some F,-point
p). This tells us that
# Sym" (X)(Fy) = #P" 4 (F,) - # Pic”(X)(F,)

5of degree equal to the size of the orbit




for all n > 2g — 2. Thus,

Cx(t) =poly(t) + > #Pic(X)(Fy) - (L+q+q* + -+ " 9)t"

n>2g—2

Ezercise. Show that this is a rational function (hint: geometric series).

|
What does the functional equation say in the place of curves?
Theorem 1.7.
Cx(g7h) = %q 2 272G (8).
Proof. Exercise. Use Serre duality. |

We'll do RH for curves later in the course (and then RH for all varieties).

1.3.3 Some Proof Sketches + Serre’s Analogue
Let’s sketch the proof of rationality in general.
Theorem 1.8 (Dwork). Suppose X/F, is a variety. Then, (x(t) is a rational function.

Proof. (Following Grothendieck) The idea is to take a Frobenius map Frob : X — X, and realize X (F,) =
fixed points of Frob on XE. Then use the “Lefschetz fixed point formula”

2dim X
BX(Fp)= > (-1 Tr (Frob" mHi(XE,Qg)).
i=0
Lemma 1.9. IfV is a f.d. vector space and F': V — V is a linear map, then
Te(F") .,
exp (Z Tt )
n>0

is rational.
Proof. Appealing to eigenvalues, suffices to treat the case where dim V' = 1. Then,

a” 1
exp <Z nt") = exp(—log(l —at)) = "

which is rational. |

Plugging Lefschetz into the definition of the zeta function gives an alternating product of things of

the form given in the lemma, so shows the zeta function is rational. ]
Key inputs above include
e Lefschetz fixed point formula

e finite dimensionality of étale cohomology (with compact support)



Ezxercise. Try to figure out how Poincaré duality should give functional equation. Try lemma on vector

space where V has a bilinear form and F' preserves it up to scaling.
Seems we won’t have time to do the Kéhler analogue of RH, but maybe we’ll state it at least.
Theorem 1.10 (Serre). Let X be a smooth, projective variety over C and [H] € H*(X(C)**;Z) is a

hyperplane class. Now, suppose F : X — X is an endomorphism such that F*[H] = q[H| for some
q € Z~q. We define the Lefschetz number

2dim X ' .
L(F"):= Y (=)' Te((F")" ~ H'(X,Q)).
i=0
We also define
Cx,r(t) =exp Z @t”
n>1

Then, Cx p(t) satisfies the Riemann hypothesis, i.e. zeros/poles are half-integer powers of q (equivalently,

eigenvalues of F* acting on Hi(X, C) all have absolute value qi/Q).

The proof of this will look different from our eventual proof(s) of RH for varieties, but still good to
know it.

Next time: prove this + étale morphisms.

2 Lecture 2

2.1 Finishing Serre’s Analogue

We left off last time with a statement of a theorem of Serre. We start off this time by proving it.

Theorem 2.1 (Serre). Let X be a smooth, projective variety over C and [H] € H*(X(C)*Z) is a
hyperplane class. Now, suppose F : X — X is an endomorphism such that F*[H] = q[H] for some
q € Zwq. Then the eigenvalues of F* on H'(X,C) all have absolute value q*/?. Same i as

. . . . the cohomol-
Let’s recall some properties of singular cohomology which will be useful for the proof.

ogy degree

Fact.

e We have cup products. In particular, we name

L: HY(X,C) — H™*X,C)

a —  a— [H]
e the Hard Lefschetz theorem says, among other things, that

H/(X,C) ~im L ¢ H/

prim

with the decomposition canonical gives a choice of hyperplane class. This ngim is “primitive



cohomology” and decomposes canonically as

J _ D,
Hp?"im - @ H;m"im

pt+q=j
(i.e. it interacts well with Hodge decomposition).

e There’s also the Hodge index theorem: given «a, 8 € H” (X)prim, there is a natural pairing

(a,B) = (ﬁ)’“/ aNBA[H]"F

X

This bilinear form is deﬁnitﬂ on each H?Z

prim:*

The upshot is that cohomology comes from two pieces, one piece (im L) coming from lower degree terms

(so maybe can control inductively), and one piece (H’

Srim) Which decomposes into further pieces which

carry canonical, definite bilinear forms.

Proof Sketch of Theorem[2.1] We want to show that the eigenvalues of F* ~ Hk(X ,C) have absolute
value ¢*/2. Note that it suffices to do this for H* Indeed, if o € kaz(X, C), we can inductively

prim:*
assume its eigenvalue has absolute value ¢**=2)/2 and then
F*(a— [H]) = Fra— F*[H] = Aa — q[H] = g\ (o — [H])

so a — [H] has eigenvalue with absolute value ¢*/2.
k
prim

s.t. p+ ¢ = k. This pairing is sesquilinear, so

This reduces us to the primitive case. Let « € H

P,q
prim

be an F*-eigenvector. Since F™* preserves the

Hodge decomposition, we may assume that o € H

AI” (@, @) = (F*a, F*a)

= ik/F*a A F*a A [H]"F

ik
- [ Flananimh
q
n;k
= ;]nfk /aAaA [H]"*
:qk (a,a)

Above, we have used the fact that F* ~ H?"(X,C) (top degree cohomology) via multiplication by ¢".
You can show this using Poincaré duality (top cohomology is generated by [H|™) or Lefschetz fixed point.
Since (o, ) # 0 (the form is definite on H”? ), we conclude that ¢* = |A|* as desired. [ |

prim

Slogan. Structures on cohomology =—> RH (or, this analogue of it).

We’ll want to do something similar algebraically. We will not succeed entirely. There will be no
analogue of the Hodge decomposition, and we don’t know the analogue of the Hodge index theorem, but

we will still see “shadows” of these structures.

bie. (@) =0 = a=0



2.2 Etale morphisms

Definition 2.2. Let f : X — Y be a morphism of schemes. We say that f is étale if it is locally of

finite presentation, flat, and unramified. o
Recall 2.3. f above is unramified if it satisfies any (hence all) of the equivalent conditions

o O}

X/Y:0

e all residue field extensions are separable[]
e it is smooth of relative dimension 0

e it is formally étale. For any nilpotent ideal I C A in a ring A (i.e. I™ = 0 for some n), the lifting

problem
SpecA/T —— X

L
| 27

SpecA —— Y

always has a unique solution.

Can think about this as saying you can lift tangent vectors/infitesimal thickenings.

e locally standard étale. For each z € X (set y = f(x)), there exists a U 3 x and V 3 y such that
f(U) c V, and we have
V = Spec R and U = Spec(R][z]n/g)

with ¢’ (the derivative) a unit in R[z], and g monic.

To interpret this, note that Spec R[z] = A}% is the affine line over R. Quotienting out by g just
gives the vanishing set V(g) = Spec R[z]/(g), and inverting h corresponds to removing the points
at which h vanishesﬁ The fact that ¢’ is a unit tells us that ¢ has no double roots in the fibers
(above Spec R). All in all, we’ve taken some hypersurface in A}{ and then removed all double roots

of this hypersurface (maybe plus some other points).
Exzxercise. Check that standard étale morphisms are étale. ®

Example. multiplication by [n] : E — E on an elliptic curve E if n is invertible in the base (e.g. E/k
and chark { n). A

Example. G,, — G, given by t" < t, where G,, = Speck[t,t~!], if n prime to char k.

Ezercise. Show this is étale (hint: %L: = nt""! is a unit) A

Example. G,, — A! via k[t] — k[t,t7!] is étale. It is visible locally of finite presentation, flat, and
Qg =0 A

In fact,

Proposition 2.4. Any open immersion is étale.

I think this should really say if 2 — v, then the local rings satisfy f* (my)Ox = mg where f* : Oy,y — Ox , is the
local ring map
8Maybe I should have said these last two in the other order



Example (An étale morphism which is not finite onto its image). G, \ {1} — G,, via the squaring map
t? <+t (working in characteristic # 2). This is an étale surjection, but not proper (so not finite). We’ve

deleted one point in the fiber above 1. A
Example. Any finite separable field extension is étale. A

Non-example. Set X = Speck[z,y]/(xy). Then its normalization X — X is not étale since it is not
flat. \Y

Non-example. Al L, AY via £2 it is not etale (ramified at 0). The relative Kahler differentials here
are O} = k[t]dt/d(t*) = k[t]dt/2tdt which is supported at 0 (if char # 2).
This is finite flat but not étale. v

Non-example. Consider A' £, A via t > 7 in characteristic p. Then,
QL = k[t]dt/d(t?) = k[t]dt,

so this is finite, flat with non-torsion Q!, but still not étale. This map is called relative Frobenius. Vv

Example. Say we have f = (f1,..., fm) : A™ — A™. Then f is étale in a neighborhood of (a1, ..., am)

if
det 0f: is a unit. A
833]‘ (a1,..., am)

Proposition 2.5. Properties of étale morphisms

(1) Open immersions are étale

(2) compositions of étale morphisms are étaleﬂ

(3) base change of étale is étale

(4) (2 out of 3) If potp and ¢ are étale, then so is ¢ (exercise).

Proposition 2.6. Etale morphisms on varieties over k = k induce isomorphisms on complete local rings

at closed points.
Proof. Exercise (hint: use criterion for formall étaleness). |

Corollary 2.7 (informal). Any property that can be checked at the level of complete local rings is true

for the source of an étale morphism if it is true for the target.

Exzxercise. Find ¢, 1 such that ¢ o and i are étale, but ¢ is not.

2.3 Sites

Sites will be a generalization of topological spaces. In particular, they will allow us to generalize the

notion of a sheaf.

9Hint: use cotangent exact sequence for Qﬁ( /Y



Question 2.8. What parts of the definition of a topological space do you need to define the notion of a
sheaf ?

e Need open sets and inclusions (just to define a presheaf), i.e. you need a “category of open sets.”

This is actually all you need to define a presheaf.

e Need to make sense of the sheaf condition: this says that a section to a sheaf is determined by its

values on a cover, and furthermore, you can glue sections which agree on intersections.
— Need a collection a morphisms which form “covers”.
— Need existence of certain fiber products (i.e. “intersections”)m
Let’s end with a “pre-definition” of a Grothendieck topology.

Definition 2.9. A category C with a collection of “covering families” {X,, Jo x taca satisfying some

axioms which we will give next time is called a site. The collection of families is the topology. o

Warning 2.10. There are multiple (> 2) definitions/conventions of a ‘site’ which are different from each

other. We use the least general but easiest to work with. °

Example. If X is a topological space, and C'is its category of open sets (whose morphisms are inclusions),

then {U, — U} is a covering family if U, covers U in the usual sense. This defines a site. A

Example. Say M is a manifold. Let C be the category of manifolds M’ L M over M s.t. f is locally

on M’ an isomorphism. Say {M, — M'} is a covering family their images cover M’. A

Example. Let X be a scheme. Let X be the category of étale morphisms Y — X. We call {X,, I, X'}
a covering family if | Jim(f,) = X. AN

Remark 2.11. Etale morphisms are always open maps. o

We’ll say more next time.

3 Lecture 3

3.1 Last time

Last time we proved Serre’s Kéhler analogue of RH, introduced éale morphisms, and gave motivation
for sites. Our goal today is to introduce sites and so generalize the notions of topological spaces and of

sheaves of spaces.

3.2 Sites + (pre)sheaves

Definition 3.1 (Grothendieck topology on a category C/site). The data of, for each X € ob(C),

a collection of sets of morphisms {X, — X},, called covering families, such that

(1) (intersections exist) If X, — X appears in a covering family, and Y — X is arbitrary, then the

fiber product X, X x Y exists.

10Note that if U,V C X are open subsets of X, then U xx V=UNV
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(2) (intersecting w/ a cover gives a cover) If {X, — X} is a covering family, and Y — X is arbitrary,

then {Y xx X, — Y} is a covering family.

(3) (composition of covers are covers) If { X, — X} is a covering family, and for each o, {Xop — Xo}p
is a covering family, then
{Xaﬁ - Xa — X}aﬁ

is a covering family.
(4) (iso are covers) If f: X =Y is an isomorphism, then {X ER Y} is a covering family.
o

Example. Let X be a topological space, and let € = Open(X), so the objects are open subsets of X, and
the morphisms are inclusions (in particular, there is at most one morphism between any pair of objects).
We say {Uy — U} is a covering family if |J, Us = U. A

Example. Let X be a scheme.

e The small étale site X is the category whose objects are étale morphisms ¥ — X, and whose

morphisms are X-morphisms, i.e. diagrams

i —F—— Y,

NS

A family {Y, ELN Y} is a covering family if (Jim(f,) =

e The big étale site X, is the category whose objects are all X-schemes with morphisms maps over

X. We say {U, I, U} is a covering family if all f, are étale and (Jim(f,) =U
A

Example. Let X be a complex analytic space. The analytic étale site X, has objects complex
analytic spaces Y 1 x st locally on Y, f is an analytic isomorphism, and whose morphisms are

morphisms over X. Here, covers are what you expect. A

Remark 3.2. Sh(Xan.er) — Sh(X'P), the category of sheaves on the analytic étale site of some complex
analytic space is canonically equivalent to the category of sheaves on the underlying topological space.

Proving this will be an exercise (once we have the definitions) /"] o

Example. The fppf topology (fidelment plat de presentation ﬁniﬂ is the site Xy,,y whose objects
are fppf morphisms ¥ — X, and whose morphisms are morphisms over X. The covers are what you

expect. A
Example. One can also define/study the Nisnevich, Crystalline, infinitesimal, cdh, arc, ... sites. A

Onto sheaves...

11 The point is that a cover in the analytic étale site can always be refined to an honest cover in the usual topology
12faithfully flat of finite presentation

11
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Definition 3.3. Let C, D be categories. A D-valued presheaf on C is a contravariant functor F' : € —
D. o

Remark 3.4. If X is a topological space, then a D-valued presheaf on X is the same as a presheaf on
Open(X). o

Definition 3.5. Let C be a site (i.e. a category with a Grothendieck topology). A sheaf .7 is a presheaf
such that

FZWU) = [[FW.) = [ ZWa xv Uar)

(e,0)

is an equalizer diagram for all covering families {U, — U}. o

Remark 3.6. The two arrows [], F(Ua) = [[(4,a/) # (Ua xu Uar) are induced by the projections Uy xu

Uy = U,, Uy . This being an equalizer says two things (suppose % is valued in Set for concreteness)
e ("exactness on the left”) .7 (U) — [[,, # (Us,) is injective.

e ("exactness on the right”) sections s, € .#(U,) agreeing on overlaps (i.e. sa|v,x,v; = 58lvaxyUs)

glue to some global section s € .#(U) (with s|y, = sa)-

Definition 3.7. A morphism % — %, of (pre)sheaves is simply a natural transformation. o
Let’s give some examples os sheaves on Xp,.

Theorem 3.8. Any representable functor is a sheaf on X g, (in fact, any representable functor is a sheaf

on the big fppf site Xppps).

Example. p,, represented by Speck[t]/(t" — 1), is the sheaf

pn(U) ={f € Ou(U): f* =1}.

Example. 0(U) = Oy (U) is a sheaf represented by Al

Example. The constant sheaf Z/¢"Z is represented by the constant group scheme (Z/¢Z™) x X. Here,

Z)"Z(U) = Homes (U'P, 2/ (" T).

Example. G,,(U) = Oy (U)* is represented by the group scheme G,, x = SpecZ[t,t~!] xz X. A
Example. The functor P" : U — Homyx (U, P%) is a (set-valued) sheaf.

These are sheaves, but we have not proved that yet. We will later. In the meantime, let’s see a new
definition(ish).

12



Definition 3.9 (sorta-kinda). Let’s take for granted for the moment that Z/¢"Z is a sheaf on Xp,, and
that the category of abelian sheaves on X is abelian with enough injectivesE Let I'x : Ab(Xs) — Ab
be the global sections functor, I'x (%) = % (X). We define étale cohomology with coefficients in Z/¢"Z

to be the derived functors of global sections
H' (X4, Z/("Z) == R'T x (Z/" 7).
o

Warning 3.10. Even just showing cokernels exist in the category of abelian sheaves on a site is non-trivial

(try as exercise). o

Example. Consider the map G,, LN G,,, and suppose n is invertible on the base. This gives a map

of sheaves. On the Zariski topology, this is
Xzariﬁx —>fo ﬁx.

Similarly, on the étale topology, it is

f._>f7l
Xey : Ofy —— O

Claim 3.11. This map is in general not an epimorphism on the X z4r, but it is an epimorphism on X .

Proof. First we show it is not an epimorphism on the Zariski site. Take X = SpecR and n = 2. In this
— 2 . . . .
case, we're just asking if R* Rimig S surjective? The answer is no.
Now onto the étale site. Given f € G,,(U), we want an étale cover of U such that f obtains an nth

root on that cover. Form the fiber product

U x¢ Gm%Gm

m

ét J{z<—«z”

U— Gy,

Now, f has an nth root upstairs. This construction is equivalent to considering V(2" — f) C A,lj, where

z is the coordinate on A'; here, z is the nth root.
Ezxercise. Check the details.
|

A

t—t"

Remark 3.12. G,, —— G,,, will always be an epimorphism in Sh(Xg,,¢). The point is that this map is

always flat (only étale when n invertible in the base). o

Definition 3.13. Let T1,T5 be sites. A continuous map f : T3 — Ts is a functor F' : Ty — T; which

preserves fiber products, and sends covering families to covering families. o

131f you are a sheaf on Xy, then you restrict to a sheaf on Xet.
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Example. Given f: X — Y a continuous map of spaces, we can define a functor

Open(Y) — Open(X)
U —  fYU)

which is a continuous map of sites. A

4 Lecture 4

Last time we defined sites, sheaves, and morphisms on sites. Today we talk about descent!

Recall 4.1 (morphism of sites). If T7,T are sites, then a morphism (continuous map) T — T» of sites

is a functor f=!: Ty — T such that
(1) f~! preserves fiber products; and

(2) f~! sends covering families to covering families.

©
Example. Let X be a scheme. Then there are natural continuous maps
XFPPf - XEt — Xeg — Xyar-
In every case, the morphism is given by the natural inclusion going the other way. A

Warning 4.2. There are many conventions on what gets called a “Grothendieck topology” or “site”.
What we defined is sometimes called a “Grothendieck pre-topology” (can make sense of a topology without
requiring fiber products using what are called ‘sieves’) People also sometimes talk about topos (topoi?)
which are categories equivalent to the category of sheaves on some site. Lots of what we do can be done

using the language of topoi instead, but we won’t use it. °

“I don’t know if you saw this over here... I put three exclamation points by descent because it’s maybe

one of my favorite topics in all mathematics.”

4.1 Descent!!!

We have defined sheaves on sites and written down a bunch of functors, but we haven’t actually proven

anything is a sheaf yet.
Question 4.3. How do you check if some functor is a sheaf on X e/ Xppps? How do you construct sheaves?
Theorem 4.4.

(1) If Y is an X-scheme, then the functor
Z — Homx(Z,Y)

is a sheaf on Xpppp (hence on Xy, Xet, -..).

14



(2) Given F € QCoh(X), the functor
= X)—TIX, f"7)
is a sheaf on Xpppr (hence on Xgy, Xet, ... ).

Notation 4.5. In this case, we write .Z¢ for the associated sheaf on Xg;.

Question 4.6 (Audience). Is the (big) fopf site the finest topology for which this holds?

Answer. No. There’s a notion of a morphism of effective descent, and you can use those to define a
topology. There’s also the fpqc topology which is arguably finer, but then runs into set theoretic issues.
So it’s not clear there is a finest topology since you may eventually run into set-theoretic difficulties

(which can possibly be avoided if you make different choices in how you set things up). *

Let’s start with (2). We'll actually prove something a little more general. Say U = | |U; — X is an
fppf cover of X.

Question 4.7. Suppose . € QCoh(U). When does it come from a quasi-coherent sheaf on X ¢ More
precisely, what extra structure do you need to “descend it” to QCoh(X)?

Question 4.8. Given %, %5 € QCoh(X) and a morphism f : F1|ly — Fa|u, when does f come from
X?

Example. Say U = | |U; — X is a Zariski cover. In this case, the data we need to get a sheaf on X is

a collection of isomorphisms ("gluing data”)

i

~.oa
UiﬂU_j - J] UiﬂU_j

satisfying a cocycle condition on triple intersections. What about morphisms? A morphism % — ¥ is

the same as morphisms .Z |y, — ¢|y, which commute with the gluing data. A
Definition 4.9. Say U J, X is some morphism. Descent data for a qcoh sheaf on U/X is

(1) A qcoh sheaf .# € QCoh(U) on U

(2) gluing data ¢ : 77.F = 75.F where 7y, m2 : U X x U — U the two projections.

(3) a cocycle condition

* * *
To3P O MgP = T3¢

where 7;; : U x x U xx U — U x x U is projective from the ith factor onto the first factor and from

the jth factor onto the second factor.

FEzercise. Unpack this definition in the case of a Zariski cover U = | |U; — X.

15



Definition 4.10. Given Descent data (%#,¢) and (¢4,v), a morphism (Z#,¢) — (¢4,v) is a map
h:.% — ¢ such that
g Tt g

¥

‘|
n5h

s F —— 139G
commutes. o
Let’s state the main theorem now.

Theorem 4.11 (Descent for quasi-coherent sheaves). Suppose U Lo x s foof. Then, f* induces
an equivalence of categories between QCoh(X) and descent data on U/X.

Remark 4.12. Given a % € QCoh(X), how do we get descent data on U? Consider f*.% € QCoh(U)
along with gluing data
(fom)'F = (fom)'F

on U X x U coming from the fact that fom = fomy : Uxy — U — X, so we get an iso from pulling
back the identity id : & = .%. o

Example. Say U = | |U; is a Zariski cover of X. What’s a vector bundle? Take ﬁ[ei" € QCoh(U;). To

glue to a vector bundle on X, we need isos
. PN ~ ®n
Pij * ﬁUimUj - ﬁUmUj
such that
@jk|UmUijk © %j‘UmUijk = <Pz’k|UmUmUk-
A

Example. Say L/K is a Galois extension with Galois group G. Then, Spec L — Spec K is an étale
cover. Descent data on Spec L/ Spec K is a qcoh sheaf on Spec L (i.e. an L-vector space V) with an
isomorphism

p:mV =S mV

satisfying the cocycle condition. Let’s unpack this a little...

Spec L Xgpeck Spec L = Spec L ®p, L = |_| Spec L = |_| Spec L
o:L——L Gal(L/k)

(a trivial'] torsor for the Galois group).

Exercise. Convince yourself that descent data in this setting is the same as Galois descent data.

A
Let’s prove the theorem now.
Proof of Theorem[].11 We need to show that f* is fully faithful and essentially surjective. good ref-
14The identity map gives a basepoint erence: ch.
6 of Néron
16 models by
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(full faithfulness) Given %#1,.%2 € QCoh(X), we have
* wy
Homx (1, %) L= Homy (f* 71, f*F2) = Homu v (¢ F1, 4" F)
3

where g = fom = foms : U xx U — X. Full faithfulness amounts to the claim that this is an

equalizer diagram. This follows from
Claim 4.13. g € Homy (f*%1, [*%2) is a morphism of descent data if it maps to the same thing

under 7§, 5.

Verifying this claim is left as an exercise. With this claim, we’re reduced to showing this is an
equalizer diagram. Note that if .%; = €, then this exactly shows that .Z¢ (or even .Z/PPf) is a

sheaf. In order to prove this is an equalizer, we’ll make use of the following lemma.

Lemma 4.14. Suppose R — S is a faithfully flat ring morphism, and let N be an R-module. Then,

1 id®id ®1
N%N@RS = N xrpSxpS
id ®1®id

is an equalizer diagmmE

Proof. Here’s the big trick: WLOG the map R — S splits, i.e. there’s a back map o : S — R so
S — R — S is the identity. The point is that this is an equalizer diagram iff it is after faithful
flat base changem so we can replace R — S with S — S ®r S which now has a section given by
multiplication.

Now suppose R 15 splits via r : S — R. First, N — N ®g S is injective since this map now splits
via id®r : N ®g S — N. This just leaves exactness in the middle. We define 7: S®gr S — S via
51 ® 89+ s1 - f(r(s2)). Now note that

dy@r(n®s®1-—n1es)=n®s—nQ f(r(s)) =n®s—n-r(s)®1,

s0if n®s®1—-—n®1®s =0 (in kernel of differential), then n ® s = n ® r(s) ® 1 (in image of
differential). This is the proof of pure tensors (we’ve shown if in kernel, then in image). Doing it

for general tensors is left as an exercise. |

We're out of time, so we will finish the proof next lecture...

|
One last remark
Remark 4.15. Say R — S is faithfully flat. Then,
N-oN®S—=N®S®S— - > N@SsS% —...
is always exact. Here, the maps are the usual alternating sum thing. o

15This is the case .#1 = 0, Fo = ]V, U = Spec S, and X = Spec R
16Being an equalizer is equivalent to 0 — N — N®r S — N ®r S ®r S being exact, where the last map is the difference
of the two maps appearing in the (claimed) equalizer diagram
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5 Lecture 5

Last time we started fppf descent, but did not finish. Recall that the ultimate goal was to show that
qcoh sheaves on X and representable functors both give sheaves on Xe¢, Xg,pr. We were in the midst of

proving a descent theorem for qcoh sheaves last time when class ended.

5.1 Jumping back in where we left off...

Recall that we were proving

Theorem 5.1 (Descent for quasi-coherent sheaves). Suppose U 1 X s an foof covver. Then, f*

induces an equivalence of categories

£ QCoh(X) { descent data for } .

gcoh sheaves on U/X
Proof.

(fully faithful) Recall that we had reduced full faithfulness to the claim that, given %1, % €
QCoh(X), the diagram

*

* ﬂ'l
Homx (F1, Fy) 1 Homy (f*.F1, f* F2) = Homy v (0" F1, q" Fa)
w3

where 71, m9 : U xx U — U are the projections and ¢ = fom = fom : U xx U — X, is an

equalizer. Towards this goal, we had proven the following lemma.

Lemma 5.2. Suppose R — S is a faithfully flat ring morphism, and let N be an R-module. Then,

1 id®id ®1
N%N@RS = NXRSXRS
id ®1®id

is an equalizer diagram.

Let’s use this to prove full faithfulness. We first reduce to the case where U — X is affine. We leave
this as an exercisem Now we’re in the affine case R — S faithfully flat (U = Spec S, X = Spec R)
and N, M are R-modules. We want

Homp(M,N) — Homg(M ®r S,N ®r S) = Homgg,s(M ®r S ®r S,N @r S Qr S)

to be an equalizer diagram. Injectivity of the first map (exactness on the left) follows from injectivity
of N - N ®g S. Similarly, exactness in the middle follows from exactness in the middle of the

diagram in the lemma. Secretly, this is all just left exactness of Hompg (M, —).

(essentially surjective) Say we have an fppf cover U I, X and we're given descent data (F, ) on

~

U/X. We want some 4 € QCoh(X) such that ¥* — % (and this iso respects gluing data). Again,

17Need to use that the map is of finite presentation (even just that it’s quasicompact)
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we reduce to the affine case, and by “we” I mean “you, the reader” since this is left as an exercise.
Now we have R %5 § and an S-module M with descent data

0:M®rS = S®r M,
an iso of S ®g S modules (satisfying a cocycle condition). We have two maps
M=5M
given by m — 1 ® m and m — p(m ® 1). Now, set
K=eqM=S®M),

the equalizer of this diagram. We claim that the natural map K ®z S — M is an isomorphism
(compatible with descent data). As before, we reduce to the case that R — S has a section, and

then this case is easy (pull back along section).

|

Corollary 5.3. If # € QCoh(X), then the presheaf F ¢ on X,

FNU = X) = (n"7)(U),
is a sheaf on Xg.
Proof. We actually only need full faithfullness above. Say U ER V' is an étale cover. We want

F(V)—ZU)=ZU xy U)
to be an equalizer diagram. This is precisely the diagram
Homy (Ov,.#) — Homy (Oy, f*#) = Homy v (Ovx,v,q"F)

from before.
Example. 0% : (U — X) — I'(U, Oy) is a sheaf. A

If you think back to the beginning of last class, we still need to show that representable functors are

sheaves. This is acheived in the following theorem.
Theorem 5.4. Say p: U — X is an fppf cover. Then the functor

" Seh /X — { Descent data for}

schemes on U/ X
is fully faithful.

Proof. As an exercise, reduce to the case where everything is affine (in fact, enough to simply reduce to
the case of AffSch/X).
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Let Y, Z be X-schemes. We need to show that
Homx (Y, Z) — Homy (p*Y,p*Z) = Homyx« v (q¢"Y,q" 2)

is an equalizer (here ¢ : U xx U — U — X). By the exercise, we may assume Y = Spec 0y and

Z = Spec Oz where Oy, Oz are qcoh sheaves of Ox-algebras. Now, this diagram is
Homﬁx—alg(627 ﬁY) - Homﬁu—alg(p*ﬁZap* ﬁY) j Homﬁuxxu—alg(q* ﬁZ7 q* ﬁY)

which is indeed an equalizer by descent for qcoh sheavesE |
Corollary 5.5. If Z € Sch /X, then Hom(—, Z) is a sheaf on Xppps, Xy, Xat, etc.

Remark 5.6. p* is not essentially surjective in general for schemes. Descent data for scheme relative
to an étale cover U/X is called an algebraic space. When this pullback functor is an equivalence of
categories, one calls it effective descent. Descent is effective for affine schemes as well as for polarized

schemes (i.e. schemes with a choice of (relatively) ample line bundle). o

We now have a bunch of examples we know are sheaves.
Example.

¢ Gy : U Oy(U)*

. ug:UH{fEﬁU(U):fle}

ZJUZ : U — Homes (U, Z/(Z)

o Hilb?®" (Pm)
o P
are all sheaves. A

Ezercise. Work out Galois descent from this point of view.

5.2 Etale Cohomology

We “defined” étale cohomology earlier, but there were a few missing details we needed to fill in. These

were
e The category of abelian sheaves in X¢; is abelian.
e This category has enough injectives

We won’t have time to do this today (only like 10 minutes left), but we can mention the crucial ingredients.

Remark 5.7. Both of these facts are true for the category of abelian sheaves on any site. We won’t prove

them in this generality, but this is still good to know. o

The crucial ingredient will be the following theorem.

18Need to check descent works with maps of algebras, not just modules, but this is easy
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Theorem 5.8. Say T is a site. Then the forgetful functor
Sh(t) — Psh(T)

has a left adjoint, which we call sheafification.

We'll prove this for T = X¢. We need some preliminaries. Say f : Ty — To is a continuous morphism

of sites (so really f~1: 1y — T1).

o (pushforward) Given ¢ € Sh(ty), we define f,¥ € Sh(ts) via

(f:9)(U) =9 (f71(U)).
Ezercise. f.9 is a sheaf, not just a presheaf.

We're out of time, so next time it’s stalks, sheafification, Sh(Xe;) being abelian, etc.

6 Lecture 6

Last time we talked about fppf descent. Today, it’s cohomology.

We begin with some remarks that came up last time/in the discord.

e Let X be a scheme. We showed last time that there is an equivalence of categories
QCOh(Xzar) L QCOh(Xét) l> QCOh(Xfppf)

between the categories of quasi-coherent sheaves on “small” sites above X. What about the big
sites? Well,
QCoh(Xzar) = QCoh(Xp,) — QCoh(Xrppt)-

e We need a small correction from last time. We claimed that étale descent data for schemes was the
same thing as an algebraic space, but this is not quite true. It is true that étale descent data for

schemes gives an algebraic space, but not all arise in thi s fashion.

What’s the goal for today? Fill in some remaining gaps, so we can actually define étale cohomology.
Goal. The category of abelian sheaves on X is abelian with enough injectives.

Once we have this, we can define étale cohomology as the right derived functor(s) of global sections.

Recall that the crucial ingredient in proving this category is abelian is the following.

Theorem 6.1. Let T be any site. The forgetful functor Sh(t) — Psh(t) has a left adjoint, called sheafi-
fication (we’ll prove only for X ).

6.1 Sheaf Operations

It’ll be useful to define some sheaf operations.
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Recall 6.2. Let f : 11 — T2 be a continuous map of sites. For 4 € Sh(ty), we define the pushforward
sheaf
19U —9(f71(U)).

Showing this is a sheaf (and not just a presheaf) is left as an exercise. ®

Example. Let f: X — Y be a map of schemes. Then we get a (continuous) map f : X — Yzt between
small étale sites given by f~1(U/Y) := U xy X/X. Hence, we get a functor f, : Sh(Xg) — Sh(Yer). A

Example. Let k be an algebraically closed field, and let ¢z : Speck — X be a geometric point of X.
Note that Sh((Speck)et) = Set (exercis@. Given .# € Sh(Specke) = Set, we have

(i) F(U — X) = F(U xx T) :f(LISpeck) = Hﬁ(Speck)

where the (co)products above are over preimages of Speck in U. A

Warning 6.3. Sheaves on Spec kgy when k is not algebraically closed are not just sets. We’ll see later
that they’re discrete G-modules, where G = Gal(k®/k). .

Definition 6.4. A sheaf of the form (iz)..% as in the previous example is called a skyscraper sheaf. ¢

What about pullbacks? We won’t be able to define them yet (since we don’t know how to sheafify),

but we can define pullbacks to geometric points (a sheaf on Speck is a set, so easy to sheafify).

Definition 6.5. Let iz : Speck — X be a geometric point (so k = k), and let .# € Sh(X) be a sheaf on
X. The pullback of .Z to T, or stalk of & at 7, is the set

where the direct limit is taken over diagrams

-

8 < <
%
@

]

(o

Remark 6.6. Note we don’t have to be at a closed point for the above definition to work. We could take

e.g. a geometric generic point. o

Example. Take .# = Z/{Z and T — X any geometric point. Then,
L0 =T )V

In short, the (U,u) with U connected are cofinal and on each of them .#(U) = Z/{Z. A

9Hint: the point is that an étale cover of Speck is a bunch of disjoint copies of Speck (note k = k), so any sheaf is
determined by its value on Speck
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Example. Take .# = 0¢. Then,
0% = 0%,

the strict Hensalization of the usual Zariski stalk. A
Lemma 6.7. Suppose .%,9 are sheaves of abelian groups on Xe. Then, TFAE
(1) F — 9 is an epimorphism

(2) F — 9 is locally surjective, i.c. given s € 4(U), there exists an étale cover U' — U such that
slyr is in the image of F(U').

(8) Gz — % is surjective for all geometric points T — X
Proof. ((2) = (1)) Say we have
RNV
b
such that the two compositions agree. We want to show a = b. Say we have some s € 4(U). Then there
isa cover U' — U and a t € % (U’) such that f(t) = s|yr, so a(s|yr) = a(f(t)) = b(f(t)) = b(s|y) € A,
and so a(s) = b(s) since U’ was a cover of U (sheaf condition). Hence, a = b, so f is epic.

((1) = (3)) (Contrapositive) Suppose Fz — % is not surjective for some geom point T, and let
A = coker(Fz — %;). Consider the diagram

0
F =G = (17).A,

where the bottom map from ¥ is the natural map into that skyscraper sheaf. By definition, both
compositions are 0, but the two arrows on the right don’t agree, so .% — ¢ is not epic.

((8) = (2)) Fix some s € 4(U). We want to find U’ — U so that s|ys comes from .#(U’). Choose
T € U. We know % — ¥ is surjective. By definition, this means there exists some étale neighborhood

(V,v) of T so that s|y is in the image of .#. Now choose T’ not in the image of V, and keep going... W
Lemma 6.8. Suppose 0 — .F — G — I is a sequence of abelian sheaves on Xg. Then, TFAE

(1) The sequence is ewacﬂ

(2) 0> FU)—YU)— (U) is exact for all U.

(3) 0 = Fz — Y — I is exact for all geometric points T.
Proof. Exercise. |
Corollary 6.9. Sheafification exists for Psh(Xeg)

Proof. We essentially reproduce the proof for topological given e.g. in Hartshorne. The first step is to
construct an “espace étalé”

For each x € X, choose a geometric point T lying over z. Given a presheaf &% € Psh(Xg), we define

Esp(F#) = H(Lf)*ﬁ%.

x

4
20j.e. F — ¢ is a monomorphism, and is the kernel of 4 — #, where ‘kernel’ means equalizer of ¥ =
0
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Note that this is a sheaf. There is a natural map of presheaves .# — Esp(.%). We let .Z* be the subsheaf
of Esp(.%) generated by %, i.e.

FUU) = {s € Esp(F)(U) : s locally in image of .Z}.
Note that .#® is indeed a sheaf. Checking that % — Z® is left adjoint to the forgetful functor is left as
an exercise. ]
Corollary 6.10. Colimits exist in Sh(Xest).

Proof. Colimits exist for presheaves (compute pointwise) and left adjoints send colimits to colimits. In

particular,

colim;ec s #; = (colimpgn ; %;)°.

|
Corollary 6.11. Sh*(X,) is an abelian category.
Proof.
e limits exist (defined pointwise)
e cokernels exist (cokernels are colimits)
e images are coimages by checking on stalks (coker ker = ker coker)
|

Out of time. Pick up next time.

7 Lecture 7

Last time: stalks, sheafification, Sh(Xe) is abelian.

Remark 7.1. We clear up an issue from before. We earlier claimed that there is a morphism Xg,pr — X,
but this is actually no such thing. The point is that Xg,,¢ consists of schemes which (among other
things) are of finite presentation above X, while schemes in Xy are only required to be locally of finite

presentation above X. What is true is that we have a zig-zag
Xfppf - Xét, fin pres < Aét

and the right arrow induces an equivalence on Sh(—) under pushforward. So there’s still an adjoint pair

of functors between sheaves on X¢; and sheaves on Xgppr. o

7.1 Enough Injectives

Recall we were working towards the definition of sheaf cohomology. We still need to have enough injectives.

Theorem 7.2. Sh**(X) has enough injectives.
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Proof. Let .Z € Sh™(X¢;) be an abelian sheaf. We want an injective sheaf .# w/ .% < .#. For each
x € X, choose a geometric point T — = — X, and let I(Z) be an injective abelian group with a map
Fz — 1(T). Now, we claim that .# := [[,(¢z).I(T) works.

The map .% — .# is given by sending sections to their germs. To check this is a monomorphism, one

just checks on stalks. Checking that .# is injective is left as an exercise. |

We now know that the category of abelian sheaves on Xg has enough injective.

Remark 7.3. Thi sis true for abelian sheaves on any site, but the proof in general is substantially harder.

[¢]

7.2 Inverse images

Let f: X — Y be a map of schemes.

Definition 7.4. The presheaf inverse image is the functor f~! : Psh(Yz) — Psh(X¢;) given by
(LA LX) = lim F (U — X)

with limit taken over diagrams
V —

U
ét J{ét
Y

X ——

This same definition actually works for any map of sites. o
Fact (Exercise). f~1! is left adjoint to the pushforward
71 Psh(Ty) = Psh(Xet) : fe.

Definition 7.5. The sheaf inverse image is the functor f*.# := (f~1.%)¢, the sheafification of the

presheaf inverse image. o

Remark 7.6. sheafification is a left adjoint, and left adjoints preserve left adjoints, so f* is left adjoint to

Sa o

Example. If 1 : T — X is a geometric point, then 1*% = .
Example. If f: X — Y is any morphism, then f*Z/¢(Z = Z/(Z.

Example. In general, if you have Y L X and # = Homy (—, Z), then

% =Homy (—,Y xx Z).
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7.3 Etale Cohomology

Recall 7.7. Given an abelian sheaf .% € Sh(Xg), its étale cohomology is

H' (X, #) = RT(X, F).

©
How do we compute this? Choose an injective resolution
F I g~
and then
H' (X4, 7) = H(T(X,.7°)).
Remark 7.8. This is how you compute (right) derived functors in general. For example,
R'm.7 = H'(m,.7°)
which are sheaves on Yz;. Here, m: X¢p — Y. o

Ezercise. L'n*9 =0 if i > 0. Pullback is exact.

Basic properties of étale cohomology:
(1) H'(Xe, #) = F(X) = (X, F)
(2) HY(#) =0 for i > 0 when .# injective.

(3) Given a short exact sequence 0 — .#; — F9 — F3 — 0 of sheaves on X, we get a (natural) long

exact sequence

= BT (X, 71) — B (X, F2) — B (Xer, F3) — H' (Ko, F1) — -

Example. Let k be a field. Then, Sh((Speck)st) is equivalent to the category of discrete G-modules
(choose sep closure k° and then G = Gal(k®/k)). The natural functor is

t: Sh((Speck)ss) — Discrete G-modules

F — lim .#(SpeclL)
—
ke /L/k

Think of as “evaluation on separable closure.” The claim is that this is well-defined (i.e. really lands in
discrete G-modules), and is an equivalence of categories.

Let’s sketch a proof of this. We can describe the inverse functor. Given étale V' — Speck, we can
write V' = | |, Spec k; with k;/k separable, so we send a discrete G-module M to the sheaf

V — HMGal(ks/ki).
Check that this works. A
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Corollary 7.9.
H'((Speck) e, F) = H'(G, 1.7).

Proof. We know that
I'(Speck, #) = (L.F)¢

so H® < ¢ invariants, so étale cohomology is the derived functor of invariants (i.e. group cohomology). W

Note important above that we were dealing with discrete G-modules. Continuous group cohomology is
not actually a derived functor. This is related to why people don’t take étale cohomology directly with

sheaves like Zj.

7.4 Cech Cohomology

Recall there’s a more computable version of cohomology which is often useful, so let’s introduce it in

present contexts.

Warning 7.10. Cech cohomology does not always compute étale cohomology (this is already true for

sheaf cohomology on bad spaces). .

Warning 7.11. Cech cohomology is not actually computable, but it will still be useful. This is because,

in general, acyclic covers do not exist[’T] .

Say we have an étale cover U = | |, U; — X, and let .# € Sh(Xe) be an abelian sheaf. From this, we
get the diagram (a simplicial X-sheaf?)

X<—U§:U><XUEU><XU><XU§~-

(think of as double, triple, etc. intersections). Applying our sheaf, we get a diagram (a cosimplicial sheaf

of abelian groups)

F(U )ijxXU SyUxXUxXU)§

The usual alternating sum construction flattens this into a chain complex, called the Cech complex,
C'U/X,F):0—.FU)— FUxxU) —

whose nth differential .
D¢
i=0
is given by the alternating sum of the differentials in the diagram from before. The total Cech complex
is
C.(Xétﬂgz) = h_H)l C’.(U/X’ﬁ)a
{Ui HX}l

21This is a main difference between étale cohomology and say singular cohomology of manifolds (which are locally
contractible). We may see later that schemes are locally K (m,1)’s, so étale cohomology can be computed in terms of group
cohomology. This is due to Artin (if I heard correctly)
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with direct limit taken over all covering families.

Definition 7.12. We define Cech cohomology as
H'(U/X, 7) = H(C*(U/X, 7))

and ,
H' (X, .F) = H(C*(Xet, F)).

<

Warning 7.13. There are set-theoretic issues with taking a direct limit over all covers. There are (at

least) two ways to resolve this. We resolve by (implicitly) working with X¢¢, fin. pres °
Proposition 7.14. }VIO(U/X7 F) = I:IO(Xét, F)=H"Xg, F)
Proof. This follows directly from the sheaf condition.

F(X)—>FU)— F(U xxU)
is exact. This equates first and last terms. For middle, use that directed limits are exact. |
Proposition 7.15. H'(U/X, %) = H (Xe, #) =0 if i >0 and 7 is injective.

Proof. We'll give a different description of Cech cohomology. It is enough to show that C*(U/X,d) is
exact away from 0. Let Zy = Z[Homx (—,U)], i.e. Zy (V) is the free abelian group on Homx (V,U).

Claim 7.16. We can rewrite the Cech complez as
C*(U/X, ) : Hom(Zy,.#) — Hom(Zyx yv,-#) — Hom(Zyx yux U, L) — -

This is basically just Yoneda’s lemma. Note the above comes from a cosimplicial diagram

dO
Ly ? Luxxu 3 Ly xUxxU §

which is independent of the choice of sheaf. Now it is enough to show that
L — Ly — Luxxu — -+

is exact. This is because Hom(—, .#) is an exact functor. This is actually a special case of the following
fact: given a set S,
Z—>ZS—>ZSXS—>ZSX5XS—>"'

is always exact for any set S.

Proof. Base change to Z° (flat Z-module supported everywhere), and then there’s a natural homotopy.
|

This finishes the proof. |

28



This shows that Cech cohomology agrees with étale cohomology in degree 0, and they both vanish on

injectives. For them to agree, Cech cohomology would need to be a d-functor.

Theorem 7.17. If for all short exact sequences 0 — F; — Fo — F3 — 0 in Sh(Xg), the induced
sequence
0— C(Xa, F1) = C(Xe, F2) — C( X, F3) = 0

is also exact, then Hi(Xét, F) S H (X, F) for all i, F.
Proof. We'll see this next time using the Cech-to-derived spectral sequence. |
Remark 7.18. The above sequence of Cech complexes is always left exact, but not always right exact. o

Theorem 7.19 (Milne, IIT). The above condition holds if X is quasi-compact, and if any finite subset

of X is contained in an affine (e.g. X quasi-projective).

8 Lecture 8

Recall that our current goal is to understand how to compute Etale cohomology. Last time we introduced

Cech cohomology. Given an étale cover U Y X, this is the cohomology of the complex
CU/X,F): FU) = FUxxU) = FUxxUxxU)—---,

or, for something more intrinsic to Xet, cohomology of the complex

C(Xer, ) = lim C(U/X, 7),
U/X
with colimit taken over covers of X.
Warning 8.1. i (Xet, F) is not in general isomorphic to derived functor cohomology. °

Theorem 8.2 (Milne, Etale Cohomology Sect. III). Cech cohomology is canonically isomorphic to
derived functor cohomology if X is quasi-compact and satisfies: any finite subset of X ic contained in an

affine (true e.g. if X is quasi-projective).

Remark 8.3. There is a version of Cech cohomology with covers replaced by “hypercovers” and this does

always compute derived functor cohomology. o

8.1 Cech-to-derived spectral sequence

Start with an injective resolution
F o9 gt g
Given a cove@ U — X, we get a sequence of complexes (a double complex)

CU/X, 7% - CU/X, I — ---.

22Can also make this work for covers consisting of mulitple objects over X
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The horizontal differential is coming from our injective resolution, and the vertical differentials are coming

from the Cech complex. Let’s expand this out a bit

I I

I UxxU) —— I U xx U) —— -+~

|

LU —m0m — SY(U) —— -

c*(U/x,7°) C(U/X, 7Y
To a double complex, one can associate two spectral sequences.

e In one case, you start by computing horizontal cohomology and then vertical cohomology. Doing

this gives a spectral sequence with F>-page
By = H'(U, #7(7))

where #7(.F) is the presheaf V — HY, (V, ).

e In the other case, you start by computing cohomology in the vertical direction, and then in the

horizontal direction. Doing this gives a spectral sequence with Fs-page

. HY(X,Z) ifj=0
B~ ( ) ifj
0 otherwise.

(recall Cech cohomology of an injective sheaf vanishes in positive degree). Note that this sequence

visibly degenerates with Fy = F..

Both of these spectral sequences have the same E..-page, so we see that the first case is really a spectral

sequence

EY* =H (U, #°(F)) = H' (X, F).

Ezercise. Last time, we claimed that if C'*(Xg, —) is exact on Sh®(Xg), then H = H*. Prove this using

the Cech-to-derived spectral sequence.

8.1.1 Mayer-Vietoris

Let U = Uy U Uy be a Zariski-open cover of U.

Proposition 8.4 (Mayer-Vietoris sequence). There exists a functorial long exact sequence
- — HY(U, #) - H*(Uy, F) ® H* (U, .F) — H*(UyNU,,.F) — BTN U, Z) — - -

Proof. Apply Cech-to-derived s.s. to the cover Uy LIU; — U.
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Ezercise. Show that the Cech complex
F(UoUU1) — F((Uo WU V) — F((Ug UUL)*X?) — -
is quasi-isomorphic to
y(Uo (] Ul) — g(Uo N Ul)

Given this, the Cech to derived Es-page vanishes except for the first 2 columns. The differentials in
this s.s. gives the Mayer-Vietoris sequence. In general, if you have an Es-spectral sequence with only two

non-vanishing columns, then that data is the same as that of some long exact sequence. |

Remark 8.5. The exercise in the previous proof uses that we’ve taken a Zariski cover. o

8.2 Computing Etale Cohomology

Theorem 8.6. Say X is a scheme, and F € QCoh(X). Then,
Hi(Xw?) = Hi(Xétayét) = Hi(Xfppf,gfppf)
Remark 8.7. Already a non-trivial version of something like this appeared in Hartshorne:
ExtQoon(x) (Ox, F) = H(QCoh(X),.F) = H (Xzar, F) = Extly(x,.) (Z, F).

This (the middle equality) was because injective qcoh sheaves are flasque. o

Proof of Theorem[8.6L We’ll prove the theorem only in the special case that X is quasi-compact, sepa-
rated, and Cech cohomology computes derived functor cohomology.

First, we claim every cover can be refined to a finite cover by affines. This follows from quasi-
compactness. Now, suppose X is affine, and U — X is an fppf affine cover (so U affine). Then,
CU/X,.Z) is exact if F = M is quasi-coherent. Indeed, if U = Spec B and X = Spec A, then this

complex is just our old friend
M®B—-M®BRB—-MBRBB—---,

the Amitsar complex. This is exact by the usual faithful flat base change to get a section argument.

This tells us that
i F(X) ifi=0
HU/X,Z) = 0
0 otherwise.

for # qcoh, and U, X both affine. From this, we see that indeed

i ot F(X) ifti=0
i (Xer, 7°) =
0 otherwise.

when X affine, since affine covers are cofinal.
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Now say X is quasi-compact, separated, and Cech cohomology computes derived functor cohomol-
ogy. Take an affine cover Y — X, and use the Cech-to-derived spectral sequence to finish (note that

intersections of affines are affine). |

Example. Say X = P" and .% = Ox. Then,

) ) k if 0
H' (P, ﬁefl) = A
0 otherwise.

Example. Say X/F, is a quasi-projective variety. We can compute Hi(Xét, F,). We claim the sequence

0 —)&—)Ga —H Ga

of sheaves is exact. This is true at the level of representing objects (or just check by hand). In fact, we
claim that

O—>]Fp—>Gamp—7$>(Gra—>O

is exact, i.e. that G, — G, above is an epimorphism, e.g. given f € Oy (U) = G,(U), we need to solve
xP — x = f étale-locally on U. Consider the base change

Ga XGGU E— Ga

l lmpfx

v—~1 g,

Since zP — x is étale (it’s derivative —1 is invertible), the left vertical map is étale too, so win.

The upshot is we have a long exact sequence
0 — H°(Xe, Fp) — HY(Xet, Go) — H(Xet, Ga) — H' (Xer, Fp) — H' (Xep, Go) — H' (Xe, Ga) — H*(X,F,) — -

where H' (Xet, G,) = H (X, Ox), and the maps HY(X,0x) — H(X, Ox) above are all z +— 2P —z. A
Example. If X = A! = SpecF,[t] in the previous example, we have

t—tP —t

0— HO(Aét,FP) - ]Fp[t] Fp[t] - Hl(A}ata]Fp) — 0,

so HY(A},,F,) = F,, but H'(A},,F,) is the cokernel which is huge. A
9 Lecture 9
Last time:

e Cech-to-derived s.s.
e Mayer-Vietoris

e étale cohomology of qcoh sheaves
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e étale cohomology of F, in char. p

Recall 9.1. Say X/F,. Get an Artin-Schreier exact sequence of sheaves on Xg;
0-——F — ot 2"t g
=p X X .
Can get something similar over any base of characteristic p. This gives a long exact sequence
= HTNX, 0x) - H (Xe F,) —» H(X,0x) - H(X,0x) — -+ .

It can still be tricky to compute cohomology of FF;,, but we can at least work things out in special cases. ©

Example. Say X = Spec A is affine, so H (X, Ox) = 0 for i > 0 which means Hi(Xét,Fp) =0 fori > 1.
We're left with

t—tP —t

0—H'(X,F,) - A" A — H (X4, F,) — 0,

so HO(X, F,) = IF;,V”(X), as always, and H' (X, F,) is the cokernel of the Artin-Schrier map which is not
finitely generated in general. A

Remark 9.2. If X/F, is proper, then H' (X, [F,) is finite dimensional. This is by proper pushforward for

coherent cohomology (i.e. H (X, Ox) is finite dimensional). o

Example. Say E an elliptic curve over k = k of characteristic p. Then it’s not too hard to show that

H(E.F,) F, if E ordinary
yLp) =
0 if E supersingular

One may expect instead for this to have been 2-dimensional. A

Etale cohomology with Fp-coefficients in characteristic p may not work to prove the Weil conjectures, but

it still gives something interesting/useful.

Example. Recall that H'((Speck)e, ) is Galois cohomology of .Z(k®) := lim #(L). Underlying
ks /L/k
this is the equivalence of categories between Shab(Spec ket) and discrete G-modules. We can make this
explicit using Cech cohomology.
Let U = Spec L with L/k a separable field extension (so U an étale cover of Speck). Then, we get a
Cech complex

C(U/Speck, F)=F(U) — F(U xzU) — - .
Now assume L/K Galois with G = Gal(L/K). Then we can rewrite this complex as
C(U/Speck, F) = F(U) = F(Gx U) = F(Gx GxU)— - .

Ezercise. This complex is the same as the standard complex computing H (G(L/k), Z (U)).

Taking direct limits, one then sees that C ((Speck)et, F) is quasi-isomorphic to the usual complex

computing Galois cohomology. AN

Question 9.3 (Audience). When can you compute étale cohomology as some kind of group cohomology?
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Answer. You can do this if your space is a K(mr,1). This is kind of a non-answer since in algebraic
geometry, the definition of a K(m,1) is essentially that it is a space whose étale cohomology is group
cohomology of its fundamental group. *

The goal of the next few classes is to actually compute étale cohomology of some spaces. Specifically...

Goal. We cant to compute the étale cohomology of curves over k = k, i.e.
H'(Cy, Z/("Z)

where ¢ # char k.
Today we’ll try to do this for ¢ =0, 1.

9.1 Cohomology of Curves (Really, G-torsors and interpretation of H')

Remark 9.4.
H°(Ce, Z/0"Z) = 7./ ("7 o

Computing H' will be a little more involved. In order to do this, we will give an interpretation of
H'(Xe, F ) in terms of torsors. These will formalize the notion of a principal, homogeneous space (think

principal G-bundles in topology).

Definition 9.5. Let G be a sheaf of (not necessarily abelian) groups on X4 . The idea to defining a
G-torsor will be to let it be a sheaf .7 € Sh(X¢) (of sets) with a G-action s.t. G acts simply transitively
on every fiber.

Here’s the actual definition. A G-torsor is a sheaf T' € Sh(X¢;) with an action G x T T such that

(a,m): GxxT — TxxT
(9,t)  +—  (gt,0)

is an isomorphism@ All fiber products in this definition are over X. o
Remark 9.6. T x T = G x T, so if you pull back to T', you get a trivial torsor. o
Example. G is a G-torsor (trivial torsor). A

Example. Suppose G is a finite group, and G € Sh(X) is the corresponding constant sheaf. Then a

G-torsor is a finite étale cover with Galois group G (there’s an equivalence of categories here). A

Example. G,, : U — Oy (U)* is the sheaf represented by Spec k[t,t~1]. A line bundle minus its 0 section
will give an example of a G,,-torsor. Say .Z is a line bundle. Then you get a G,,-torsor

Specy (@ z®”> .

neE”Z

We'll see in a bit that there’s a natural bijection between G,,-torsors and line bundles. A

23monic = free and pointwise surjective = transitive
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Example. G = GL,,. The claim is that GL,-torsors are in natural bijection with rank n vector bundles.
To a rank n vector bundle &, associate the bundle of frames Isomx,, (09", ), a sheaf whose value on
some cover U are isomorphisms between 05" and €|y .

Given a GL,-torsor T, one way of recovering a vector bundle is taking (7' x 6%")/GL,, (quotient
taken in the category of étale sheaves). Not obvious this is a vector bundle, so something to check here.

Also, the GL,-action is the diagonal one. A
Definition 9.7. A G-torsor T is split by a cover U — X if T|y is isomorphic to G|y (as a torsor). o

This is being “locally trivial.”
Remark 9.8. Suppose T is representable, and 7' — X is a cover. Then, T is split by T'. o

Example. Suppose G is a finite étale group scheme over X, and T is a G-torsor split by some U — X.
Then,

(1) T is representable.
(2) T is split by T.

Proof. (1) = (2)) T xx U — U is a cover because it is finite, étale (here, assuming T representable),
so T — X is itself a cover. Previous remark then shows that T splits itself.

(1) Observation: Ty, is representable since it is isomorphic to G|y, (definition of being split by
U — X). We now appeal to effectivity of descent for affine schemes (finite maps are affine) to conclude

that Ty, descends to a (unique up to iso) representable sheaf T over Xes. [ ]
A

Remark 9.9. Hl(u /X, G) makes sense for G an sheaf of groups, even it they’re non-abelian, with the

same definition. )
Proposition 9.10. There is a bijection

{ G-torsors T

<1
split by U — X} — HU/X,G).

Proof. Say ¢ : Ty, — Glu., as torsors. Let w1, mo : U X x U = U be the two projections. Since T is a

sheaf on X¢¢, we get a commutative diagram

WTT|U& — W§T|uét

" *
T ‘/’l l‘“’z »

G ——— mG.

The bottom arrow in the above diagram is an element of (U x x U, G)E The claim is that the cocycle
condition implies that this is an element of kerd. The other claim is that if T3 ~ T5, then the cocycles

you get differ by coboundary. These two claims are left as exercises. |

Corollary 9.11. {locally trivial G-torsors}/ ~— ﬁl(Xét, Q).

24 Automorphism of a trivial G-torsor is an element of G
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Proposition 9.12. This giveﬁ

1311(1,9’) -~ {locally trivial

= HY (T, 7
F -torsors },-) (T, 7)

where T is any site, and F is a sheaf of groups (abelian groups to get the isomorphism to derived functor

cohomology).

Remark 9.13. Tt is always that case that Cech ' computes derived functor H', and this is via the same

proof as usual with sheaf cohomology. o

Theorem 9.14 (Hilbert 90).
H'(X.ar, GL,) = H' (X, GL,) — H' (X, GL,)

and these are all bijections.

Proof. Need to show that (locally split) torsors are the same. A locally split GL,,-torsor is fppf descent

data for a vector bundle (element of Cech Hl), so we win by fppf descent for vector bundles. |

10 Lecture 10

Question 10.1 (Audience). If you have a sheaf which is representable after an étale base change, was it

representable to begin with?

Answer. In general, no, since descent for sheaves is not always effective. It will be representable by an

algebraic space though. *

Remark 10.2. What we’ve been calling a torsor, some sources (e.g. Stacks project) call a pseudo-torsor.

What we’ve been calling a locally trivial torsor, some sources instead call a torsor. o

Recall we ended last time with a proof of “Hilbert 90”
Theorem 10.3. The maps

Hl(Xzar; GLn) — H1 (Xéta GLn) — H1 (Xfppfa GLn)

are all bijections.

Theorem 10.4. Let T € {X 4, Xet, Xpppst- The data of a GLy,-torsor split by some t-cover U — X is

the same as descent data for a vector bundle relative to U/X. We have

UxxU=U5 X,

2

and 77T ~ 7*G. Hence the natural iso nim*T — wim*T corresponds to an iso

* % ~ * __k
Gluxyu =m7"G — 137G = Gluxxu-

25Locally trivial torsors are those split by some cover
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This is exactly given by a section of G. Now, a section of GL,, (an invertible matriz) on double inter-
sections of a cover (satisfying a cocycle condition) is precisely descent data for a vector bundle. Finally,

foof descent tells us that descent data for vector bundles is always effective. Hence,
H'(t,CL,) ~ iso classes of rank n vector bundles.

Ezercise. Find other groups for which Hilbert 90 is (or is not) true.

Remark 10.5. Suppose G is an affine, flat X-group scheme. Are all G-torsors representable by a X-

scheme? Yes, using affineness (by same proof as last time). o
Question 10.6. Given a G-torsor T', which is fppf-locally trivial, is it étale-locally trivial.

Answer. In general no, but yes if G is smooth. Here’s a proof sketch: start with the pullback

I'xxT ——T

| |

T — X

Then, T X x T — T is a trivial G-torsor, and T' — X is smooth (since G — X is and T — X has the same
fibers). The hard part is to show one can find some closed U < T such that U — T — X is étale. *

Let’s go back to thinking about Hilbert 90.
Example. X = Speck,n = 1. Note that we have
H'(Gal(k*/k), (k%)) = H'((Spec k)st, Gpn) = H' (Spec kyar, G,n) = Pick = 0.
So this Hilbert 90 does give what’s more often called Hilbert 90. A
Example. Let X be any scheme, and set n = 1. Then,
H'(X4,G,,) = Pic X. A

Example. Let £ be a number invertible on X (i.e. £ € Ox(X)*). Let’s compute H' (X, p1¢). We use

— £ . .
the Kummer sequence 1 — py — Gy, 222 . G,, — 1. This gives us

()" [l

0 — H®(Xet, o) — H*(Xet, Grn) —— H°(Xet, Grn) — H' (Xet, ) — Pic(X) — Pic(X) — H*(Xet, o) —

Now suppose H’(X, 0x) = k = k. Then,
HO(Xétle) = M((k) and Hl(Xéta ,uf) = PIC(X)V] A

Example. Can we compute H'(X¢;, Z/¢7Z) where X/k = k and char k t £. In this case, we have Z/(7Z =~ y,
via picking a primitive £th root of unity. Hence, H'(Xs(, Z/¢Z) ~ H' (X4, pte) (not Galois equivariant since

iso depends on choice) whenever k contains a primitive ¢th root of unity. A
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10.1 Geometric Interpretation

t—tP —t
—_—

Suppose X is an affine scheme over a field k = k. We have computed H' (X¢;, F,) = coker(Ox (X)
Ox (X)) where p = chark. We have also computed H'(X4,Z/¢Z) in terms of a long exact sequence.

This groups means something: one gives F,-torsors and the other Z/¢Z-torsors.

Question 10.7. How would one explicitly write down the associated torsors?

t—tP —t
ALY

Say we have [Y] € H' (X, F,) = coker(Ox(X)
a € Ox(X), called an Artin-Schrierer covering.

Ox(X)). Here, Y = {y? —y = a} where

2
Now say £ # char k and Pic(X) = 0, and we have [Z] € H' (X, p1e) = coker(05 Rind2N 0%). Then,
Z ={z* = f} with f € 0%.

Remark 10.8. Explicitly writing down covers belongs to the theory of explicit geometric class field theory,

which gives recipes for writing down abelian covers of curves. o

10.2 Cohomology of Curves (mostly for real, this time)

Goal. Let X be a smooth curve over k = k. Then,

Ox(X)* iti=0
H'(Xet,Gm) = Pic(X) ifi=1
0 ifi>1
(note we’ve done i = 0,1 already)

Corollary 10.9. Say X is a smooth, proper, connected curve over k =k, and £ # char k, then

7)0"Z ifi=0
H' (X o, Z/0"Z) = | Pic(X)[0"] = (Z/0"Z)*  ifi=1
70", ifi=2

and it vanishes if i > 2.

Proof. We need a black box from the theory of abelian varieties. The Jacobian Jac(X) = Pic?(X) of a
curve is a g-dimensional abelian variety, so Jac(X)[¢"] = (Z/¢"Z)?9. Also, this Jacobian sits in a short
exact sequence 0 — Jac(X) — Pic(X) 48,7 - 0, so Pic(X)[¢"] = Jac(X)[¢"]. Lastly, we need to know
that Jac(X)(k) is a divisible group, so coker(Pic(X) ¥, Pic(X)) = coker(Z i, Z)= Z/K”Z

Now, the Kummer sequence 1 — ppm — G, — G,, — 1 (note pgn = Z/€"7Z since we're over k = k
with ¢ # char k) gives S

0 — H'(Xe, Z/0"Z) — Pic(X) 2L Pie(X) — H2(Xer, Z/0"Z) — 0.

Thus, H' (Xe:, Z/0"Z) = Pic(X)[("] = (Z/€"Z)%9, and H?(Xer, Z/0"Z) = coker(Pic(X) 1o Pic(X)) =
7). m

2

6snake lemma
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Remark 10.10. These isomorphisms will not be Galois equivariant (the Galois action on Z/¢"Z is trivial,

but the actions on the RHS here will be via the cyclotomic character). )

Ok, so we need to show that H' (X¢t, Gy) = 0 for ¢ > 1. The proof will have three ingredients
(1) Leray spectral sequence
(2) Divisor exact sequence

(3) Brauer groups

10.3 Pushforwards and Leray s.s.
Recall 10.11. If f : X — Y is a morphism of schemes, we get a pushforward functor f, : Sh(Xe) —
Sh(Yz). Given .Z € Sh(Xgt), we have

FU—-Y)=FU xy X).
Recall that this functor is left exact, so we get right derived functors

R'f. : Sh™(Xe;) — Sh™ (Yey). ®
Intuition. Think of these derived functors as taking cohomology of the fibers. This is not literally true
in general.
Remark 10.12. Tn general, R'f,.Z is the sheafification of the presheaf V — H'(f~1(V),.%). o
Proposition 10.13. If f is a finite morphism (e.g. a closed immersion), then R'f, =0 fori > 0.
Proof. We show that f, is right exact in this case. We leave this as an exercise (show stalk of f,.# at §
in Y is just @c 1) Fa)- [ |
Proposition 10.14. For any morphism f : X — Y, f. preserves injectives.

Proof. This is true for any functor with an exact left adjoint (exercise). |

Corollary 10.15 (Leray spectral sequence). Say f : X — Y and g : Y — Z be morphisms of

schemes. Then there is an FEs-spectral sequence
Rig. o R f.7 = R™i(go f).Z.
As a special case, if Z = Speck and k = k, then we get
H(Y,R f.7) — HY (X, 7).

Proof. Spectral sequence of a composition of functors (Tohoku). In general, given two functors between
abelian categories with the first one sending injectives to injectives, you get a similar sequence.
Explicitly, say .# — .#* is an injective resolution. Then, R'f,.7# = S (f,.#*) and f..#* is a complex
of injectives. We want
H (9. fus*) = R (go [T

39



Take spectral sequence of filtered complex f..#*® with filtration given by the truncations 1<, f..#*. W

11 Lecture 11

Last time we introduced the Leray spectral sequence. Given a composition X Ly¥yz , we obtained a
spectral sequence

Rig*ij*(_) = Ri+j(9 o f)u(=)
11.1 Continuing with pushforwards

Example. Say we have m : X — Spec k with k some field. The composition 7, followed by global sections
gives a spectral sequence
H (k, Ri7,.7) = H (X4, F).

On the left, we have Galois cohomology, and the Galois module corresponding to Ri7,.# is Rim,.7 (k%) =

HY (Xks,.#). Hence, the spectral sequence is really
H (k, B (Xeo ps, F)) = HT(Xg, F).

A

Remark 11.1. Say k is a finite field, and X/k is a smooth projective variety. Galois cohomology of a
finite field is simple

Ve ifi=0
H'(kEV)={ Vg ifi=1 ©
0 ifix>1

Remark 11.2. Say X 55 Y is a smooth, proper morphism (say, for now, of varieties over C). There’s a

leray spectral sequence over the analytic site giving

H'(Y,Ri7.Q) = H'Y(X,Q).

Fact (Deligne). This spectral sequence degenerates at Es.
First proof of this uses Weil II. o

Proposition 11.3. Say we have 7 : X — Y. Then, R'm,.7 is the sheaf associated to the presheaf
U H(r Y U)a, F).

Proof. Let # — .#* be an injective resolution. Then, #*(r..¥) =: Rm..#. Now, note that we have a
commutative diagram

Sh(Xet) ——— Sh(Yet)

ét

forgetl Ta

Psh(X¢) —— Psh(Yz),
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where a denotes sheafification. Furthermore, note that 7, is exact as a functor Psh(Xs) — Psh(Yz),

and sheafification is also exact. Hence,
R'n,.F = A" (n,.9°) = H"(aom, oforget(S°*)) = aom, (H" (forget(.£*)).

By definition, 7" (forget(.#*)) is the functor sending U — H*(U,.%). Thus, the above equality is exactly

what we wanted to prove. |
Remark 11.4. This is true more generally for arbitrary morphisms of sites. o

Example. Say X is an integral scheme, with generic point ¢ : n — X. Let .# € Sh(ne); we want to
understand R'.,.%. At least, let’s try to compute its stalks. Say T — X is a geometric point. Then,
(R'.7)_ = lim (R'v..7)(U) = lim H'(U,, Z|u,).
(Um) (Um)

Ezercise. Define Ox z to be the stalk of Ox at T, and define Kz = Frac(0x z). Then,
(R'1.F )z = H (K, |k.). A

Recall that we have the following goal.
Goal. Understand H* (X, G,,) where X is a curve over k = k (and i > 1).

We want to relate this question to questions in Galois cohomology.

11.2 Cohomology of curves (we meet again)

Proposition 11.5. Let X be a reqular variety over k (maybe to sep closed), and suppose n <— X is the
generic point. Then there is a short exact sequence of sheaves on Xg:

0— G, EW'7>|<(Gm di) tzxZ — 0.

ZCX
codim 1

Proof. We first show G,,, — 1.G, is injective. We claim G,,(U) — G,,,(U,,) is injective. This is precisely
O, — @, 0y, where n; runs over the generic points of U. This map is indeed injective.

Now exactness in the middle. Say we have f € 7,.G,,(U) s.t. div(f) = 0. We want f to come from
G (U). It is enough to show that f is regular (by the same argument, f~! will also be regular). This

A= () 4

p ht 1

boils down to

(by normality, which is implied by regularity).
Now we show 1.G,, — @ zcx tz+Z is surjective. We claim that every Weil divisor is locally

im

dim 1
principal, i.e. is Cartier. This is true by regularity. |
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Corollary 11.6. There is a long exact sequence

- — Hiil(Xét, LZ*Z) — Hi(Xét,Gm) - Hi(Xétan*Gm) - Hi(Xét’ LZ*Z) o
1 i 1

The terms involving pushforwards can be computed using the Leray spectral sequence.
Proposition 11.7. Say X is a curve over k = ks. Then,

H' (X, tz+Z) =0 for i > 0.

ZCX
codim 1

Proof. Tt is enough to show that for z € X of codim 1 (a closed point), Hi(Xét, t2+Z) = 0 for i > 0. There
is a Leray spectral sequence
H' (Xet, R'020Z) = H™ (2, Z).
Note that
L ifj=0

Rj Loxll =
0 otherwise.

since pushforward along closed immersions are exact. Also,

. Z ifi=0
H (Zétvz) =

0 otherwise.

since z is spec of a separable closed field. Hence, we have a spectral sequence with just one column, so

it’s degenerate, and we see that

) ) Z ifi=0
HY (Xt 12:Z) = Hi (20, Z) = . n
0 ifi>0

Corollary 11.8. Say X is a smooth curve over k = ks. Then,
H' (X ¢, Gp) = H (X g1, 1.Gyy) for i > 1.
Let’s compute this now. We use the Leray spectral sequence once more:
H' (Xet, RO.Gyn) = H (1, G,y,).
Recall from a previous example/exercise that
(RI1.Gy)z = B (K7, Gy,).

We will win if we can prove...
Theorem 11.9. Suppose

e K is the function field of a curve over a separably closed field; or

42



o K = Kz =TFrac(Ox z) is the strictly Henselian field associated to a geometric point of a curve over

a separably closed field.
Then, H (K, G,,) =0 fori > 0.
Remark 11.10. This shows that R77,G,, = 0 for j > 0 since all its stalks vanish. This then gives
H'(Xet, 7+Gr) = H (1, G,,). Applying the theorem once more tells us that this vanishes if i > 0. o

Thus, we’ve reduced computation of étale cohomology of curves to Galois cohomology.
Lots of what we’ve done has been fairly formal, but this new goal theorem is not formal. It’ll take a

while to prove, and will involve introducing new notions.

11.3 Brauer groups

Let X be a scheme.

Definition 11.11 (Cohomological Brauer group).
BrCOh (X) = H2 (Xéta Gm)tors- <&

We will understand this geometrically in terms of PGL,,-torsors.

Claim 11.12. There is a natural map

étale-locally split 9
LnJ{ PGL,, -torsors } — H(Xe,Gm).

The main point is that there is a short exact sequence 1 — G,,, — GL,, — PGL,, — 1 of sheaves of
groups on Xét The idea then is the use the associated long exact sequence which includes H! (Xet, PGL,) —
Hz(Xét, Gyn), but this does not quite make sense since PGL,, is not abelian. However, we can be hands
on.

Say we have T which is a locally trivial PGL,,-torsor. We want to produce [T] € H*(Xe;, G,,). We
start with [T] € I:Il(Xét, PGL,). Choose a trivializng Y — X s.t. T|y = PGL, |;. From this, we get a
cocycle in PGL,, (U xx U). What next? Find out next time...

12 Lecture 12

Today, we talk about Brauer groups.

Recall that our current goal is to prove the following.

Goal. Let C be a smooth curve over k = k. We have computed H°(C,G,,) = 65(C) and H'(C,G,,) =
Pic(C). We still want to show that H (C,G,,) = 0 if i > 1.

Recall 12.1. We have reduced the ¢ = 2 case to questions about Galois cohomology; in particular, to
understanding H' (k(C), G,,) and H(kz, G,,), Galois cohomology of the function field and of the strictly

henselian local rings. ®

27Tt if right exact since GL,, — PGL,, is smooth, and so has sections étale locally. Alternatively, GL, — PGL, is a
Gm-torsor and so (Zariski)-locally trivial, so it’s even an epimorphism in the Zariski topology
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Recall 12.2. For a scheme X, we defined the cohomological Brauer group
BrCOh(X) = BI'/(X) = Hz(Xétv Gm)tors~
We started defining the Brauer group. We claimed there was a map

étale-locally split 5 9
H (X, ,
LnJ { PGL,, -torsors } — B (Xet, Grm),

and we defined the Brauer group Br(X) to be the image of this map. ©)

How do we define ¢ above? It is the boundary map

| JH" (Xet, PGL,) & H?(Xet, Grn)

arising from the short exact sequences
1 —G,, — GL, — PGL,, — 1

of sheaves of groups on Xg;.

Note 1. A good reference for (partial) LES of cohomology of sheaves of non-abelian groups is Giraud’s

book ‘Cohomologie Non-Abelienne’

What one gets is a “long exact sequence of pointed sets” terminating at H2(Xét, Gyn) (uses that Gy,
lands in the center of GLy,).

We can make § explicit in terms of Cech cohomology. Start with [T] € H'(Xg, PGL,), so T is a PGL,,-
torsor split by some cover Y — X. On U x x U the descent data (so satisfies cocycle) is given by some
section in I'(U x x U, PGLy,,). After refining U, we can lift this descent data to a section I'(U x x U, GLy,)

(no longer necessarily satisfies cocycle). Consider
Thas - Thys - (mhys) ™ € DU xx U xx U, GLy,).

By construction, this becomes one 1 when pushed to PGL,, so really it lives in the kernel T'(U x x U X x

U,G,,). This is a 2-cocycle representing an element of H?(Xe, G,,) (exercise).
Slogan. §([T7]), the Brauer class of T, is the obstruction to lifting 7" to a GL,,-torsor.
We’ve defined the map 6. We don’t yet know that its image is a group, or that its image lies in the

cohomological Brauer group.

12.1 Geometric interpretations of PGL,-torsors + Brauer classes

General principle: Suppose T € Sh(X¢;) (e.g. T a scheme) and G = Aut(7T). Then, there is a natural

locally split forms of
— )
G-torsors T

bijection between
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By a fornﬁ of T, we mean a sheaf on Xg which is locally isomorphic to T
Starting with a form F or T', the Isom sheaf Isom(T, F') gives a locally split (right) G = Aut(T)-torsor.
Conversely, given a locally split G-torsor T, the sheaf quotient (Tt x T')/G will be a form of T.

Warning 12.3. This is a bijection of sets. It is not, in general, an equivalence of categories. °
Example. (locally split) GL,-torsors are vector bundles. A

Say G = PGL,,. What are some objects with Aut = PGL,,7 The principal example is Autx (]P’S‘(_l) =
PGL,, (exercisﬂ.

Corollary 12.4. There’s a natural bijection between
{PGL,, -torsors} «— { forms of P"~'}.

Elements of the RHS are called Severi-Brauer Schemes.
Theorem 12.5 (Noether-Skolem). Let R = Mat,x,(A). Then, Aut(4) = PGL,,.

Corollary 12.6. Bijection

{PGL,, -torsors} «— {forms of Maty,xn} .
Elements of the RHS are called Azumaya algebras, up to spelling.
12.2 Twisted Sheaves

Let U — X be an étale cover, and choose a € I'(U x x U x x U, G,,) representing some [a] € H?(Xe, ).

Definition 12.7. An a-twisted sheaf is a qcoh sheaf .# on U and an isomorphism ¢ : 77.% = 73.7

which satisfies the cocycle condition up to «, i.e.

* * _ *
To3P O MgP = - T3P <

Example. Go back and look at our construction of the map 4. A
Notation 12.8. We let QCoh(X, a) denote the category with
e objects: a-twisted sheaves
e morphisms: morphisms of sheaves on U which commute w/ ¢
Example. QCoh(X,1) ~ QCoh(X) via étale descent for quasi-coherent sheaves. A
Proposition 12.9. Suppose a, o’ are 2-cocycles for G,,.
(1) [a] € Br(X) <= 3 an a-twisted vector bundle.

(2) QCoh(X, ) is an Abelian category with enough injectives (if X is ‘nice’).

28Sometimes also called a twist
29non-trivial. Need something like theorem on formal functions at some point
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(8) There’s a tensor functor ® : QCoh(X,a) x QCoh(X,a’) — QCoh(X,aq’). There’s also a Hom
functor Hom : QCoh(X, a) x QCoh(X,a’) — QCoh(X,a/a™1)

(4) There are functors
Sym”, \" : QCoh(X,a) — QCoh(X, a").

(5) QCoh(X,1) = QCoh(X)

Proof. For (1), if you have an a-twisted vector bundle, projectivizing it will give an honest-to-God
PGL,,-torsor, so [a] € Br(X). Other direction immediate from construction of §.
Exercise: Try to prove (3,4). |

Corollary 12.10. Br(X) is a group.

Proof. Say we have a, o’ € Br(X). Let € be an a-twisted vector bundle, and similarly for £’. Then, E®E’
is an aa/-twisted vector bundle, so aa’ € Br(X). For inversion, £¥ is an a~!-twisted vector bundle, so
L€ Br(X). [ |

Proposition 12.11. Suppose a is a 2-cocycle for G,,. Then,
[o] is trivial <= Ja-twisted line bundle.

Proof. (—) If [a] is trivial, then Ox is an a-twisted line bundle. There’s an implicit lemma here: if
[a] =[], then QCoh(X, o) = QCoh(X,a’) (easy exercise).
(«) Say there’s an a-twisted line bundle .. Descent data for £ is the same as a global section

Bel(U xxU,G,,), and 6(8) = a which exactly says it’s trivial in the Brauer group.

I Here, a coming from short exact sequence 1 — G,, — G,, — PGL; — 1 and PGL; = 1. I
[ ]

Corollary 12.12. Suppose &£ is an a-twisted vector bundle of rank n. Then, [a] € H2(Xét,Gm) 18

n-torsion.
Proof. \" € is an a"-twisted line bundle, so [a"] = [a]™ is twisted. |
Corollary 12.13. Br(X) < Br'(X) = H*(X s, G ) tors-

Let’s give some examples of Brauer classes.

Example. X = {x2 +y? 422 = 0} over R is a smooth conic with no rational points. So X % P}, but
Xc ~ PL. Hence, X is a non-trivial twisted form of P}, and in fact, §([X]) generates Br(R) = Z/2Z. A

Example. The Hamilton Quaternions are a central division algebra over R (hence a Azumaya algebra)
which also represents the generator of Br(R) = Z/2Z. A
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For going between severi-brauer varieties and azumaya algebras, consider the diagram

Severi-Brauer
P(-) n

|
1
|
a-Twisted sheaf £ i moduli of certain ideals
|
|
|
I

Azumaya algebras

Remark 12.14. Descent data for schemes is not always effective, so there’s extra argumentation needed

to know that P(€) is a scheme. The main point is that the anticanonical bundle of projective space is

(very) ample, and polarized descent data for schemes is effective. o
Example. Br(Q,) =Q/Z A
Remark 12.15. Over a field k, any 2-torsion Brauer class is represented by a ‘quaternion algebra’. o

Example. There is a map

0 — Br(Q) — P Br(Q.) = Q/Z — 0

In particular, if o € Br(Q), then «|g, = 0 for almost all v (exercis@. A
Let’s interpret multiplication.

e Suppose A7, A, are Azumaya algebras representing oy, as. Then, A; ® As is an Azumaya algebra

representing oy as.
e Suppose P, =P(€) and P, = P(£’) are SB’s representing aq, ae. Then, P(€ ® £’) represents ajas.

Remark 12.16. Severi-Brauer varieties (I think) come with a map to projective space via the anticanonical
bundle. o

Open Question 12.17 (Period-index question). Given o € Br(X), what is the minimum rank (or

ged of the ranks) of an a-twisted vector bundle?
Next time: we’ll use stuff from today to understand H'(k, G,,).
Theorem 12.18.

(1) Say k(C) is function field of a curve over k = k. Then,

H?(k(C),G,,) = 0.

(2) Say Kz is strictly Henselian dvr. Then,

H?*(Kz,G,,) = 0.

30Use SB interpretation
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13 Lecture 13

Goal. Finish talking about Brauer groups and finally compute the cohomology of curves.

13.1 Last time

We discussed definition of Brauer group, and showed that it is a group.
Given a 2-cocycle « representing a class [a] € Br(X), we discussed the category of a-twisted sheaves
which led us to two other ways of interpreting the Brauer group: Severi-Brauer schemes, and Azumaya

algebras. Recall these were connected via

Severi-Brauer
P(-) n

|
i
|
a-Twisted sheaf £ i moduli of certain ideals
|
|
|
I
|

Azumaya algebras.

We want to use this geometric interpretation to prove the following

Theorem 13.1 (Tsen’s theorem). Suppose k is a C; field (AKA a quasi-algebraically closed
field), i.e. for any homogeneous polynomial f € k[xy,...,n] with deg < n, f has a non-trivial zero.
Then, Br(k) = 0.

We will also prove
Theorem 13.2. Suppose K is either
(1) the function field of a curve over an algebraically closed field; or
(2) the fraction field of a strictly Henselian dvr
Then K is quasi-algebraically closed.

Hence, K as above has trivial Brauer group.

13.2 This time (Finishing computation of cohomology of curves)

Definition 13.3. Let £ be an a-twisted sheaf, so End(€) is an Azumaya algebra. The reduced norm
Nm : &nd(€) — End(\"P E) = Ox is given by functoriality of A, e.g. take top exterior power of an

endomorphism. o
Proposition 13.4. Given f € &nd(E), f is invertible if and only if Nm(f) is a unit.
“A matrix is invertible iff its determinant is a unit.”

Proof. Invertibility can be checked locally, and locally &nd(€) is a matrix algebra. This fact holds for

matrix algebras. u

Now, we can proof|[I'sen’s Theorem
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Proof of Theorem[13.1. Let k be quasi-algebraically closed. Given [a] € Br(k), we want an a-twisted line
bundle. We have some a-twisted vector bundle £. We want some non-trivial subbundle of £ if rank & > 1
(and then induct). How do we do this? Could have an endomorphism of £ with nontrivial (co)kernel, i.e.
find f € &nd(€) such that Nm(f) = 0.

Note that reduced norm is a function Nm : &nd(€) — k whose source is a rank(£)? dimensional affine
space, so Nm is a (homogeneous) polynomial in rank(&)? variables@ At the same time, deg(Nm) = rank £
(since Nm = det after suitable extension). Thus, we get our desired f (when rank & > 1) since k is Cy.
Set & = ker(f), and a-twisted vector bundle of strictly lower rank. Rince, wash and repeat to get an

a-twisted line bundle, but the existence of such a thing implies [a] = 0 € Br. u
Corollary 13.5. If k is quasi-algebraically closed, then H?(k,G,,) = 0.

Proof idea. For a field, H*(k,G,,) = Br(k). This equality is actually true in a lot of situations (though
not for general schemes). To show this for fields, you can write down an explicit central simple algebra

using a 2-cocycle (done e.g. in Serre’s ‘Local Fields’). |

We next want to show that certain fields are quasi-algebraically closed, i.e prove Theorem We

will actually only prove half of it here, and give a reference for the other case.

Proof of first case of Theorem[13.3. Let k = k(C) be the function field of some curve C' over an alge-
braically closed field L. Given f € k(C)[x1,...,2,] homogeneous with deg f < n, we want a non-trivial
zero of f in k(C)™.

Idea: choose an ample divisor D on C, and consider f as a function
f :T(C, 6(mD))" — T(C, 6((deg fymD + D'))

(m € Z some integer) with D’ coming from the poles of the coeflicients of f. Hence, f gives a map of
irreducible affine spaces over L = L.

What are the dimensions of these spaces? Using Riemann-Roch, we know
dimT(C, 0(mD))" ~nm and dimT(C, &((deg f)mD + D")) ~ (deg f)m.

Recall deg f < n by assumption, so for m > 0, we get a map X — Y w/ dimX > dimY. Thus, the
dimension of any non-empty fiber is positive. Note that f~1(0) is non-empty since it is homogeneous so
0 € f~1(0). Thus, dim f~1(0) > 0 so f~1(0) contains some non-trivial L point and we win. [ |

Corollary 13.6. Br(k(C)) = H*(k(C),G,,) = 0.

Remark 13.7. Fraction fields K of strictly Henselian dvrs are also C;. This is proved e.g. in Lang’s thesis.
Exzxercise. Prove this in the case that K is equicharacteristic 0.

Hence, Br(K) = H*(K,G,,) = 0 for K = Frac(strictly Henselian dvr). °
Theorem 13.8 ((Less general version of) Tate’s theorem). Let K be as above (e.g. k(C) or Kz,

function field of curve over L = L or frac field of strictly Henselian dvr). Then, H'(k,G,,) = 0 for all
i>0.

31Take some field extension under which & splits, and then Nm is just the determinant
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Proof. The goal is H (Gal(L/k), L*) = H(L/K,G,,) = 0 for all finite, separable Galois extensions L/K

(recall Cech cohomology is exactly computing Galois cohomology in this case).

(1)

(2)

(3)

(4)

We know this vanishes for ¢ = 1,2. ¢ = 1 is Hilbert 90 and ¢ = 2 follows from Tsen’s theorem (for

L = K) + the inflation-restriction exact sequence.

Now suppose L/K is cyclic. Cohomology of cyclic groups is 2-periodic, so we win by the i = 1,2

cases.

Now suppose L/K is nilpotent. Let C' < Gal(L/K) be normal + cyclic (exists since L/K nilpo-

ten@ so we get a short exact sequence
1—C—Gal(L/K)— G —1

with G’ nilpotent as well. We know vanishing for C' and for G’ (by induction), so we get the result
for Gal(L/K) by inflation-restriction.

Now say L/K general.

Recall 13.9. p-groups are nilpotent. The class equation tells you that p-groups always have

nontrivial center, so keep quotient by centers. ®
For G, < Gal(L/K) a p-Sylow, Hi(Gp,LX) = 0 by part (3). Now consider the map

H'(Gal(L/K), L*) — @ H'(G,, L*) = 0.

This map is injective, so we win. Why is it injective. Recall the (co)restriction maps
res : H'(Gal(L/K), L*) = H(G,, L) : cor

satisfy resocor = [G : G,] which is prime to p, so res is injective away from prime-to-p torsion. W

Corollary 13.10. Let C be a smooth curve over an algebraically closed field. Then,

H'(Cet, G,) = H (k(C),Gypn) for i > 1.

Proof. Before, we showed H'(Cg;, G,y,) =~ H'(Csy, .G,y ) for i > 1 (by divisor exact sequence). We now
claim H*(Cs,n.G,,) = H (k(C),G,,). The Leray spectral sequence tells us that to show this claim it
suffices to know that Rn,G,, = 0 for i > 0, but the stalks of this sheaf are Hi(K§7 Gn) =0. |

Corollary 13.11.

H'(Cet, Gn) = H'(K(C),Gp) = 0 for i >1

Proof. Combine previous corollary with Tate’s theorem. |

32being solvable is enough
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Corollary 13.12.

Gn(C) ifi=0
H'(Ca,Gpn) = Pic(C) ifi=1
0 ifi>1
Corollary 13.13.
I ifi=0
i Pic(Q)[n] ifi=1
H (Cétuu‘n) = [ ]
Z/nZ if i=2 and C proper
0 otherwise

where n is prime to chark.

Proof. Apply the Kummer sequence 1 — pu,, — G,,, — G,,, — 1. For the i = 2 case, need to know that
Pic’(C) is divisible when C' proper and Pic(C) is itself divisible when C is not proper (exercise). ]

Remark 13.14. The description in the last corollary is Galois equivariant. For a non-Galois equivariant
description, Pic C[n] = (Z/nZ)*’ when C proper. o

Remark 13.15. Above theorem uses more than Brauer group vanishes. It uses that Brauer group vanishes

for all finite extensions. This is in fact true more generally for Cy fields (all finite extensions are C7). o

Question 13.16 (Audience). For torsors, if you have a section, then you’re trivial? Is something similar
true more general for twists? Like, a Brauer-Severi is often trivial if it has a rational point, and a rank
n vector bundle with n linearly independent sections is trivial, so maybe there is something you can say

in general involving sections? (paraphrase)

Answer. The case of Brauer-Severis is a little special. If one has a section, then its Brauer class vanishes,
but this does not mean that is is a trivial form of P™; it only means it is a Zam‘ski—locallﬂ trivial form
of P". Over something like Spec k, Zariski-locally trivial = trivial.k

Let’s give a proof of ‘Severi-Brauer with section has trivial Brauer class.” A Severi-Brauer is a
projectivization P(€) of a twisted vector bundle £. What is a section of P(€)? Well, it is a twisted
subline bundle (or twisted quotient line bundle, depending on conventions), and we’ve said that having
a twisted line bundle means the corresponding Brauer class vanishes.

In general, not sure what a general criterion for a form to be trivial should be. *

Remark 13.17. This computation was the first sign that étale cohomology is a good cohomology the-
ory (looks like singular cohomology). The second big piece of evidence was Artin computing the étale
cohomology of A%\ 0 which looks like the 3-sphere (punctured C?). o

We’ve achieved our first big goal: cohomology of curves. Next time, we start building towards Poincaré

duality, cohomology with compact support, ...

33Trivial Brauer class means it comes from an element of Hl(Xét7 GLn) = H! (Xyzar, GLp), i.e. that your Severi-Brauer is
P(€) for some not twisted vector bundle £ on X. This vector bundle is (Zariski) locally trivial, so P(£) is (Zariski) locally
P(0%) =P
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14 Lecture 14

Last time we computed the étale cohomology of curves. Today we will talk about compactly supported
cohomology and Gysin sequences. We want to focus on computational aspects of étale cohomology until
we get to Weil conjecture stuff. There will be some big theorems we will need along the way, but we will

not be proving them.

14.1 Extension by zero

Let j : U — X be an open embedding.

Definition 14.1. Extension by zero is the functor j; : Sh*(U) — Sh*”(X) (“j lower shriek”) defined
as the sheafification of

WV - X) F(V xxU) if im(V)cU
e — O
0 otherwise.

Remark 14.2. We will later see ‘lower shriek’ for more general morphisms, but it requires input from

Nagata compactification. o
Proposition 14.3 (Exercise). j) is left adjoint to j*.
Proof idea. Check the adjoint property on presheaves, and then use adjoint property of sheafification. H

Proposition 14.4.

o

0 fzTdimj

(jlﬁ)EZ

This is immediate from the definition.
Corollary 14.5. j is ezact.

(check on stalks).

This is useful for “excision”

Proposition 14.6. Suppose F € Sh*®(X ) and inclusions U Lxbz=x \U (with U Zariski open

and Z Zariski closed in X ). Then there is an exact sequence
0— jj*"F — F — 1, " F — 0

(the above maps are the (co)units from the relevant adjoint pairs).
Proof. Check on stalks. Choose a geometric point T € X.

e First suppose T € U. This sequence then becomes
0 — Fz i, Fz—0—0

which is exact.
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e Now suppose = € Z. This sequence then becomes

0—0— Fr -5 T — 0

which is exact. [ |

Definition 14.7. Suppose .# € Sh™(Ug) and j : U < X is an open embedding with X proper. Then,

Cohomology with compact support is defined as
H!(Us, F) = H (Xg, 1.F). o

Remark 14.8. To define compactly support cohomology for a (smooth) manifolds, one usually defines it as
the cohomology of the de Rham complex of compactly-support differential forms, i.e. forms which vanish
outside a compact set. if X is a smooth manifold and X — M with M a compact smooth manifold,
then any compactly support form on X give rise to a compactly support form on M via extension by 0.
Since M is compact, all forms on it are compact, so compactly supported (de Rham) cohomology of M is
just usual cohomology of M. The upshot is that compactly supported cohomology on X can be studied
in terms of usual cohomology of M, and this is the idea we’re trying to capture in the above algebraic

definition. °
Question 14.9. (1) Why does such an X exist, and (2) why does this definition not depend on j, X ¢

There’s an obvious construction to the existence of such an X. Proper schemes are always separated,

so if U is not separated, then it cannot be open inside a proper scheme. This is all that can go wrong.

Theorem 14.10 (Nagata). If U — S is a separated S-scheme, then there exists a universally closed
S-scheme X — S, and an open embedding U — X over S. When U — S is finite type, then we can take
X to be proper over S.

Applying this when S is a point resolves question (1). Resolving question (2) requires proper base

change which will give independence for torsion sheaves.

Proposition 14.11. Let U be a connected reqular curve over k = k, and assume chark { n. Then, there

is a canonical iso H2(Ug, jun) ~ Z/nZ.

Proof. Let j : U — X be the open embedding into the canonical regular compactification, and let
Z =X\U <% X be inclusion of the complement. To understand Hi(X , Jifin), we use the short exact

sequence

0 —— §ij* in Lin I A —|

Jifbn &P skyscraper sheaves

This gives a long exact sequence

oo —— HY(U, ) —— HY(X, i) —— HY(X, tat* ) —— HEN U, ) —— -+
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First note that

P un(k) ifi=0

H' (X, 0t pin) = q pts
0 ifi>0

since 4ty is a sum of skyscraper sheaves{ﬂ support of the finite set of points Z. Hence, we have the

sequences (below, we're assuming U # X)

0 —— HY(U, pn) —— HAX, 1) —2= @,y pin(k) —— HLU, pn) —— HY(X, 1) — 0

HO(Xaj!MTL) PIC ]

0

and
0 —— H2(U, ptn) — H*(X, ) —— 0

Z/nZ

This finishes the computation of H2(U, p,,). What is H'? It’s some extension

@Mn(k) 1 .
0— W — H. (U, py) — Pic(X)[n] — 0

with p, (k) embedded diagonally. |

14.2 Proper Base Change + Finiteness results
Definition 14.12. Suppose .# € Sh(Xg) is a sheaf (of sets) on X¢. We say it is constructible if both

(1) For every i: Z — X, a closed embedding, there exists a non-empty open U C Z such that (i* )|y

is locally constant, i.e. there exists a cover V' — U such that i*.%|y is constant.
(2) The stalks of .# are finite. o

Example. If U — X is open, then ju, is constructible. The stalks are either 0 or pu, so finite. Given
i:Z— X,if ZNU = {), then i*jiu, = 0 which is constant. If ZNU # 0, then (¢*jip,)|znu is locally
constant; it is isomorphic to u, on Us which is not constant because of the Galois action, but which

becomes constant after taking the cover where you adjoin all nth roots of unity. VAN
Example. Suppose .# is represented by a quasi-finite X-scheme. A

Theorem 14.13 (Hard). Let f : Xy, — X be the obvious morphism, and let % € Sh(Xg,) be a sheaf
on the big étale site such that

(1) The natural map F — f*fo.F is an isomorphism; and

?4Use Leray spectral sequence H*(X, RIt.t* ) == HI(Z, un) to get vanishing higher cohomology. The point is
R7vyt* = 0 for j > 0 since v« is exact as it’s the pushforward along a finite map
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(2) [ is constructible.
Then % is represented by a quasi-finite X -scheme.

So any constructible sheaf on the small étale site is representable (by a scheme in Xp,. A quasi-finite

X-scheme may not live in small étale site).

Theorem 14.14. Suppose 7 : X — S is a proper morphism and % € Shab(Xét) s a constructible abelian
sheaf on the small étale site of X. Then, Rim..Z is constructible for i > 0, with stalks

for all geometric points s € S.
Corollary 14.15. Suppose X is proper over k = k*, and suppose .F € Shab(Xét) is constructible. Then,
(1) H (X &, F) is finite.

(2) If k C L each a separably closed field, then the natural map
H' (Xe, F) = B (X0 F |x,,e1)

s an 1so.

Proof. Constructible sheaves on Speck are finite groups (recall k& = k®), so we get (1). For (2), both
groups are stalks of the constant sheaf (Rir,.#) (at the geom points Speck = Speck and Spec L —
Speck). |

_ Al _ :
Non-example. Take X = A; and let .# = Z/pZ. We showed before (End of section that

P

H'(X4,Z/pZ) is infinite. v

Corollary 14.16 (Proper base change theorem). Say we have a Cartesian diagram

o f X

>

s

:‘\
%

%S.

N

For any .F € Sh™*(X ), there is a natural map
fr (Riw*f) — Rin, f*%.
If w is proper and % is torsion, then this map is an isomorphism.

Proof idea. Construct this map using adjointness. Then check it’s an isomorphism on stalks where it

reduces to the previous theorem. |

Warning 14.17. Above idea works for constructible sheaves, but theorem stated for torsion sheaves, so

one needs more input. °
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15 Lecture 15: Proper base change (continued)

Last time we started discussing proper base change. Let’s continue down this path (though we won’t

prove it). We recall the statement

Theorem 15.1. Say 7w : X — S is a proper morphism, and . € Shab(Xét) is a constructible sheaf of

abelian groups on the small étale site of X. Then, R'm,.7 is constructible for i > 0 with stalks

(RZW*JJZ) ~ Hi(XE,ét;Jga(E,ét)

5
for all geom ptss— S.

Corollary 15.2. For m : X — S proper, the formation of Rin,.# (F torsion) commutes with base

change.

Remark 15.3. To go from constructible to torsion, use that any torsion sheaf is a filtered colimt of

constructible sheaves. o

How does one prove this stuff. Here are some of the key ideas

e Reduce to the case where 7 is a relative curve.

Image X is quasi-projective. After blowing up, you can factor 7 as a sequence of maps, each of

which is a relative curve. Then use Leray spectral sequence.

e Use Devissage to reduce to the case where .% = p,,.

On a big open, .% is locally constant, so honestly constant after taking some cover. Then some

push-pull argument gets you to the pu,, case.

e Now 7 : X — S is a relative curve, and .# = pu,,. Get long exact sequence
0 — mypin — Gy — 1.G,, — Ry, — R'71,.G,, — R, G,y — R:mopt, — 0

(secretly, R7,G,, = 0fori > 2) coming from Kummer sequence. Goal is to show that m, i, R\, i,

and R?m, 1, are represented by quasi-finite S-schemes.

Key geometric input (Grothendieck): in this situation (i.e. proper relative curve), R'7.G,, =
Pic X/S is representable by an S-scheme which is locally of finite type. Note that Pic X/S is the

sheafification of the functor
T — Pic(Xr)/p* PicT where p: Xr — T.

Then get
R pin = ker <Pic x/x L pic X/S)

and understanding properties of the Picard functor then shows that R, i, is a quasi-finite S-
scheme. Also that R?*m.p,, = coker(Pic X/S 1, pic X/S) is quasi-finite.

How does one actually use proper base change?
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Example. Say we have 7 : X — S a smooth, proper curve, and we want to compute H'(Xe, Z/nZ)

(assume n invertible on S). We have a Leray spectral sequence
H"(Ses, R°m.Z/nZ) = H""%(Xey, Z/n7).
We know R*w,Z/nZ is constructible by proper base change, and we know the stalks
(R°myZ/nZ)s = Hi (X5, Z/nZ).

The ranks of these talks does not depend on 5. One we know more, we’ll be able to say that this is
a locally constant sheaf, and that there are techniques for computing ranks of cohomology for locally

constant sheaves on curves. A

Example. Say 7 : X — S is a proper curve. We know over the open locus in S where 7 is smooth,
R*m,Z/nZ is locally constant. AN

Warning 15.4. If you have a locally constant sheaf on S, the Galois action on the fibers may “vary.”
For example, if you have an elliptic curve over a base, then the n-torsion of the curve is a locally constant

sheaf over the base, but the Galois action really depends on the specific elliptic curves showing up. .

Proposition 15.5. Suppose U is a separated scheme, and F is a constructible sheaf on U. Then,
H.(U,.Z) .= H (X s, j).F) where j : U & X = proper

does not depend on X.

Proof. Choose two compactifications j; : U «— X7 and jy : U — X5. We want Hj(Xi,jigf) to be
independent of i. Consider (j1,j2) : U — X1 X X5. This may not be open, so set X = m C X1 xXs.
This reduces the case of

U '+ X —— proper

3!

We want to compare the cohomology of j1.# on X with the cohomology of j11.% on X;. We use the Leray

spectral sequence
H (X1, RPmj.F) = H'T3(X, 5.7).

Let’s compute the derived pushforwards above. Since 7 is proper (map between proper schemes), we
have
(Romj1 )y = H(n 7 (@)es, nF) = 0 if s >0

(if T € im j, above is cohomology of a (geometric) point. If not, % is 0). Hence the spectral sequence

degenerates immediately, and we get an equality
H" (X1, m 7)) =H' (X, jiF).

Exercise. mj1F ~ j11.%. Construct map and check on stalks.

57

7 is an iso-
morphism

over the im-

age of U



This exercise finishes the proof. |
Remark 15.6. Usually one uses the proper base change theorem to compute stalks. o
Proposition 15.7.

(1) Given short exact sequence 0 — F — 4 — H — 0 of constructible abelian sheaves on Ug, we get

a LES in H.(U, —).
(2) If F is constructible, H.(Ug, F) is finite.

Proof. (1) Want LES H'(X,j.#7) — HY(X,j.%) — H(X,j¥) — H™(X,j#) and so on, where
j: U — X with X proper. Recall that ji is exact, so this arise from short exact sequence 0 — j.% —
09 — At — 0.

(2) Enough to show that ji.% is constructible on X because then H* (X, j1.%) is finite by proper base

change theorem. To show it is constructible, there are two things to check.

e The stalks are finite.

This is because the stalks of .# were already finite.

e Given T C X closed, j)%|r is locally constant on an open of T'.

Consider T'NU. If nonempty, it’s an open subset of T" which is closed in U, so it has an open subset
on which % is locally constant. If TN U = (), then 5.%|r = 0 which is already constant. [ |

15.1 Purity, Gysin sequence, cohomology w/ supports

Let A = Z/nZ (always assume n invertible on the base). We let Sh™ denote (the category of) sheaves of

A-modules.
Example. p, is a sheaf of A-modules. A

Notation 15.8. Given .Z € Sh”, we set
F(r) = F @ usr.

When we study Gysin sequences, we’ll see some twists appearing.
Here’s a general way of relating cohomology on an open to cohomology on the complement: cohomol-

. closed . open .
ogy with supports. Let Z C X with complement U C X. Consider the functor

Iz: Sh*"(Xg) — Ab
F —  ker (T'(X, %) - T'(U,.%))

i.e.

FZ(X7 _) = ker (F(Xa _) - F(Uv _)) .
We call this global sections support on Z.

Ezercise. This functor is left exact.
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Definition 15.9. We define cohomology with support to be the right derived functors HZ (X, —) of
Iﬂz. <

Theorem 15.10. There is a functorial long exact sequence (here, — € Sh™ (X g)) This is a

Hartshorne

T Hiz(Xéta =)= Hi(Xét; -) = Hi(Uén -) = HiZ+1(Xét7 =)=

exercise

Proof. Set the notation U X & Z with X \ U = Z. Recall the short exact sequence

open

0— jij*Z —Z — 14..*Z — 0.

We want to reinterpret the LES coming from this sequence.

Claim 15.11.
Hom(t,t*Z, F) ~ Tz (X, F).

This is because we have an exact sequence

0 —— Hom(:.t*2,.%) —— Hom(Z, %) —— Hom(jij*Z, F)

(X, 7) Hom(j*Z, j*F)

F(IL éZlU)

so Hom(t.t*Z, %) is precisely the kernel of this restriction map, as claimed.

As a consequence of the claim, we see that
Hy (Xet, 7) = Extgyan ) (6ot Ly F),

so our desired long exact sequence is simply the LES of Ext applied to our initial short exact sequence. H

closed

Theorem 15.12. Suppose Z C X are k-schemes for some field k, and suppose Z, X are smooth. Also
assume Z is of pure codimension ¢ in X. Then for F € Sh™(X4) locally constant constructible (i.e.

locally constant with finite stalks), there is a canonical isomorphism
H' 72, 7 (~¢)) = Hy(X, 7)

for allr > 0.

_ Answer:
Example. Say Z = pt C A! over k = k with chark {n so ¢ = 1. Then, Yes. A bit

more on this

Z/nZ(=1) ifr=2 next lecture.

H'2(pt, Z/nZ(~1)) ~ H}, (A, Z/nZ) = ,
0 otherwise.

We can compute this even without the theorem.
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We have a long exact sequence
H, (A", Z/nZ) — H' (A", Z/nZ) — H (G, Z/nZ) — HiT (A, Z/nZ)

We know?]
Z/nZ ifi=0

0 ifi>0

H'(A', Z/nZ) =
We have a LES for computing cohomology of G,,
H' (G, pin) = H (G, Gr) = H (G, Gry) — HH (G, i)

The beginning part looks like

0= pn(k) — K[t 6= 2L k[, t71% — HY (G, ptn) — Pic(Gr) 25 Pic(G).

Note that Pic(G,,) = 0 and that k[t,t~!]* = kX x t?. Hence get short exact sequence
0 — Z/nZ — H (G, pin) — 0.

Thus, HY (G, i) = Z/n7Z so H(G,,,Z/nZ) = Z/nZ(—1). Combining this with previous calculation
(for Al) reproves the result. A

We'll sketch the proof of the theorem next time, and use it to compute the cohomology of projective

space.

16 Lecture 16

Last time we talked about purity, the Gysin sequence, and cohomology with supports.

16.1 Picking up where we left off

Assumption. Always assume .# order prime to char k, meaning its stalks have orders prime to char k.
We were trying to understand the following theorem.

Theorem 16.1. Let Z — X be a closed immersion of smooth k-schemes, and let ¢ = codimyx Z. Then

for F lcc (i.e. locally constant constructible, i.e. locally constant w/ finite stalks),
H' 72, F (~¢)) = Hy(X, 7)

for allr > 0.

Think of this as a computation of cohomology with supports. Recall we worked out an example of

this last time.

35Have Kummer sequence H! (A, uy,) — HY (A, Gp,) — HY (A, Gp) — HTL(AY,G,y). Use Pic(A) =0
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Corollary 16.2 (Gysin sequence). Suppose we have X,Z as above, and let U = X \ Z be the (open)
complement of Z. Then, for 0 <r < 2c¢ — 1, the restriction map

HT(Xét,ﬂ) — HT(Uét, f)

is an isomorphism, where F is any lcc sheaf. For big r, there is a long exact sequence

0 — H* Y(X,.7) — H* YU, #|v) — BY(Z,.7(—¢)) — H*(X, F) — H**(U,.F) — HY(Z, F(~c)) — - -~

Remark 16.3. Theorem is referred to as “purity” since it’s sayingiﬂ that cohomology doesn’t change

if you remove something in high codimension; “it’s supported purely in low dimension” o

Remark 16.4 (Topological situation). What are these maps H>* "YU, .Z|y) — H!(Z, #(—c))? Let Z
be a deleted neighborhood of Z (e.g. take a small e-ball around it and then delete Z), so = : Z— 7Zis
homotopic to a sphere bundle over Z. The Leray spectral sequencelz] only has two nonzero rows, so gives

way to a long exact sequence
RN HQC_l—H(Z,y) N H20—1+i(2’y) _ HZ(Z,y) _ HQc-{-i(Z,y) .

(Thom-Gysin exact sequence). o
Let’s prove the corollary now.

Proof of Corollary[16.3, assuming Theorem [16.1} In the LES of cohomology with supports, replace HY (X, .#)
with H"~2¢(Z,.%#(—C)) (note this vanishes if r < 2c). [ ]

Example (Cohomology of projective space). Fix a field k = k. Assume char k { n (assume this throughout
the lecture). Recall

Wy ifi=0

0 ifi>0

H' (Alv ) =
Fact (By Kunneth). We’ll see the Kunneth theorem later. It implies that

tn ife=0
0 ifi>0

HZ(An7 fn) =

To compute the cohomology of projective space, we use the Gysin sequence for P*~! — P" (codim
¢ =1 here). This gives H"(P",Z/nZ) = H"(A",Z/nZ) for 0 < r < 1 (which is super useful), and also a
long exact sequence (note p,(—1) = Z/nZ)

0 — H'(P", u,) — H' (A", ) — HO(P" 1, Z/nZ) — H2(P", p,,) — H2(A", p,) — HY(P" 1, Z/nZ) — - -
We see immediately that H'(P", u,,) = 0 and

HY (P", ) ~ H ™ 2(P"Y, Z/nZ) for i > 2.

36Pirst part of the Gysin seq corollary
37maybe call it the Serre spectral sequence in the topological setting
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By induction, we see that

(Z/n7Z) (fg) if r even and r < 2n

H"(P",Z/nZ) =
0 otherwise.

Now let’s sketch the proof of purity.
Proof Sketch of Theorem [16.1 We have j : U L x g t where Z = X\ U.
(Step 1: Reduce to a local statement) We first define upper shriek

vF =1 ker (F — j.j%F) € Sh(Zs)

“sections of % supported on Z.”

Proposition 16.5. ., is left adjoint to .

Proof of this proposition is left as an (easy?) exercise.
Corollary 16.6. ' is left exact, and preserves injectives.

Claim 16.7 (Local version of purity). Say Z, X, % as in the theorem. Then,
R*/'F = *F(—c¢)

and
R'\'\F =0 for r # 2¢

(r =0 case clear since F locally constant constructible).

Let’s show that this claim implies the theorem.
~I(Z,/7) =Tz(X,.%)
This follows from expanding definitions.

— The Grothendieck spectral sequence then gives
H'(Z, R/ F) — H"(X,.7),

i.e. RToR)' = RI'yz (uses (' preserves injectives). This spectral sequence has only one column,

by the claim, so it degenerates immediately and you get
H'(Z,0*F(—c)) = H,?°(X, 7).

(Step 2: Prove the local statement) It’s a local claim. One can reduce to the case (A™, A™~°) using

the structure theorem for smooth morphisms. Then, do induction on m,c. The base case is

m = 1,c = 1 which is the example we did at the end of last class. |
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16.2 Comparison Theorems (e.g. Artin comparison) + Elementary fibrations

Definition 16.8. An elementary fibration is a diagram

J i
\ h/
f g

U

h<

A

—

03]

such that

(1) j is a Zariski-open immersion s.t. j(U) is fiberwise dense in Y, i.e. for each s € S, Uy C Ys is
dense. Z =Y \ U is the complement of U with i : Z < Y a closed embedding

(2) h is smooth and projective with geometrically irreducible fibers, and it has relative dimension 1
(3) g is finite étale
o

Usually U is the object of interest. We write it as an open inside a smooth, proper curve bundle over

S s.t. the complement of U is finite étale. The key thing is the following.
Slogan. Topology of the fibers of f are constant.

This is meaningless in general, but over C it is at least saying the fibers are all Riemann surfaces of

the same genus with the same number of points removed.

Proposition 16.9 (Artin). Suppose X is smooth over k = k. For each scheme-theoretic x € X, there

exists a Zariski open U > x s.t. U fits into an elementary fibration.

The proof of geometrically pretty involved. The idea is to puck a U, embed in P”, and then project
down (away from a point or linear subspace?) until the base has dimension dim U — 1. They will be some

bad loci which you need to delete.
Theorem 16.10. Suppose X is a variety over C, and that F is a constructible, abelian sheaf on X 4.

There are three sites coming into play

X an-€ét

Xan Xét

(1) 7 induces an isomorphism on the cohomology of all abelian sheaves (in fact, it induces an equivalence
of categories)
7* : Sh(X®") = Sh(X -9

(2) an* : H (X g, F) = H(X ™, an*F).

Recall 16.11 (Maybe this is a defn, not a recall?). X" is the site associated to the Euclidean topology
on the X?2". i.e. its objects are open sets, the morphisms are inclusions, and covers are open covers.
Xan-ét g the category of complex-analytic spaces mapping to X2® via local analytic isomorphisms,

and covers are covers. ®
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Corollary 16.12. For % as in the theorem, there is a canonical isomorphism

~

H (X g, F) = H(X™, 7).

Above, F2" is woan* F .

We will prove this for X smooth and .% lcc via the theory of elementary fibrations.
Ezercise. Prove (1) of the theorem.

We'll do (2) next time.

17 Lecture 17

Today we’ll talk about comparison theorems and then hopefully introduce the fundamental group.

17.1 Comparison Theorems, continued
Last time we stated the following theorem.

Theorem 17.1. Let X be a variety over C. Then, there is a zig-zag of sites

X an-€ét
Xan Xét
such that

(1) ©* induces an equivalence of categories

Sh(X™") — Sh(X ™€)

(2) an* : H (X g, F) = H(X ", an*.F) is an iso when F constructible.

Corollary 17.2. If .F is a constructible abelian sheaf on X4, then there is a canonical iso
H (X g, F) = H(X™, . Z) where F™ = m,an*.7.

We left (1) as an exercise last time. Here’s how you do it

Proof of (1). Given # € Sh(X¢") we want 2 € Sh(X?®") an isomorphism 7*.Z*" = Z. In the
other direction, given .# € Sh(X?"), we want an iso (7*.%)™ = 4.
We can simply take .7*" := 7,.%#. The two desired isos now are the (co)unit of the adjunction between

., 7. These are isos essentially because a local isomorphism can be refined to an honest open cover. W
Now let’s prove two (when X smooth and % locally constant).

Claim 17.3. It is enough to show
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(1) F — an.an*F is an iso
(2) Rian.an*F =0 fori >0
Proof. You the leray spectral sequence (for the morphism an : X2%¢t — X )
H (X4, Rian,an*.F) — HTI (X2 qn* 7).
The claim implies that the Fs-page only has one column with values H'(Xg;,.%), so (2) of the theorem
follows. |
Let’s prove (1) from the claim.

Proof of (1). We want to show % — an,an*.% is an iso. We will do this in the case that % is locally
constant. This is a local statement, so we may as well assume .% is constant, so # = A for some A. In

this case, we need to show that
['(UA) — T(U*,an*A) = T(U*,A)
is an isomorphism. Thus, it’s enough to show that
mo(U™) — mo(U)

is a bijection. Recall we're assuming X (hence U) is smooth.
e We can pass to a connected component to assume that U is connected.

e Further, we may assume U fits into an elementary fibration.

Uy iz

A

S

This is because U has a smaller open fitting into such a thing by Proposition [16.9] and since U is

smooth, it is connected <= a dense open is connected.

e Suppose U?* (hence Y*") is not connected, so write Y = Y7 U Y. Note these Y;’s are unions of
fibers of h (to get this, you have to prove the theorem for curves directly@. Hence, h(Y7), h(Y2)

are (unions of) connected components of S ﬁ Now we're done by induction on dimension. |
Now let’s prove the second statement: Rian,an*.# =0 for i > 0

Proof of (2). Again, we only handle to locally constant case. This is local, so we may assume .Z is
constant. We may also assume that U fits into an elementary fibration. We want Rian,A = 0 for i > 0
where an : U?¢ — U for U in an elementary fibration. Recall these derived pushforwards are the
sheaficiation of the presheaves of “cohomology of the pullbacks.” We claim it suffices to prove the following

lemma

38The analytification of curves are Riemann surfaces, so this is easy
39h is smooth so open. It is proper so closed. Hence is sends connected components to connected components
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Lemma 17.4. Suppose U is connected and smooth over C, and .F is lcc on Ut (i.e. locally constant
with finite fibers) and r > 0. Then, for any s € H" (U F), there exists an étale cover {U; — U} s.t.

slgan = 0.
That is, we can kill analytic étale cohomology classes with honest étale covers.
Corollary 17.5. The stalks (R"an,.#), =0, so R"an,.# = 0.

Thus, we finish by proving this lemma. WLOG U sits in an elementary fibration

Ulsy iz
SN
S
We have s € H" (U2*¢.F) which we compute via leray

H'(S, R f,.7) — H (U™, .7).

Note R7.Z, is the sheafification of (V HY (f~4(V), Z)). By induction (we haven’t done base case yet),
we can kill the contributions coming from R’ f,.# for j > 0. We're left with contributions from (assume
j = 0 now) H'(S, f..#). Since we're in an elementary fibration, f,.# is again lcc. Since S has lower
dimension than U, we’re done by induction hypothesis.

This just leaves the base case, where dimU = 1. We have % an lcc sheaf on the analytic-étale site
on a Riemann surface. We want to kill s € H (U#®,.Z) for i = 1,2 (since we’re on a Riemann surface)

by passing to algebraic étale covers of U.
e Kill i = 2. Pass to any affine cover (e.g. delete a finite set of points).

e Kill i = 1. We have s € H' (U A), and we want {U; — U} an étale cover s.t. §|an-e = 0. Note

that s corresponds to some A-torsor over U™ i.e. a covering space of U*" with Galois group A.

Claim 17.6 (Riemann existence theorem). There is an equivalence of categories
Uf—ét :_> Uf-a’n-ét
between finite, étale covers of U and finite, analytic covers of U™ (i.e. finite covering spaces).

In the present case, s € H'(U#*¢*, A) corresponds to some Uy — U?" which is a finite local analytic
isomorphism. Riemann existence then implies that (Us; — U) = (V — U)*" for some algebraic

V — U. Then, s|y = 0 because torsor kill their corresponding cohomology classes (recall remark
[96)). [ |

This concludes the proof of Theorem [17.1] at least when X smooth and .%# lcc. This let’s now compute

many examples of étale cohomology.
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Example. Say X is a K3 surface over C. Then,

Z/nZ  ifi=04
H'(Xey, Z/n'Z) = 0 if i ¢ {0,2,4}
(Z/nZ)* ifi=2
Why? Because we're over C so it must be the same as the singular cohomology of an analytic K3. A

Non-example. For X = G,, ¢ one has
H'(X4,Z) =0 but HY(X™ 7Z) = Z.

(note that Z is not constructible, e.g. since its fibers are not finite). Objects here corresponds to Z-
torsors over G,,. There is one analytically, given by the exponential map exp : C — C*, but this is not

an algebraic morphism (and neither are any of its powers). v

17.2 Etale fundamental groups

Definition 17.7. Let X be a locally noetherian scheme. Consider the finite étale site Xy ¢ whose
objects are finite, étale morphisms Y — X; whose morphisms are morphisms over X; and whose covers

are topological covers. o
Remark 17.8. If X is connected, all morphisms are covers. o

Definition 17.9. Let T be a geometric point of X. Then there is a fiber functor

Fr: Xiey — FinSet
Y/X — Y.

The étale fundamental group is the group
(X, T) := Aut(Fy)
with topology the coarsest (i.e. fewest open) one such that
™' (X, T) — Aut(F5(Y))
is continuous for all Y (Aut(F5(Y)) is discrete). o
Example. Say X = Speck. Take Z : Speck — Spec k. Note that
Xtot = (finite étale k-algebras)® .

In this case,
7 (Spec k, 7) = Gal(k®/k)

(exercise). A
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“] was gonna give you some nice examples first, but let me give you some mean examples.”

Example. Take A} where chark =p > 0. Recall (from end of Lecture
H' (A} 4, F,) = coker (k[t] Lniitm N k[t])

which is huge. This is saying that Al has many F,-covers. Hence, one should expect m*(Al) to be really
big. In fact,
Hl (Allc,éta ]FP) = HOIH(’/T? (Akwf)aba ]F;D)

from which we see 7¢*(A}) is not topologically finitely generated. A

Example. Say F is an elliptic curve over k = k with chark = p > 0. Then, we’ll see,

Ly X H 77 if E ordinary

n(E) = lm Efn] ={
n H 7 if E supersingular.
L#p
Note this is (probably) not the profinite completion of a discrete group. A

Example. Say X is normal /C and connected. Then,
(X, T) = mp (X, 2)

where " is profinite completion. A

18 Lecture 18

Last time we introduced the étale fundamental group.

Let X be a normal variety over a field k.

Recall 18.1. FEt(X) is the category whose objects are finite étale morphisms ¥ — X and whose

morphisms are X-morphisms. ©

Given a geometric point T — X, we defined the functor

F: FEt(X) — Set
Y/X +— Yz

Recall 18.2. The étale fundamental group of X based at T is
78X, T) = Aut(Fy).

O]

Example. When X = Speck, this is the absolute Galois group and the choice of basepoint is the same
as a choice of algebraic closure. A
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18.1 Fundamental Group

Theorem 18.3 (SGA1). FEt £ finite continuous w¢-sets is an equivalence of categories.

Remark 18.4. In present context (normal variety over a field) this is mostly a restatement of Galois theory
of the fraction field. )

Corollary 18.5. For A}c, where chark > 0, w{'(A},T) is not topologically finitely generated.

Proof. Hl(A}c,]Fp) is not finitely generated. We claim that
Hom, (7%, F,) = Hl(A}C,Fp) = {IF,-torsors} .
Note F, ~ F, by addition, so we get a map

fin. cts m{t-sets s.t. the action }

Hom, (7S (AL), F )
omets (1 (Ar), Fp) — {factors though a map n{*(A}) — F,

(an element of the LHS gives an action n{*(A}) ~ F,). By theorem from SGA1, these are the same as
IFp-torsors. n

Corollary 18.6. For any T1,T2 geometric points of X,
(X, T) ~ (X, T)

(this uses assumption that X is a variety, at least that it’s connected).

Proof. The first step is that we have an equiv of categories 7' (X, 7;)-sets < 7% (X, @s) (since both
equiv to FEt(X)). The second step — a nontrivial exercise — is that the category determines the abstract

group. |

In fact, the iso above is well-defined up to inner conjugacy. To choose an iso, choose a sequence of

specializations and generalizations

Ty Yy~ Yg & oo~ Ta.

Notation 18.7. = ~» y means that y is a specialization of z, i.e. y is in the closure of x.
Claim 18.8. If T specializes to Y, then there is a natural transformation 0 : Fgz — Fy
Proof. We let n(Y/X) : Yz — Yy be the map n(Y/X)(z) = ZN Yy, where Z is the closure of z. |

Theorem 18.9 (Comparison Theorem for Fundamental Groups). Let X be a normal variety over

C, and choose some T € X(C). Then, there is a map
(X, T)  m (X, )

which induces an isomorphism after taking profinite completions.

69



Proof. Recall 7$*(X,T) := Aut(Fy). Covering space theory tells us that
m (X, ) = Aut(F2" : Cov(X) — Set).
Hence, it is enough to show that we have a commutative diagram

FEt — 2 Cov(X)

~

where an induces an equivalence FEt ~ FinCov(X). This equivalence is Riemann existence. |
Corollary 18.10. If X is a smooth proper curve of genus g over C, then

t A
7716 (X):<a1,b1,...,ag, g [aiabi]:1>

Apparently, this is the only known proof of this (i.e. no known algebraic proof).

What if we're not over C? There’s a sequence of maps Xz — X — Speck. This induces
Theorem 18.11. The sequence
1 — (X4, @) — 7YX, 7) — Gal(k/k) — 1

18 short exact.

Remark 18.12. Surjectivity follows from geometric connectedness of X (running assumption that X is a

variety). Giving the whole proof of exactness is non-trivial. o

18.2 Specialization maps

Assumption. Assume X is proper and flat over a complete dvr R w/ geometrically connected fibers.
Notation 18.13. Let K = Frac(R) and k = R/m.

Theorem 18.14. Given T — X on the special fiber, the natural map
ﬂ-lét(Xk:f) - Trlét(X7f)

is an isomorphism of topological groups.
“Can anyone tell me why this is true? This is a very non-trivial theorem.”

Proof. Need to show that the category of finite étale covers are the same, i.e. that
FEt(X) = FEt(Xy)

is an equivalence of categories.
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Let’s prove essential surjectivity. Given Y — X} finite étale, we want to construct Y — X , the formal

scheme obtained by completing X at the maximal ideal of the base m.

We need a digression on deformation theory. We need to lift Y over X mod m™ where m is our I

maximal ideal. We’ll do this one n at a time. The first step looks like

X —— X x R/m?

We want to understand existence and uniqueness properties of 7. In general, we want to look at

X ®R/m" —— X x R/m"t!

Let .# be the ideal defining the embedding X ® R/m” — X ® R/m"*!. The general principal in

deformation theory is that the existence of such a ? (an object making the diagram Cartesian and the

right arrow flat) is controlled by an obstruction class, usually living in some H?, and the set of such

objects form a torsor for some H'.

In the present case, one obtains a construction class in obs € Extg(k (Q%// Xk,f ). If obs = 0, then
there exists Y, ;1 flat over X ® R/m™*! making the diagram Cartesian. The set of such Y,,; 1, up to iso,
is a torsor for EX‘@(,c (Q%,/Xk, J). For us, Y — X}, is étale, so Q%,/Xk = 0 so both of these groups vanish.

Hence, there’s a unique Y, 4.

I Exercise (conormal exact sequence). Y, 11/X ® R/m"*! is étale.

This gives us a unique Y — X lifting Y. Now we want some ) — X. Since X is proper, this is
immediate from formal GAGA.

The same sort of argument gives full faithfulness (exercise). |

Where does this deformation theory stuff come from? One uses Cech cohomology. First show that
locally on X, you can find the necessary lifts. Smooth maps locally look like affine space and you can
lift affine space. Now you need to try to glue these lifts together. Pick some local isomorphisms between
them; these typically won’t satisfy the cocycle condition, and their failure to do so will be an element of
H?, and really a Cech cocycle representing an element of Ext?. Then you need to figure out how many

ways there are to glue.

Corollary 18.15. Given X as above (e.g. proper and flat over a dvr) as well as T — Xk a geometric

over the generic fiber specializing to some € — X}, in the special fiber, we get a specialization map
sp 2 1y (Xic, 1) — 71 (X, €)

(not an iso in general).
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Proof. (Xk,7) — (X,7) so we get
Tr‘ist(XK7ﬁ) - ’/T?t(Xvﬁ) = ﬂ—?t(Xag) = Treft(Xkag)v
so our map is this composition. |

Theorem 18.16. If X is normal, then sp is surjective.

Proof. Given' Y — X finite étale with Y connected, then Y is also connected (use Zariski-Zagata purity;
Y is the normalization of X in the function field of ). [ ]

Corollary 18.17. X is normal, flat and proper over R. Say we have 1, & as above. Then,
,/Tlét(X?a ﬁ) - ﬂ-lét(XE? g)

is also surjective.

Theorem 18.18. If X is a variety over k alg. closed of char. 0, and L/k is an extension of algebraically
closed fields, then
T (Xp) — 7 (X)

18 an 1so.
Proof idea. Galois descent (exercise). |
Remark 18.19. Note above false in characteristic p, e.g. already for the affine line. o

Example. Suppose X is a smooth, proper curve over k = k of characteristic p > 0. Then, 7¢*(X,7) is

topologically generated by at most 2g(X) elements. A

Proof. The first step is to lift to characteristic 0 (the obstruction to doing so lives in some Ext? which
vanishes since X is a curve), and then algebrize by formal GAGA. Now, we have a surjective specialization
map

™' (X7) — 71" (X)),

and the LHS can be computed over C. This finishes the proof. |

For a singular curve, this is false using geometric genus, but probably true using arithmetic genus

(exercise if you want).

Theorem 18.20 (SGA1). Say X as above. Then,
i (X7) — 1 (XF)

induces an isomorphism of prime-to-p completions, where p = char(k).

Remark 18.21. There are analogous theorems for non-proper varieties w/ snc (simple normal crossings)

compactification (a good reference is Grothendieck-Murre) for the “tame fundamental group.” o
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Proposition 18.22. There’s an equivalence of categories

~ ite ct
{lcc sheaves on X g} «— { finite cts } .

mit-modules
Proof. lcc sheaves are represented by finite étale covers. |

Notation 18.23. Given a finite continuous 7¢t-module M, we lset .#); denote the corresponding lcc

sheaf on Xg;.

Theorem 18.24. Assume X is connected. There’s a canonical map

%
Hcts

(r{'(X,7), M) — H'(Xa, Fa)

(LHS is continuous group cohomology) which induces an iso on H° and H'.

Proof. Morally, if you have a (topological) space X it has a covering space which is a 7;-torsor, so it has
a map X — Bmy, and this is the pullback on cohomology.
Mathily, we have a functor of sites f : X¢; — FEt(X).

Claim 18.25 (exercise). Sh(FEH(X)) = n{t-sets and Fpr = f*M.

Furthermore, R'f,.#y = 0. Why? If you have a cohomology class with coefficients in an lcc sheaf,

then you can kill it by a finite étale cover (torsor kill themselves). Use leray ss to finish. |

19 Lecture 19

Last time we talked about the étale fundamental group pretty quickly. We've kinda been speeding up to

make sure we have enough time to get to the Weil conjecture by the end.

19.1 Fundamental Group Stuff Reviewed

We arrived last at an equivalence of categories.

Recall 19.1. There’s an equivalence of categories

finite discret
{lcc abelian sheaves on X} «— { fute disere e}

m¢t-modules
Fur — M

©

What is this correspondence again? Say % is an lcc sheaf of abelian groups on Xg. It is locally
constant, so locally representable by constant schemes above X. The sheaf condition gives gluing data,
and descent is effective for finite maps, so .% is in fact represented by a finite étale X-scheme. A finite
étale X-scheme is a finite 7¢t-set, and .% is a module (not just a set) since it’s valued in abelian groups.

In the other direction, a finite discrete 7$*-module gives rise to a finite étale X-scheme Yy, and
the sheaf Hom(—,Yss) is represents is an lec sheaf of abelian groups. It is locally constant since it’s
represented by a finite étale X-scheme (e.g. pullback to Galois closure of covering to split it), and it’s

abelian since we started with a module.
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Recall 19.2. Assume X is connected. There’s a canonical map

Hy, o (w0 (X, T), M) — H'(Xet, Far)
(LHS is continuous group cohomology) which induces an iso on H® and H. ®

Proof. There’s a continuous map of sites X¢; — FEt(X) since finite étale X-schemes are in particular

étale X-schemes.
Claim 19.3. There’s an equiv of categories FE{(X) ~ Finite cts 7{-sets.

It’s a general fact about group cohomology that
Sh™™# (finite cts 7¢'-sets) ~ {cts discrete finite 7$*-modules}

(think, sheaves on Spec kg are Galois module), sheaves of finite abelian groups on finite continuous
m{t-sets are the same as continuous discrete finite 7$*-modules.

Now, our map of sites in the beginning induces
H (FEH(X), M) " H'(Xeq, 7* M).
We can show this is an iso in low degrees using the leray spectral sequence. In particular, one shows
Rim,m*M =0 for i = 1. [ |
Corollary 19.4. H' (7{/(X,7); M) = H' (X ¢, Fn1).

(recall earlier proof that fundamental group of affine line in positive characteristic is not topologically

finitely generated).
Remark 19.5. If M is a trivial 7¢*-module, then H*(n$*(X,Z), M) = Hom(7$'(X, ), M), so we can use

corollary to compute maps out of ﬁ’t in some cases. o

19.2 Finiteness Theorem
This will be one of the big inputs for proving Weil.

Theorem 19.6. Let X be a k-variety with k = k* separably closed, and suppose F is a constructible
sheaf on Xg. If

(1) X is proper; or
(2) the stalks of F all have order prime to char(k)
then H" (X, F) is finite.
Non-example. H'(A};,Z/pZ) is not finite. v

Proof Sketch. (1) This we already know because of proper base change.
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(2) We induct on dim X. It is true in dimensions 0 and lm We'll sketch the proof when X is smooth
(a simplifying assumption to make proof more accessible). We also assume U = X fits into an elementary
fibration
U—isy+loz

N

(so Y — S smooth and proper of rel. dim 1, and Z — S finite étale).

It’s not immediately obvious why this reduction is allowed. The idea is that we can cover X by things I
fitting into elementary fibrations, and then use the Cech-to-derived spectral sequence to get finiteness
of cohomology for X. However, the issue is the intersections may not fit into elementary fibrations, but

you can still cover the intersections with opens that though and then end up forming a hypercover, and
I making use of this.

Now one has to do some devissage to reduce to the case that .# is lcc (make some Gysin argument). | One day
Now we may assume % is lcc. Consider leray I’ll not be
scared by
H'(S, R f.7) — H™(U,.7). this word,
. but not to-
By induction on dimension, it is enough to show that R’ f,.% is constructible for all 7 > 0. Note f = hoi, e

so we can use the composition of functors spectral sequence
R°h,R'i.F = R*"'f.F

Note that h is a proper morphism, so it’s enough to show that R’i,.# are constructible (by proper base
change).

First consider the case where . is actually constant, # = A. Then, i,.# = Ay, which is constructible,
since U is a dense open. Further (purity exercise), R'i,A = j.A(?) is a pushforward of some twist of A

along j : Z — Y. Again by purity, R%,A = 0 for i > 1. Since one can reduce to the case of .# constant,

we’re done. ]
Remark 19.7. We use that the order is prime to characteristic in the purity step at the end. o
Remark 19.8. To reduce to smooth case, can make uses of alterations. o

19.3 Sheaves of Z,-modules

Recall 19.9. The goal of this course is to count points on varieties over finite fields. We’ll do this by
taking some Frobenius action on cohomology, and taking some traces. If we want these traces to have a

hope of counting something, they better live in characteristic 0. ©
Warning 19.10. A ‘sheaf of Z;-modules’ is not a sheaf. .

Definition 19.11. A sheaf of Z,-modules is a sequence of sheaves (M,,, frn+1 : Myy1 — M,,) if

40Technically, we haven’t quite proved it in dimension 1; we’ve only proved it for smooth curves; and it’s a little more
work to get it for singular curves (e.g. compare with normalization). However, it secretly suffices to know it in dimension
0 for the sake of this argument.
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(1) each M, is a constructible sheaf of Z/¢"Z-modules.

(2) each f,4+1 induces an isomorphism

Mn+1/£nMn+l = Mn~

<

Motivation. Given an ¢-complete Zy-module N, we have N = liLnN/E”N7 so the data of N is the same

n
as the data of (N/¢™N,transition maps). Above, we’ve made a definition in terms of the ‘discrete data’

since it’s not a priori clear how to incorporate the topology on Z, into a direct definition.

Example. Taking M,, = Z/{"7Z with f,,1 : Z/{" 7 — 7 /"7 given by the natural quotient map gives

a canonical example. A

Note that in the example above, the stalks are all Z/¢"Z so the inverse limit of them is a free Z-

module.

Definition 19.12. A flat sheaf of Z,-modules (M,, fn+1 : Mpt1 — M,,) is a sheaf of Zg-modules
such that™]
O—>MSZ—>Mn+S—>Mn—>O

is exact (for all s,n?). o
Motivation. This exactness characterizes flat /-complete Zy,-modules.

Definition 19.13. Suppose (M, fn+1) is a sheaf of Z,-modules. We define its cohomology to be

H (Xe, M) = lim H' (Xeq, M,) and HL(Xeq, M) = lim H](Xeq, M,).

n n

(o

Example. Suppose X is a smooth proper curve of genus g over a field k = k° (and chark # ¢). Then,

(recall Corollary 13.13@

Zy ifi=0

. L Ty(Jac X)(—1) ifi=1
H' (Xet, Ze) = him H' (Xer, Z/0"Z) =

Zo(—1) if i=2

0 if i >2

where Z, is the example Zy-sheaf we saw before ((Z¢),, = Z/¢™Z). Forgetting the Galois actions, we have
H(Xev, Ze) = Zg, H'(Xew, Zg) = 2%, and H?(Xeo, Zg) = Lo,

which is what cohomology of a smooth proper genus g curve should look like. A

41For the first map, picking a lift along M,,+s — My and then multiplying by ¢” is well-defined.
42Twist in 4 = 1 case since we’re using Z; instead of Z,(1) (i.e. since using Z/¢Z instead of i)
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Theorem 19.14. Let M be a flat sheaf of Zy-modules on a variety X/k with k separably closed. If X is
proper or { # char k, then

(1) H (X ¢, M) is a f.g. Zg-module.

(2) There is a long exact sequence
c= H N (X, M) — H (X o, M) R H" (Xet, M) — H (Xt M) — -+

for each n.

Remark 19.15. Should think that the above LES is associated to the “SES” 0 — M £, M — M, — 0.
In reality, not a sense in which this short exact sequence really exists. One instead builds the LES out of

those coming from the exact sequences characterizing flatness. o

Proof. Exercise. Hint: reduce to the previous finiteness theorem, and then build the LES above out of
the LES’s in cohomology arising from 0 — My — M,+s — M, — 0 by taking limit as s — oo (note

inverse limits are not exact). [ ]

Definition 19.16. A Z,-sheaf (M, f,+1) is locally constant if each M,, is locally constant (i.e. lcc

since Zg-sheaves have finite stalks built in). It is lisse if it is flat and locally constant. o
Remark 19.17. lisse is a French word meaning smooth, but think of it as saying it is a local system. o

Warning 19.18. (M, f,+1) being locally constant # there exists a cover of X s.t. it is constant. °

19.3.1 7%.-reps associated to locally constant Z,-sheaves

Suppose M = (M, fn+1)n is a locally constant Z,-sheaf. For each n, we get a continuous representation
pn : THX,T) — Aut(M, z) since M, is an lcc sheaf which is the same think as a finite, discrete 7$%-

module. Moreover, this representations live in a tower

Aut(Mp 1)

(X, T) — Aut(M,, z)

Hence,

Corollary 19.19. {locally constant Z¢-sheaves} < continuous representations of ©< on f.g. Ze-modules.
Similarly, {lisse Z¢-sheaves} < continuous representations of w5 on f.g. flat (i.e. finite free) Zy-

modules.
Remark 19.20. Usually, M becomes constant after pullback to a cover only when the corresponding
representation has finite image (which is a rare occurrence). o

Ezercise. A finitely generated flat (abstract) Z,-module is automatically free (use Z, noetherian and
local). Hence, being flat as a discrete module is the same as being flat as a topological module (at least

in the f.g. case).
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19.3.2 (Q-sheaves

The category of Qg-sheaves is the localization of the category of Zy-sheaves at £.

Definition 19.21. A Q-sheaf is a Zy-sheaf. A morphism of Qy-sheaves M — N is a diagram

M/
PN
M N

such that f,g are morphisms of Z,-sheaves, and f : M’ — M has finite kernel and cokernel. Given a
Qy-sheaf M, we define

H' (Xee, M) = <1ig1Hi(Xét,Mn)> ® Q¢ and H(Xer, M) = <@H2(Xét,Mn>> ® Q.

n n

o

Remark 19.22. A morphism M’ — M with finite kernel and cokernel with induce an isomorphism of

Q¢-cohomology groups defined above. )

Given a QQg-sheaf whose underlying Z,-sheaf is locally constant, you get a continuous representation
p 11 (X,T) — GL,(Qo),

and in fact this gives an equivalence of categories. To get a functor in the other direction
Claim 19.23 (Exercise). p as above is conjugate to a representation into GL,,(Zy).

Proof Sketch. Enough to show all maximal compacts in GL,,(Qg) are conjugate to GL,,(Z,). Consider

Zp C Qp. The stabilizer of Z in 7$" is open (so finite index). Now consider ¢t/ sean 9 Ly This

gem
is stable under 7$' and f.g. so iso to Z} (any f.g. torsion-free Zs,-module is fre@. Picking a basis of
deﬁt/smbg - Zy gives conjugation into GL,(Z,), so then we win since this is the same as a lisse Z

sheaf. -

20 Lecture 20

20.1 Last time

Finished up discussion of étale 71, and then introduced Z,- and Qg-sheaves. In nice (i.e. ‘lisse’) cases,
these are same as continuous 7¢t-representations. This time we introduce a grab-bag of topics needed for
Weil stuff.

20.2 Smooth Base Change

Like proper base change, the proof is too complicated to give in a course. We may say a little about it

later when we get to vanishing cycles.

43modules over a PID
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Theorem 20.1 (Smooth Base Change). Say we have a Cartesian diagram (Below,  f.type separated)

X /= X
A
T — 5

If F is a constructible sheaf on X, (F)z always has order invertible on the base, and f is smooth, then
[ (Rn.Z7) — Rn,f*F

is an isomorphism for all r > 0.
Remark 20.2. Still applies when f is an inverse limit of smooth morphisms.

e f is the inclusion of a generic point

e fraction field of a strict henselization

o)

Let’s say a bit about intuition. In topology, what causes cohomology to fail to compute with base
change? This generally happens if the cohomology of the fiber of a point is different from the cohomology
above fibers of nearby points. One reason we should expect it to commute e.g. will base change to the

generic point is that the generic topology in families is constant.

Theorem 20.3 (smooth + proper base change theorem). Suppose m : X — S is smooth and
proper, % is an lcc sheaf on X, and #Fz invertible on S. Then, R"m..% are lcc.
It’s nonobvious, but this follows from the smooth base change theorem.

Ezercise (Important exercise). Find a counterexample if you drop the hypothesis on the orders of the
fibers.

Hint: Family of elliptic curves in char. p s.t. generic fiber is ordinary, but at least one fiber is
supersingular, and take .7 = F . The claim for this hint is that (Rlﬂ'*Ep)f =T, if Ez ordinary, but is 0

if it is supersingular. Use proper base change to conclude that this stalk is

1 ot F, if ordinary
H' (Ez,Fp) = Homees (m7" (Ez), Fp) = :
0 if semisimple
Need to show that 7$*(Ez) = [], Ty(E7) is the total Tate module.

Let X be a scheme, with geometric points 7, £ of X. Suppose 7j ~ £ (7] specializes to £).

Claim 20.4. There is a non-canonical specialization map 3% — F5 where F is any constructible sheaf

on Xe’t-

=)

Construction 20.5. First recall the definition of these stalks: fg =1l
(

F(U). We want a map

sl

=

Fe = lim F(U) - lim F(V) = Fr.
(U,m) (V,0)
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Note that U as above is an étale X-scheme so im(£) C im(U). Since ¢ generalizes to 77 means that 7
also factors through im(U). Thus, U is also an étale neighborhood (in a weak sense) of 7. To make U
an actual étale neighborhood of 7, pick some © € U lifting 7 (this is the choice). Once we know we can
make these choices compatibly, we get our map ﬁg — T

All the dependence above boils down to a choice of a map & XE U5 (above construction applied
to sheaf 0).

In practice, say R is a dvr with reside field k& and fraction field K. If 7 : X — Spec R is a proper
morphism and we take .# = R'r, (Z/EZ), then we get a map

H'(Xy, Z/1Z) = F), — Fx = H ( Xk, Z/IT),

called a cospecialization map.

Remark 20.6. Intuitively, if you have a family X — A of a disk, then it retracts to its special fiber Xy,
so this retraction gives a map from a generic fiber to the special fiber and so a map in cohomology going

the other direction. o

Proposition 20.7 (Exercise). Let .7 be a constructible sheaf. Then, F is lcc <= all cospecialization

maps are isomorphisms.

Corollary 20.8 (to Smooth + proper base change theorem). Let 7 : X — S be smooth and proper, let F
be an lcc sheaf on X¢; s.t. #(Fx) is invertible on S. Given 7,& geometric points of S with specialization
7 ~ &, the cospecialization map

H' (XE? ybﬁ%) = H (Xﬁv E‘Xﬁ)
is an isomorphism.

Corollary 20.9. Let k be a field of characteristic p > 0, and X/k be a smooth, proper variety. Then if
X lifts to characteristic 0, one can compute is Fy/Z¢-cohomology for £ # k.

Let’s explain what this is saying.

e Lift to characteristic 0

This means there exists a smooth, proper R-scheme X'/R (R a dvr) s.t. R/mp =k and &), ~ X.

It’s important that X is a scheme.

Non-example. If H*(X,Tx) = 0, get a formal list, which is not enough. v

However, in above example, if you can also formally lift an ample line bundle, then formal GAGA

implies the existence of a lift.
Example. If X is projective, H*(X,Tx) = 0 and H*(X, Ox) = 0, then you can lift to char. 0. A

Example. Curves can be lifted to characteristic 0 since both relevant H?’s vanish.
Abelian varieties also lift (even though both H?’s don’t vanish). This is nonobvious.

K3s also work (due to Deligne) A
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Example. Hypersurfaces and complete intersections in P™ lift. Just pick lifts of the defining

equations. A

e “Can compute cohomology.” By smooth and proper base change theorem, it is enough to compute
cohomology A%, where K is the fraction field of a dvr to which X lifts. Consider L := Q(coeffs of
polys defining X). Then, K D L C C. Hence, we have maps

X Xc

NS

Xz
(1) These maps induce isomorphisms on cohomology
(2) Cohomology of X¢ is computable (via Artin comparison)
Why is (1) true?

Proposition 20.10. Let X/k be a variety with k = k, and let k C L be an extension of algebraically
closed fields. Then, if F is a constructible sheaf on X g s.t. #F5 is invertible in k, then

Hi(Xét7 y) - Hi(XL7éta y|XL)
is an isomorphism.

Proof. This follows from smooth base change. There’s extra to argue in characteristic p, but in
characteristic 0, an extension of fields is a direct limit of smooth morphisms (e.g. separable field
extensions). In characteristic p, show that étale cohomology is insensitive to inseparable field
extensions (e.g. if you have an étale morphism, it descends uniquely through inseparable field

extensions). [ |
20.3 Kiinneth formula + cycle class maps

After this, one more topic (Poincaré duality + Lefschetz trace) before Weil conjectures.

Theorem 20.11 (Kiinneth formula). Suppose X,Y are proper k-schemes and k = k. Suppose .F is a
constructible sheaf of 7 /" Z-modules on Xg, and 4 is a constructible sheaf on Ye. Then, in the derived

category D®(Ab), the canonical map
L L
RF(Xe’t7 ﬁ') ® RF(Yét, g) — RF((X X Y)ét7 F (9 g)

s an tsomorphism.

Corollary 20.12. There is a spectral sequence

@ Tor%/-enz (Hi(Xétv j)v HJ (Yétag)) = HT+S((X X Y)éta F ® g)

r
i+j=s

if & or ¥ is a sheaf of flat Z/¢"Z-modules.
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Note this spectral sequence can be infinite (Tor can be nonvanishing in arbitrary negative degree).
However, suppose % =¥ = Z/ "7 and that their cohomologies are free Z/¢™Z-modules; then all Tor’s
vanish for r > 1, so you just get that the cohomology of the product is the tensor product of the

cohomologies, as a graded ring.

Corollary 20.13. Owver Zg, just get an ezxact sequence

0— P H (Xt Zo)@H* (X, Ze) — H"(XxY) e, Zg) — @) Torl (W' (Xep, Ze), H* (X o1, Zy)) —

r+s=m r+s=m+1
Since tor dimension of Z; is one (Since Zy is a PID).

Non-example. Consider X =Y = A'/k with k = k and chark = p > 0. Then, Kiinneth is false in this

case, even for H'. To see this, just compare H'’s of A! and AZ. v

Where does the map in Kunneth come from? This comes from cup products
H (Xet, F) @ H*(Yer, 9) — H (X X Vg, F @9).

These exist always for sheaves of abelian groups on a site. To make things concrete, we’ll describe them
in Cech cohomology, so say we have {{{} — X and {V} — Y covers. Then, {U x V} — X x Y is a cover,
and the map of Cech cohomology is simply (f,9)— [f®g.

21 Lecture 21

Last time, we introduced cup products and the Kunneth formula.

21.1 Cup products and Kiinneth

Let’s recall cup products in Cech cohomology. Say X,V are k-schemes with sheaf .#,% of Z/¢"Z-modules

on Xgt, Yat, respectively. Say U — X and V' — Y are covers. Then, there’s a map
H'(C(U/X,Z)) W (C(V]Y,F)) — HT(C(UXxV/X xY,FRY)),
where . X ¥ is the sheaf pr} . @ pry ¥ on Xg X Yg. This is induced by a map of complexes
Tot(C(U/X, F)@ C(V]Y,F)) — C(UxV/X xY,FRY).
Given f € CHU/X,.Z) and g € CI(V]Y,¥), we get
fog— fRgeCH(UXV/X xY,FKRY)

with f X g defined in the obvious way.
Ezercise. Check that this gives a morphism of complexes.

Remark 21.1. Cech cohomology does not always compute derived functor cohomology. Nevertheless, cup

products always exist in derived functor sheaf cohomology over a site (see e.g. Iversen’s book). o
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This brings us (back) to Kiinneth.
Proposition 21.2 (Kiinneth Formula (simple version)).

(1) Let X,Y be proper varieties over k. Let A = Z/{"7Z or A = Z; (the latter choice is a Zg-sheaf, not
a sheaf).

IfH*(X,A) or H*(Y, A) is a free A-module, then the cup product

U:H(X,A) @ H* (Y, A) — H*(X x Y, A)

is an isomorphism of graded groups (in fact one of graded ringfﬂ).

(2) If X,Y are as above (i.e. proper), then
U H*(X, Q) @ H(Y, Qr) — H* (X x Y, Q)

s an isomorphism of graded rings always.

Recall 21.3 (Fancy Kiinneth, Theorem [20.11). Let X,Y be proper k-schemes (k = E F € Sh(Xe)
constructible, and ¥ € Sh(Yz;) constructible. Then, there is a quasi-isomorphism

L
RT(Xer, F) & RU (Yo, @) = RU((X X Ve, F R )
in DY(Ab). ®

Remark 21.4. When XY are say projective, so Cech cohomology computes derived functor cohomology,

can take R to be the Cech complex, and then the above map is just the cup product. o
Example. Let’s compute H*(C' x P!, Q) where C a smooth proper curve over k = k. Recall
Qg if x=0

H*(C,Q¢) = { Vy(JacC)(=1) if x =1
Qe(—-1) if «x =2

and vanishes for x > 2. Above Vp(JacC) = Ty(Jac C) ® Q. Hence,
Q  ifx=0

H*(P', Q) = 0 ifx=1
Qu(—1) if x =2.

44The ring structure comes from H* (X, A) @ H*(X, A) N (X x X,A) A7 g (X,A)
45k = E° is enough

83



Thus, we see

Qe *=0
Vi(Jac C)(—1) x=1
H(CxPL Qo) = {Qu(-1) @ Qy(-1) x=2 A
Ve(Jac C)(—2) *=3
Qe(-2) * =4

-

Question 21.5. What info does H*(Xﬁét,(@() carry?
(1) Over Fy: gives point counts.

(2) Over K a f.g. field: Galois reps on H* (X7

%.t» Qe) conjecturally carry geometric info (might touch

on this if we get to cycle classes today)

(3) In general, they give linear algebraic invariants attached to your space which are in principle com-

L

Proof sketch of fancy Kinneth for Zy-sheaves. The idea is use leray spectral sequence. To compute some-

putable.

thing on X x Y, we can project to X and then project to Y. But we’ll do this in the derived category

instead of directly using spectral sequences, since it makes things a little cleaner.
(Step 1) Projection formula
Claim 21.6 (Projection formula). Say f : X — S with & a flat Z¢-sheaf (or flat Z/("Z-

sheaf) on Xg, and 4 a bounded above complex of abelian sheaves on S. Then there is a natural
quasi-isomorphism

(RfeF)®9 = Rf(F @ f*9Y).
Proof idea. If ¢ = Z,, this is the identity map. In general, reduce to this case. |

Example. H'(Xy, ug) ~ H' (X%, Z/0Z) @ pe. This is the case where # = Z/(Z and ¢ = p1; and

f: Xz — Spec k. YAN
(Step 2) Consider the diagram
X xY
a
P
X h Y
f
9
Speck

and now assume .7, ¥ are constructible sheaves of Z/¢"Z-modules. To keep this simple, let’s further
assume .7 is a sheaf of flat Z/¢"Z-modules. We want to compute Rf..# ® Rg.¥. By the projection

formula, we have an isomorphism
Rf.7 @ Rg.9 = Rf.(F ® f*Rg.9)
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(if % not flat, use derived tensor product). Proper base change further gives an iso
Rf(7 ® ["Rg.9) = Rf(F @ Rp.q"Y).
A second application of the projection formula now says

Rf.(Z ® Rp.q*9) = Rf.(Rp.(p* 7 ® ¢*9)) = Rh.(F X¥). A

Remark 21.7.
e Above works for an arbitrary base S. It doesn’t have to be Spec k.
e g being proper would have been enough.

e We also could have assume ¢ invertible on S and f smooth (and then used smooth base change) o

21.2 Cycle class maps

Assumption. X is a non-singular variety over k, a field a characteristic p # £.

Motivation. Over C, if you have some d-dimensional (smooth) subvariety Z — X and a 2d-form w €

HZCI{-{(X ), then you can integrate w over Z. Thus, a choice of Z gives a linear function w — || Lwlz €C

on H2%. By poincaré duality, this is the same thing as a class [Z] € HAg™ X 24,

We want something like this in ¢-adic cohomology.

Answer:

Notation 21.8. Let C"(X) be the free abelian group on prime cycles (irreducible subvarieties) of | think
codimension r smooth since

Goal. Define a map ¢l : C™(X) — H (X, A(r)) where A = 7,/¢7Z, Zy, Q. This map will be functorial, | "¢ PPl

and cl' : C1(X) — H*(X,A(1)) (when A = Z/¢"Z) will be the familiar map to purity at

some point

' CY(X) — Pic(X) = H(X,G,,) = H*(X,A(1))
where £ is the Kummer map arising from the short exact sequence
1 — pyn —>Gm—en—>Gm—>1.
Definition 21.9. For Z nonsingular of codimension r, we define
c"(Z) :image 1 € HY(Z,A) = HY (X, A(r)) — H* (X, A(r))

(first iso by purity, Theorem [16.1)). Then we extend by linearity. o
What about for singular Z7

Lemma 21.10. Let Z C X of codimension r. Then,

H%(X,A) =0 for s <2r.

85



Moreover,
HY (X, A) = HY z0ins (X \ Z°79, A).

Note that Z \ Z5™9 C X \ Z*™ is a smooth pair.

Proof idea. Induction on dimension of Z, filter by singular locus, and appeal to another long exact

sequence involving cohomology with supports. |

Remark 21.11. So we've obtained a map cl : C"(Xz) — H*" (X%, A(r)). This map is Galois equivariant.
Hence it restricts to
r-cycles defined/k — H*" (X7, A(r))%*. o

Conjecture 21.12 (Tate Conjecture). Suppose X is smooth, projective over k, a f.g. field (e.g.
fraction field of a variety). Then, the map

C"(X) ® Qp — H* (X7, Qq(r))C*

18 surjective.

Remark 21.13. This is really a rational conjecture. It is known to be false if you replace Q, with Z,, and

is super false if you replace it with Z/¢"Z. o

Example. Suppose X, Y are smooth, projective varieties of dimension m. Assume H*™((X xY")7, Q¢(m))C* #
0. This should imply there is a cycle X x Y w/ non-trivial cycle class a (up to Qg-linear combination).
If you think of « as a map on cohomology, then this is saying that the map is induced by a cycle.

If XY are abelian varieties, this is saying any map between f-adic Tate modules comes from a map of

abelian varieties. Tate proved this over finite fields, and Faltings proved it over arbitrary f.g. fields. A

Remark 21.14. cl factors through cycles mod ‘rational equivalence’ as well as cycles mod ‘algebraic
equivalence’. If you mod out by the kernel of it, then we call this considering cycles up to ‘homological

equivalence’. o

Next time: Chern classes.

22 Lecture 22

Last time: Kiinneth + cycle class amps.

Today: Chern classes of vector bundles + Poincaré duality.

22.1 Chern Classes

What are Chern classes?
Let X be a smooth projective k-field. These properties are not needed for everything (in particular,
not for the definition of Chern classes), but they are needed for some of the nicer properties of Chern

classes.

Goal. Given a vector bundle & on X, we wish to construct cohomology classes ¢;(&) € H* (X, Zy(i)).
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Example. When i = 1, we want ¢, (&) € H*(X, Z(1)). We can actually already construct this.
Recall that Z,(1) is the Zs-sheaf corresponding to the sequence

Zg(1) = (-++ — phgn — fignt1 — <=+ ).

— L . . :
The short exact sequence 1 — ppn — Gy, 22 Gy — 1 give rise to the Kummer maps x» : Pic X —

H?(X, jtgn). These maps are compatible, so glue to give a map

—

k1 Pic X — H*(X,Z(1)) = lim H*(X, j14n).

We define ¢ (&) = k(det(&)). A
Theorem 22.1. There exists a unique assignment & ~ ¢;(&) satisfying

(1) Functorial under pullbacks, i.e. f*(c;(&)) = ¢;(f*&)

(2) (&) = r(det(£))

(8) Multiplicative under exact sequences, i.e. if we define the total Chern class

o(&) =14 c1(8) + c2(8) + - - € P HY (X, Z4 (i),

then for any s.e.s. 0 — & — & — & — 0, one has ¢(&) = ¢(&1)c(&2).

Proof Idea. Same as in topology. Analyze the cohomology of P(&) from which the Chern classes can be
extracted. This gives a construction. For uniqueness: use induction on the rank. Consider 7 : P(8) — X
and note that

0—-% -7 —-0(1) =0

7*& has a line bundle quotient, so ¢(¥") and ¢(€(1)) are determined as is ¢(7*(&)) = (1+¢1(0(1)))e(¥).
Then use that 7* : H*(X) — H*(IP(&)) is injective. |

Remark 22.2. Multiplicativity in short exact sequences means that we actually have a map
K*(X) S @B (X, Z(i)),
i

a (multiplicative) map of sets, where K*(X) is the free abelian group on iso classes of vector bundles on
X modulo [£] = [£1] + [£2] if there is a short exact sequence 0 — & — & — & — 0.

One can modify these to get an actual ring homomorphism

v K*(X) — @H (X, Quli)).
i
The product on the LHS is tensor product while on the RHS it is cup product. o
We can use this to reinterpret the cycle class map. Let C*(X) denote the Chow groups of X, cycles

modulo rational equivalence. The compositions
* h! * 7 .
CH(X) == K*(X)g - D H (X, Qu(0))
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is the cycle class map from before (in particular, the cycle class map is a ring homomorphism).

Fact. For X smooth projective, ch induces an isomorphism
C*(X)g = K" (X)e.

22.2 Poincaré duality
Fix X a smooth variety over k = k°, and let A = Z/mZ with m invertible in k.

Theorem 22.3 (Poincaré duality). The cup product induces a perfect pairing
H (X e, A) x H29X1(X 0 A(d)) = B2 (X g, A(d)) 25 Z/mZ

where Tr is a canonical isomorphism.

Motivation. Suppose X is an oriented manifold. Integration gives a canonical isomorphism

Hém X (X R) LR,

the “trace map.” This makes wedge product

H'(X,R) x HImX-{(X R) — HI™X(X R)
(w,n) — w A1

a perfect pairing.
In the algebraic setting, our variety X is canonically oriented (analogous to complex manifolds being

canonically oriented).

Proof Sketch of Theorem [22.3, Need to construct trace map, and show cup product is a perfect pairing. | Tony Feng’s

(1) We claim something more general. Let f : X — S be a smooth, compactiﬁablelﬂ morphism w/ Lotes are a

good refer-

geometrically connected fibers. We claim there exists a canonical map

ence
Tr: R f,f*%(d) — Z where d = reldim(f).
Recall 22.4. Say we compactify f as

!

/‘\

XﬁX’?S

Then, we define R /{4 := Riﬁu%. ®
This Tr will satisfy

e For curves/separable closed field, agrees with computation we did earlierm

46 f. f factors as X — X’ — S with X < X’ an open embedding, and X’ — S proper
47 Apparently we computed compactly support cohomology of p, before, and for curves over k*®, basically everything is
Mn
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functorial in %

compatible with base change

If f is étale (d = 0)

N7 -7

is the counit of the adjunction between f, and f,.

Compatible w/ compositions.

Tr is the unique natural transformation satisfying all of this.

Proof Sketch. Say we have X :—t> A% L S (always true locally of any smooth morphism). Com-
patibility with compositions says it’s enough to define Tr for g, w. For g, it is the counit of the
adjunction for g, g*. For 7, things are more tricky. One need to essentially redo the computation
of compactly support cohomology of A! but now over a base. We can factor 7 into a sequence

A% — Agfl — -+ — AL — S of relative curves, and then use the curve case.

This gives a construction in this special (“local”) case. It’s not obvious it satisfies all the properties
we claimed. At least, we can say how to do the construction in general. Mayer-Vietoris let’s one

reduce to this case.

Why is this well-defined /unique? Uniqueness is not bad; our construction for “standard étale maps”
forced by axioms. For well-definedness, we had to choose an open set U and choose an étale map
U — AY%. The choice independence of choice of U, take common refinements and argue some

diagram(s) commute. For choice of étale map, suppose we have

X &5 AL

]

AL, —— S

Can reduce to the case of relative curves, and then we’re in luck since the map for curves we

computed long ago is very canonical. |

Claim 22.5. If X IS has geometrically connected fibers, then
R¥Mfif*F(d) — F
is an isomorphism.

For this, reduce to the case of relative curves via structure theorem for smooth morphisms. In the

case of relative curves, check on stalks.
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23 Lecture 23

Last time we started talking about Poincaré duality. Let X be a smooth variety over k = k® of dimension

d. We talked about the construction of the trace map

H2Y(X, A(d)) =5 A

~

where A = Z/{"7, Zy or Q.
Today we want to sketch the use of this for proving Poincaré duality, and then introduce the Lefschetz
fixed point formula. After that, we should have all the preliminaries we need to start proving the Weil

conjectures.

23.1 Poincaré Duality, continued

Theorem 23.1. Let X be a smooth variety over k = k° of dimension d. The cup product induces a
perfect pairing
H (X, A(d)) x H2H(X, A) = H2(X, A(d)) = A

when A = Q.

What’s the idea behind the proof of this? Find a relative version (Verdier duality). Let f : X — Y

be a morphism of k-varieties. Then there’s a map
Rfi : D°(X) — DY)

where D°(—) is the (bounded) derived category of constructible sheaves on —, i.e. category of
bounded complexes of abelian sheaveﬁ on the étale site with constructible cohomology sheaves (and
with quasi-isos formally inverted).

The idea now is to construct a right adjoint to Rf;. This will be an f': D¢(Y) — D°(X). One then
computes that if f is smooth of pure dimension d, then f'(.#) = .#(d)[2d]. Finally, adjointness will imply
that

Rf.RHom"” (7, f'¢) = RHom” ™) (Rfi.7.4),

i.e. we have a canonical equivalence of the above bi-functors.
What does the above have to do with Poincaré duality?

Example. Take X a smooth variety, Y a pt, .#,4 = A (a constant sheaf, think @e)' Then we get an

isomorphism
Rf.A(d)[2d] = Rf.Hom(A, A(d)[2d]) = Rf.Hom(A, f'A) = RHom(RfA, A)

Looking at the front end, this complex (object of the derived category) computes H ?¢(X, A(d)). On

the other end, we have a spectral sequence

Ext’(H(X,A),A) = H"™(RHom(RfiA,A).

48Use abelian sheaves instead of constructible sheaves e.g. so you can take injective resolutions w/o worry
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It A =Q,, the Ext-stuff vanishes, and we're just left with an isomorphism
H.7 (X, A)Y =~ B/ 724X, A(d)),

which is just Poincaré duality. There’s still more to do. This gives a paring which one needs to compare
with the cup product, for example.
When A = Z,, the spectral sequence is non-trivial (may actually have Ext-terms) since torsion gets

involved. A

What’s the modern construction of f' look like? It’s due to Neeman, and the idea is to use Brown
representability (not classical Brown, but one of it’s more categorical analogues). What is the functor
Hom(—, f'¢)? Well, it’s an adjoint, so this functor must be Hom(Rf.(—),%4). One checks that this is

representable (via Brown), and then now you need to compute it for f smooth. For this,

(i) Reduce to the case f: X — S is smooth of relative dimension 1, % = A (take a resolution + some
dévissag@, and ¢ constructible.

Now it’s a non-trivial ‘direct computation’. One simply trick is that if s is a point, then can reduce

to situation over C.
(i) (locally) write any smooth map as a composition of relative curves.
There are details left out. Things aren’t so straightforward.

Warning 23.2. One subtlety we ignored is that we were working with derived categories of sheaves, but
also wanting to allow A = Zy or A = Q, but these aren’t literal sheaves. Sounds like one *can* construct
e.g. a derived category of Zy-sheaves in some generality, but that this is hard. One thing that helps here
is that, for making sense of our statements (e.g. making since of the use of Ext), one mainly only needs
the derived category of Z,-sheaves on a point, and this is easier to make sense of. In particular, these
are just (continuous) Zg-modules, so you only need to be able to make sense of continuous Zy-modules.

Something like this. The upshot is subtly abounds, but things can be done rigorously with work. .
Let’s mention some stuff Poincaré duality gets us.

Corollary 23.3. Let X be a smooth variety of dimension d over k = k*. Then, H'(X, %) = 0 fori > 2d

(where we assume #F prime to chark).

Proof. dual to something in negative degree. |
Remark 23.4. True for arbitrary varieties of dimension d. o
Non-example. Let X be a curve/F,. Then, H2(X, A(1)) # 0. v

23.2 Lefschetz Fixed Point Formula

Let X be a smooth projection over k = k°* with a map p: X — X.

49Whatever that means
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Theorem 23.5 (Lefschetz Fixed Point Formula). Let I', C X x X be the graph of ¢, and let
A C X x X be the diagonal. Then,
2d _ _
deg(T', - A) = Z(—l)l Tr (¢* ~ H' (Xer, Qo)) -

=0

Remark 23.6. Above, I',- A is the intersection of 2 cycles of codim dim X, on X x X. It’s degree deg I',- A
is then a number. We have not talked much about intersection theory here, so in this class, we’ll think

of this as
degT, - A =Tr(cl(Ty) — cl(A)),

the trace of the cup products of their cycle classes. o
Corollary 23.7. deg(A - A) = x(H'(X,Qy)), the Euler characteristic.

We'll apply to this to ¢ = Frob in order to count rational point over a finite field.

23.2.1 Gysin maps

Let 7 : Y — X be a proper map between smooth varieties X, Y. Let’s go ahead and assum efor now that

X,Y are also proper. Then we get a dual map
mo s H(Y, A) — H (X, A(—0)),

where ¢ = reldim(7) = dim(Y) — dim(X). This map is Poincaré dual to 7*. What are some properties
of this?

(1) Ify e H'(Y) and o € H2™Y="(2), then
Trx (me(2) — y) = Try (X — 7%(y))

(this is what is means to be a dual map)
(2) If 7 is a closed immersion, then 7, (1) = cl(Y) (unwind definitions)
(8) (m1oma)w = (1)« o (m2)s

(4) (projection formula)
moly — (@) = ma(y) — o,

(5) If « finite of degree d, then
meomt =dlId.

Most of these follow from (1). (5) is trickier.
In general (X,Y not proper), get a map

7. s H(Y, A) — HL (X, A(—0))

using cohomology with compact supports. Similarly, if X is smooth but not proper, get Lefschetz formula

w/ compactly supported cohomology.
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23.2.2 Example

Example. Say X = IFD]lg:k;S (and chark = 0 to keep things simple). Consider ¢ :  — z™. How many
fixed points does this have? There are n + 1 of them, {0,00} U p,—1. These all have multiplicity one

since 2" — x = 0 is separable (similarly check at co). Hence, #I'y, - A = n + 1. At the same time,

> (=1 Te(p HI(P, Qr)) = Tr(p* | H (P!, Qp)) + Tr(e*| H*(P', Q) = 1+ n.
i>0

On HY, o* =1d (H0 is sections to the constant Q, sheaf, so connected components of P*). What’s going

on on H?? We’re on a curve, so recall

e’n/
HZ (P!, jugn) = coker (Pic p! £=Z  pic ]P’1> ,

so (over k = k® so ppn = Z/"7)
H* (P, Q) = <lﬂ1 coker (Pic pt ) pic IP’1>> ® Q.
What does ¢ do to line bundles? It acts by multiplication by [n] on PicP!, and so acts the same way on

H?(P', Q). Hence, it’s trace is n (keep in mind dim H* = 1 for i = 0,2). A

23.2.3 Proof

Let’s sketch a proof of Lefschetz. We start with a lemma.

Lemma 23.8. Consider ¢ : X — 'Y, and suppose we’re given y € H*(Y,Qy). Fiz (for all time), an iso

Q¢ = Q¢(1) (so we can ignore twists showing up with cycle classes). Then,

@ (y) = p« (clTy) — ¢"y),
where we have projections X & X xY LY.

Remark 23.9. To see what happens to y, take the ‘preimage’, ‘intersect’ with the graph, and then ‘push

forward’. o
Proof. Exercise (and/or look at Milne). The content is the definition of p,. + projection formula. |

Lemma 23.10. Suppose el is a basis of H (X, Qy), one basis for each r. Let ffd_r be the dual basis of
H?""(X,Qq(d)). Then,
cxxx(Ty) =D @"(ef) @ [},

under the Kiinneth isomorphism
H* (X x X, Qe(d)) ~ H*(X, Q) ® H'(X, Qe(d)).

We'll prove this next time (you can also try it as an exercise if you want).
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24 Lecture 24: Last Day of “Foundational” Material

Last time we started talking about the Lefschetz fixed point formula. Let X be a smooth projective
varietym/ k=k®, and let ¢ : X — X be some map. Lefschetz tells us that
2dim X A ‘
To A= > (=1)' Te(p| H'(X, Q).

=0

Example. Say X =| |, Speck is a bunch of points, and we have ¢ : X — X. Then,
#fixed points of ¢ = Tr(w|Q;F).

In this case, ¢ acts by a permutation (matrix) on the finite set X. A
Exercise. Say f : P! — P! is a degree d map (so it’ll have d + 1 fixed points). Check that Lefschetz holds
in this case.

24.1 Proof of Lefschetz

We started the preparations for the proof last time. In particular, we stated the following lemmas (X,Y

smooth, proper below).

Lemma 24.1. Consider ¢ : X — 'Y, and suppose we’re given y € H*(Y,Qy). Fiz (for all time), an iso

Q¢ = Qq(1) (so we can ignore twists showing up with cycle classes). Then,

0" (y) = ps (l(Ty) — q"y),
where we have projections X LxxyLy.

FExercise. Prove this.

Lemma 24.2. Suppose €] is a basis of H' (X, Qy), one basis for each r. Let ffdfr be the dual basis of
H**™"(X,Q(d)). Then,
clxxx(Tp) =D ¢*(ef) @ f7477,

under the Kiinneth isomorphism
H*(X x X,Q¢(d)) ~ H* (X, Q) @ H* (X, Q¢(d)).
Example. If ¢ = id, then cl(T,) = cl(A) = Y e @ fFam*—r, A

Proof. Write cl(T'y,) = Y a; ® f; for unique a; € H* (X, Qy), which is possible since H*(X x X, Qy) is free
as a (right) H*(X, Qp)-module.

Goal. Compute a;’s to show a; = ¢*(e;).

50Can drop ‘smooth’ and ‘projective’ with extra work
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Observe (recall e;, f; are dual bases)
P (e:) = po(cl(Ty) — g e) = pu | Y (0, @ f;) — ¢"e;
=p. (D ((@@f) — (1ee)

=p (D4 @ (f; — @)

2dim X
= Py Zaj & (52']'61 m

= ps (az ®e%d1mX)

= a;.
This completes the proof. |

Proof Sketch of Theorem [23.5 (Assume that the cycle class map sends the intersection product to the
cup product.)
We know that (last equality holds up to sign, cup product graded commutative)

Z‘p ez®fz and Cl Zez®fz Zfi®€i~

Hence,
cd(l'y - A) =cl(Ty) — cl(A) = Z(Sﬁ*ei)fi ® e2dimX

We want Tr(the above) = Tr(p|H"), up to sign (we're not keeping track of signs in this argument). This

is just linearly algebra

Fact. If e; is a basis of V, with dual basis e}, then

A) = Zey(Aei).

Question 24.3. What is 'y, - A?

Claim 24.4. I', - A is simple the number of fized points of ¢ if they each have multiplicity 1.
If Y, Z C X are subvarieties of complimentary dimenion (and X smooth), then (Y - Z), =1 if

o Y 7 smooth at p
o I,YNT,Z =0.

Lemma 24.5. This is satisfies for I'y, A if X smooth, and 1 is not an eigenvalue of p-action on T, X
for p any fized point of p.
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Proof left as exercise.

Example. Hypotheses of lemma are true for X/F, with ¢ : X — X the absolute Frobenius map. A

24.2 Frobenius maps

There are a few different Frobenii, so let’s set straight which is which.

Let X be a variety over F,.

e (absolute Frobenius) This is the F,-morphism Frob? : X — X sending f? <= f on sheaves. This
is a natural endomorphism of the identity functor. To apply Lefschetz, we need to be over an

algebraically closed field, so absolute Frobenius won’t do.

e (relative Frobenius) Consider the Cartesian diagram

X, — X
Fq q

| J

SpecF, Hrob% Spec F,.

Since X is defined over [y, there is a canonical isomorphism qu ~ % .

Example (Affine setting). Say X = SpecF[x1,...,2n]/] so Xz, = SpecF,[z1,...,2n]/I. Then,

Xz = SpecF, @5 Fylz1,...,2n]/I with the left F, acted on through Frobeinus. We have an
q q

isomorphism
Fq ®Fq Fq[$17. . ,acN}/I l> Fq[l‘l, e ,.’EN]/I
coming from multiplication, a ® f(z1,...,zx) — a'9f(z1,... zN). A
Back to the case at hand, relative Frobenius is the map F;’G F below
Fq q
SpecF, Lrob?, SpecF,
Claim 24.6. The fived points of F9 := F? are precisely the Fy-rational points of X . Further-

Xﬁq /?q
more, all fixed points have multiplicity one.

Proof. First part is not difficult. For the second part, suffices to show F'¢ induces the zero map on

tangent spaces. Consider
SpecF,[t]/(t?) — X X

We're taking gth power, but ¢ > 2, so it kills ¢. |
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24.3 Weil Conjectures

What were these again? Say X a variety over Fj,.

Recall 24.7. The Zeta function of X is
Cx(t) =exp

O]

We would first like to show that this is a rational function of ¢. We need Lefschetz for this, so we’ll
stick to the case of X smooth projective. Later we’ll discuss a fancier version of Lefschetz allowing a

proof for more general X.

Proof of Rationality of Zeta Function for X Smooth, Projective. We define

2dim X

Tr(FH (X)) = > (=)' Te(Fo* | H (Xz,, Qo).

=0

We know from Lefschetz that #X (F,:) = Tr(F7 | H*(X)) = Tr((F?)‘|H*(X)). Hence, the zeta function

is

§ ) X))

(x(t) =exp -

n>0

To show this is rational, since Lefschetz involves only finitely many terms, it’ll suffice to show that

Tr((F7)" | H" (Xg,, Qe)t"

CX,T’ = eXp Z n

n>1

is a rational function WLOG, we can write (\; € Q)
To((F)"| H (X5, Q0) = YN

(keep in mind that these cohomology groups are f.dim vector spaces). Thus,

dim H" )\nt dim H" 1
Cx,r = €xp ngl ; exp(% log(l)\it)>H(1_)\t)ng()
is indeed a rational function. |

We can strengthen things. We claim that (x is in fact rational with integer coefficients. This is e.g.

because

dlog (x (t) = Y #X (Fgn)t" ™"

51¢x (t) is an alternating product of these guys
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has integer coefficients.

We won’t go over the functional equation in detail. The point is to plug in Poincaré duality: Hi(X ,Qp)
is dual to H? dimX*i(X, Qe¢(d)), so there is a relationship between (x () and (x o dim x —r(q?t). Figuring
out what this relationship exactly is pops out the functional equation.

24.3.1 Riemann Hypothesis

The remainder of the class will be on this. Let’s begin by recalling the statement.

Theorem 24.8. Say X smooth projective. The Frobenius action F4* H*(XE,@@) has eigenvalues

Ay A € Q, and for any embedding Q(\i, ..., \n) — C, their absolute values are all equal to q/3.

We already know these eigenvalues are algebraic numbers in many cases, e.g. for (smooth, projective)

hypersurfaces.

Example. Say X C P" is a smooth projective hypersurface. Then,
H*(X,Qp) = H*(P",Qy) for x < dim X

(because P \ X is affine + excision + Poincaré duality). Thus, H*(X,Qy) is a twist of Q, unless
* = dim X. We know (from the proof of rationality) that the zeros/poles of (x are algebraic numbers,
and now we know the only thing that can contribute interesting eigenvalues is the middle cohomology,

so all those eigenvalues must be algebraic (there can be no “cancellation”). A

Next time we start on Deligne’s proof of the Riemann hypothesis.

25 Lecture 25

Last time we discussed the rationality of the zeta function, at least for smooth projective varieties. We
left as an exercise showing that PD implies the functional equation. Today, we talk about the Riemann
hypothesis.

25.1 More Frobenii

There are like 4 of these in total. We talked about a couple before. Let’s finish off the list.
Say X, is some variety over F,, and let X = (Xo)ﬁq be its basechange to F,.

e (absolute Frobenius) Frob,,s : X — X acting via f9 <= f on functions/sheaves. This is not a

morphism over F, (it induces the g-power map on F,, which is not the identity), but is one over F,,.

Question 25.1. This induces a map
Frob),. : H*(X,Q,) — H*(X, Frob},.Q,) = H* (X, Q).

abs

What map is this?
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Answer. This is the identity map. Why? The induced map of sites Frob,ps : X¢y — Xt is naturally

isomorphic to the identity. As a functor, this sends U % X to the fiber product U X x prob X — X.
T

We need to show this fiber product is canonically isomorphic to U over X. Well, take as our

isomorphism relative Frobenius
FU/X = (FI‘ObabS’U,ﬂ') U —=U XX,Frob X.

FEzercise. Fy x above is an isomorphism. Use that 7 : U — X is étale.

Hence, absolute Frobenius is probably not what we want to tackle the Weil conjectures.

e (relative Frobenius) This is defined via the diagram.

q
Froby,

l I

SpeclF, —= SpeclF,

Here’s a more concrete description: recall X /F, with it’s absolute Frobenius Frob?, Xo - Xo— Xo

over ;. Relative frobenius is just the base change F'y /F, = Frobgbs, Xy X ?q.

Example. Say X = Az = Spec Fy[t1,...,ts). Then
q

K3

Frobgays : f — fP and FA"/Fq ct; — th.

A

e (Arithmetic,geometric Frobenii) Instead of acting on the ¢;, we can act only on the coefficients.

Consider F}j := Frobgs : Fq — E}. We get two more Frobenii (recall X = Fq XF, Xo)
Fj, xidx, : X — X and F' xidyx, : X — X.

The first (arithmetic Frobenius) raises coefficients to pth power, and the second (geometric

Frobenius) takes pth roots of the coefficients.

Remark 25.2. Frobgps x = (F) x idx) o Fx /i, absolute Frobenius is the composition of arithmetic
Frobenius and relative Frobenius. Hence, these two Frobenii act as inverses to each other on f-adic
cohomology H* (X, Q). )

Assumption. From now on, ‘Frobenius’ will always mean relative Frobenius F .

25.2 Riemann Hypothesis

What’s our goal now?

99



Theorem 25.3 (Riemann Hypothesis). Let Xq be a smooth projective variety/F,, and let X = X, F,-
Then, the eigenvalues of F)*(/k > Hi(X, Qy) are algebraic integers, and for any embedding Q(eigenvalues

;) < C, one has |ay| = ¢'/2.

This statement is false (slash needs to be modified) is you replace relative Frobenius with one of the
others.

We know the Riemann Hypothesis already in some cases.

Example (Hartshorne chpt. IV). We know this for curves. A

Example. If H*(X,Q(4)) is spanned by cycle classes, then we know RH for H*(X, Q).

Proof. Pick a basis of H* (X, Qy(i)) consisting of cycle classes. Can extend base field to assume WLOG

that all cycles defined over Fy. Then,

CH'(X)g, — H*(X,Qu(i))

is Fx /-equivariant, so it acts on H* (X, Q,(4)) trivially. Hence, it acts on H* (X, Q) = H* (X, Q.(4))(—1)

via the (—i)th power of the cyclotomic character x.,.. Now all the eigenvalues are simply ¢ =q¢*?2 n
A

Example. If S is a cubic surface, then H* is spanned by cycle classes. A

Remark 25.4. Tt really is special that the absolute values of the eigenvalues are the same independent of
the embedding into C. For example, 3 = 1 + v/2 does note satisfy this, |1 + ﬂ| #+ |1 — \/§| o

Definition 25.5. If |a| is independent of the embedding, and |a| = ¢*/2, then we say « is a ¢-Weil

number of weight i. o
Let’s get to the proof. We will closely follow Deligne’s original argument. First some reductions.

(i) We can replace F, with Fy». This has the effect of replacing F,, with F} Jk and so raising the
eigenvalues a; to the nth power. Since «; satisfies the desired properties iff o] does (replacing ¢
w/ q™), this is A-ok.

(ii) Enough to show a much weaker statement

Theorem 25.6. Say X smooth and projective of even dimension 2d, and let o be an eigenvalue of
Fx i, on HY(X,Q). Then,

d_
2

gF 7% <o < ¢%t:

for all embeddings Q(«) — C.

Proof that Theorem —> RH. The idea is to take products (“Tensor product trick”).

Let Y be any smooth projective variety of dimension n (possibly not even). Consider Y2M | a variety

of dimension 2nM. By Kiinneth, it’s middle cohomology is

Yy, = B QHY(Y.Q).
11,020
> ij=2nM
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https://terrytao.wordpress.com/2008/08/25/tricks-wiki-article-the-tensor-product-trick/
https://terrytao.wordpress.com/2008/08/25/tricks-wiki-article-the-tensor-product-trick/

Taking all i; = n, for example, we see that
H® (Y, QZ)®2M < H2nM(y21\/[7 @Z)

Now the theorem tells us that for any eigenvalue o of Fix/, ~ H"(Y,Qy), we have

-1 2M 1
anVI 3 < ‘OL| <an+2'

Now we take (2M)th roots to see that

g T < |a] < gFTa.

Taking the limit as M — oo gives |a| = ¢"/2.

This proves RH for middle cohomology of all varieties. We need it in other degrees. Poincaré
duality means it’s enough to do it for H" (Y, Q) for » > dim Y. For this, we note that

H"(Y,Q)®4 @ HO(Y,Q)®? < HATB(vATE Q).

Choosing A, B appropriately can arrange that this is in middle cohomology. Since Frobenius acts

trivially on H®, we can repeat the same sort of argument (fill in details as exercise). |

In order to proceed from here, we’ll need a generalization of Lefschetz fixed point formula for
e Non-proper varieties
e Non-constant sheaves
e Sheaves of modules over Z/{"Z.
Warning 25.7. The cohomology of modules over this ring is not free, so issues can arise in taking
a trace. .
25.3 Lefschetz for...
25.3.1 Non-proper varieties

Suppose U Lxbz=Xx \ U with X smooth proper variety and U an open subscheme. Recall the
exact sequence

Ol)j!QZ‘)@E_)i*@Z‘)O'

This gave rise to the Gysin sequence. Say we have an endomorphism ¢ : X — X s.t. ¢(U) C U and

©(Z) = Z. Then (consider LES in cohomology coming from above short exact sequence),

D ()T Te(e [ H (X, Qe)) = D (1) Tr("[HI(U, Qo) + Y (—1)" Tr(p" | H* (Z,Q0)).

If Z is smooth proper, can apply Lefschetz to X, Z in order to get that
> (=) Te(p" | HL(U, Qr)) = #X¥ — #27
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where these numbers of fixed points are counted with multiplicity.
Question 25.8. #X¥ — #7¢ L 4y
No, or we wouldn’t have asked.

Example. Say X =P!, U = A', and Z = oo. Consider
oz @] [xo+ a1 0 2q).

Then, #U% = 0 (this is the map z +— 2z 4+ 1) and #Z¥ = 1. However, counted with multiplicity,
#(PY)¥ =2 (You want zoxy = x1(wg + 21), i.e. 27 = 0). Note that 2 — 1 # 0.
Also note that ¢ is homotopic to the identity (consider [xg : x1] — [zo + t21 : 21]) so it induces the

same action of cohomology, so Lefschetz tells us that #(IP)# is the Euler characteristic 2. VAN

The issue is that computing multiplicity does not play nicely with restriction to a (closed) subscheme
in general. Hence, we get a Lefschetz fixed point formula <= #U¥ + #2% = #X¥ <— Ve € Z?¥ .
mult,(z, Z) = mult,(z, X).

Example. If ¢ =Frobenius, this holds since all fixed points have multiplicity 1. A

Corollary 25.9. Say U is smooth with smooth compactification and smooth complement, then

#HU(Fn) =D (=1)" Te(Fy | HL(U, Q).
These hypotheses are almost never satisfied, but that’s ok, because we can reduce.

Corollary 25.10. For Uy a variety over Fy. Then,

#Uo(Fgm) = Y (—1)" Te(Fgfy,| He (U, Qo).

To show this, one does some annoying dévissage induction on dimension. We know it for points. The
previous corollary gives it from curves. For surfaces, if we had resolution of singularities, we could find a
smooth compactification with singular complement built out of curves, and then induct. We don’t have

resolution of singularities, so this doesn’t quite work, but something like it does.

25.3.2 Non-constant sheaves

Let & be a lisse Qp-sheaf on X. Consider ¢ : X — X. This gives rise to
H*(X,8) - H* (X, ¢*&).
In order to take traces, we need additionally a map g : ¢*& — &. We then get
(¢, ps)"  H (X, &) 25 HY (X, 07 6) 25 HY (X, &).
If x € X¥ is a fixed point, can look at stalks:
e = Epta) = (9" E)a =5 &u
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Question 25.11.
37 Tr(pal6n) £ (1) Te((p, o) HL(X, £))

zeEX P r

Example. Say X a finite set. We have ¢ : X — X, Q-vector spaces &, and maps pg : &,(z) 2, 8,

> W) =T (Pees: D s~ D).

reEX®

for all . Then this says

which is true since this just computing the trace of a block-diagonal matrix. AN

26 Lecture 26

Recall 26.1. We're trying to prove the Riemann hypothesiﬁ ®
Last time
e Discussed Frobenii

e preliminary reductions

e.g. to an inequality for the absolute values of eigenvalues of middle degree cohomology on an even

dimensional variety
e Lefschetz trace formula. Still a few issues to overcome

— non-proper varieties
— non-constant sheaves (e.g. local systems)

— sheaves over torsion rings (e.g. Z/¢"Z)

26.1 Non-constant sheaves

For a non-constant sheaf & on X, one gets
" H (X4, &) — H (Xer, 0 E).

To be able to trace traces, we need a map Hi(Xét7<p*£) — Hi(Xét7COﬁ), so say we also are given g :

p*& — &. Note that this peg also gives us maps

P&, *

éip(z) —= P (g)a: W

If z = ¢(z) is a fixed point, this is pg 5 : & — &

Goal. If X variety over F, with X = (XO)E' We want a theorem like

D Trlea [ &) =Y (1) Tr ((¢p,06)" | H(Xet, &) -

zEX? i>0

52for smooth varieties over a finite field
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Note the LHS is more ’arithmetic’ while the RHS is more ‘geometric’.
Ezercise. Say X is a finite set. Work out what the goal says in this case.

We’ll want to apply this when ¢ is Frobenius. Where does this ¢ come from?
Question 26.2. When is there a natural map Fg : F*& — & (F = relative Frobeinus).
Answer. If & comes from a sheaf on Xg;.

Recall 26.3. F,;s : Xoy — X is naturally isomorphic to the identity.

O]

Hence, & on Xo/F,, there is a canonical isomorphism F% & — &. Restricting to X4 gives the

desired Fg.

The theorem we actually want is the following

*

Theorem 26.4. Let Uy be a smooth curve over Fy, and let & be a locally constant Qg-sheaf on Uy.

Then,
Y T(E, [ &)= (-1 Te(F | HL(U,&)).

zeUF r>0

Definition 26.5. Let Uy, &, as above. The (-function of &) is

(WG t) =exp | 3 T(EP [ 6) L

m peUF™

Our target theorem (+ finiteness theorems for étale cohomology) implies that ¢(Uy, &y, t) is always ratio-

nal.
Example. If &, = Qy, then ((Uy, Qg, 1) is (y, (t).

Example. Say 7 : Xy — Uy is smooth proper morphism, and set &} := R‘w,Qy. Then,

[T¢Wo. 656" = ¢x, ()

i>0
by the Leray spectral sequence for ’/TE

Some remarks

<&

A

(1) We wrote the target theorem in terms of HZC Using Poincaré duality, we could have written it

instead in terms of H* (X, &V(1)).
(2) Formula can be re-interpreted in terms of 71 (this remark only true for curves).
Recall 26.6.

lisse Qg-sheaves | 78t (Uo, u)-reps
& on Uy into GL(&,) |~

53To show this, use that the differentials are Frobenius equivariant
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LHS of formula was >, cyr_yow,) Tt(Fo | &). Given z € Up(Fy), this is same as a map
SpecF, & Up; hence get a map Gal(F,/F,) — 75t (Uy,T) on 75t’s. Frobenius F, € Gal(F,/F,) gives
a well-defined conjugacy class [F,] € n{"(Uy, @) ~ m$*(Up, ). Thus the LHS has a group-theoretic
interpretation:

Tr(F, | &) = Tr(F, € n$"(Uy))

(Trace in the representation corresponding to the given sheaf).

On the RHS, we had Tr(F | H.(U, &)) = Te(F~' | H*74(U, &V (1))). Say Uy is affine. Then we can
give a group-theoretic interpretation of F~1 ~ H?~*(U, &V (1)) because

H* 7 (U, &Y(1)) = H ' (n1" (U, w), 6V (1))

since affine curves are étale m’s (true for any variety w/ cohomology vanishing above degree 1).

The action of F' can be described group theoretically as follows: Uy — SpecF, induces
1 — 78U, u) — 75" (Up, u) — Gal(F,/F,) — 1.

Claim 26.7. The outer action of Gal(F,/F,) ~ 7{{(U,u) induces action on H' (n{"(U,u), &Y (1),)

agreeing w/ geometrically described Frobenius action.

How will we prove our target theorem?
e Formulation for lcc torsion sheaves
e Pass to cover to reduce to case of constant sheaves
e Pass to inverse limit to get statement for Qy-sheaves

Theorem 26.8. Let Uy be a smmoth, geometrically connected curve over Fy. Let & be an lcc sheaf of
flat Z /" Z-modules (¢ # charF,). Then,

S T(F, | &) = S (-1 TH(F | HL(U, 6)).

zeUF
What does the RHS above mean w/o the context of free modules?

Definition 26.9. Let R be a noetherian local ring. A perfect complex of R-modules is one that is

quasi-isomorphic to a bounded complex of finite free R—modules@ o

This will allow us to reinterpret the RHS in our theorem to a statement about a bounded complex of

finite free R-modules, where (an alternating sum of) traces makes sense.

Proposition 26.10. Let R be a noetherian local ring, and let M® be a complex of R-modules. Say
v : P* — M® is a quasi-isomorphism w/ P® bounded complex of f.g. free R-modules (slightly stronger

54Without local condition, would want it to be “locally quasi-isomorphic” to such a thing
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than M*® being perfect). Suppose a: M® — M?® is an endomorphism. Then, 38 : P®* — P* so that

pe P, pe

4l |

M. o M.
commutes, 3 is well-defined up to homotopy, and
Te(8 | P?) =) (—=1)" Tx(8| PT)

is independent of all choices.

Proof. Non-trivial homological algebra, but "You'll be able to do it if you sit down and try it.” |

Remark 26.11. Not all complexes are perfect, e.g. note that perfect complexes have finite projective

dimension. o

Non-example. Take R = Z/(*Z and M = Z/{Z. We view M as a complex of (Z/¢*Z)-modules
concentrated in degree zero. It is not q.iso to a bounded complex of f.g. free modules. Why?
Suppose it was, i.e. that we have P* : Z/¢Z[0]. This is a projective resolution, so we would get

TorZZ/ﬂZ(Z/ZZ, —) =0 for i > 0. However, we have an projective resolution
- 7/0?7 5 7077 5 70?7 — 70T — 0

which implies that
2
ToriZ/e Z(Z/éZa Z/zt) = Z/0Z for all i.

Here’s a criterion for checking when a complex is perfect
Proposition 26.12 (Mumford). Say R is a Noetherian local ring, and M® is a complex of R-modules.

o IfH"(M?®) is f.g. for all v and H"(M*®) = 0 for r > m, then there exists quasi-iso Q®* — M*® w/ Q'
fg. free s.t. Q" =0 for all v > m.

o If in addition, H (Q®* ®r N) =0 for r < 0 and all f.g. R-modules N, then there erists a quasi-iso
Q°* — P* w/ P* a complex of f.g. free modules supported in degrees 0,1,...,m.

Proof Idea for Second Bullet Point. Replace Qo w/ Qo/im @1, and then check it’s flat. Using Tor crite-

rion for flatness to check. [ |

Remark 26.13. Projection formula + finiteness theorems = for & flat lcc Z/¢"Z-sheaf, the complex
RT'(Ue, &) satisfies the conditions of the theorem. Thus, RI'(Us, &) is a perfect complex, so can make

sense of the expression

"N (1) T (FIH (U, £))

r>0
since we can computed it on a quasi-isomorphic bounded complex consisting of f.g. free modules. o

Won’t prove our target theorem since we’re low on time, and we want to get to the geometric content

of the Weil conjectures.
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26.2 Introduction to main geometric ideas of Weil II

Given X C P" smooth projective variety, we’ll roughly want to find a map Bl X = P! s.t. the fibers have
mild singularities and s.t. the “monodromy” on the middle cohomology of the fibers has large image. Say
the fibers have dimension d. We’ll want to understand & := Rdﬂsm*(@g IS ShQZ(U ) where g, : X0 — U
is the restriction of 7w to the locus where 7 is smooth.

We'll axiomatize the properties of sheaves like & above, and then analyze the consequences for

H'(U, &). This should allow us to do some sort of induction on dimension.

27 Lecture 27

27.1 Last time: Grothendieck-Lefschetz trace formula

Theorem 27.1. Let Uy be a curve over Fy, and let & be a locally constant Qg-sheaf on Uy (where €1 q).
Then,

Y Tr(E | &) =) (-1)"Tx(F | H{(U.&)).

zeUF r>0

We did not prove this, but we said what the main strategy was. We then defined

¢(Uy, &y,t) := exp Z Z w

m geUF™

The theorem implies that this (-function is rational, and can be written in terms of the characteristic
polynomial of Frobenius F on H:(U, &).

27.2 Today: Study ((Uy, &, t) for very special &, arising from Lefschetz fibra-

tions

Note 2. The recording freezes here and then resumes with “... because it’s the main lemma that goes

into the proof of the Riemann Hypothesis, we’ll discuss it in a little bit.”

Lemma 27.2 (MAIN LEMMA, all caps required). Let Xy be a smooth affine genus 0 curv@ over
F,. Let X = (XQ)FQ, and let & be a locally constnat Qg-sheaf on Xy with corresponding representation E
of m¢(Xy). Assume

(1) For each x € |X| (closed points of X ), F, ~ &, the characteristic polynomial has rational coeffi-
cients, i.e. charpoly € Q[¢].

(2) There is a non-degenerate skew-symmetric forﬂ
Y:ExE— Qi—n).

(3) p: mi{(X) — GL(E) actually lands in Sp(E, ), and im(p) is open in Sp(E, 1)), i.e. we have “big

monodromy.”

55in particular, geometrically connected

56Note 7t (X() surjects on Gal(Fq/Fg), so Q¢(—n) makes sense as a 7¢t-rep too
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Then,

(a) E has “weight” n, i.e. the eigenvalues o of Fy ~ &, have absolute value ¢™(1°8®)/2 for any x € |X|

for any embedding Q(a)) — C.

(b) F ~ HY(X,&) has rational characteristic polynomial, and for all eigenvalues o, |a| < ¢"/**1 for
all embeddings Q(a) — C.

(¢c) F ~HY(P',j.&) has rational characteristic polynomial w/ all eigenvalues o satisfying

qn/2 < |a| <qn/2+1.

Imagine & = Riﬂ'*@ , with 7 : X — P! some family of varieties over P!, and say dim X even. You
should think that (¢) above + leray gives contributions to middle dimensional cohomology with a bound
of the form we want (recall Theorem [25.6)). Let’s give some more details.

Question 27.3. Where does & come from?

Definition 27.4. Let X be a smooth projective variety, with embedding |.Z| : X — P" via some
complete linear system. Let ¢ C P™ be a line in the dual projective space, i.e. £ a linear family of

hyperplanes H;. We say this is a Lefschetz pencil if
(1) The base locus (or axis) of the pencil A = (1), H; intersects X transverselyﬂ
(2) X: = X N H; is smooth for all ¢ in a dense open U of ¢

(3) Fort ¢ U (where X; singular), X; has a unique singular point which is an ordinary double point:

Oxp~klt,...,tn] /(non-deg quadratic) (looks like vertex of a quadric cone).
o

Example. {X?+Y?+tZ2 =0} C P2 For t # 0, get a nice smooth quadric surface, but at ¢ = 0 you

get the quadric cone which has an ordinary double point at its vertex. VAN
The Lefschetz pencils are nice because it’s easy to compute their monodromy.

Theorem 27.5 (Existence of Lefschetz pencils). Let X be smooth projective over k = k, and let £
be a very ample line bundle on X. Then, there exists some £ C |f®2’ such that ¢ is a Lefschetz pencil.

(Bertini argument, see SGA7 or Milne’s Etale Cohomology book)

Now let’s explain the strategy for the proof of RH: Let Xy be a smooth projective even dimensional
variety over Fy, say dim Xo = n + 1 (so n odd). We want the eigenvalues of F on H" (X, Q,) (middle
cohomology) to satisfy ¢"/? < |a| < ¢"/?*1,

(1) WLOG may assume X admits a Lefschetz pencil which descends to X, (may need to replace F,

with a finite extension in order to get the coefficients appearing in the equation for the pencil).

57intersection of tangent spaces has dimension dim X — 27
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(2) Can replace Xy with the blowup Bly Xy = (X X £) x; H — £ where A is the base locus of the
Lefschetz pencil and H is the family of hyperplanes. This is a family over P* w/ fibers (Xo) N Hy.

Note that the cohomology of the blowup is built out of the cohomology of X, and the cohomology
of X N (base locus) (which is codim 2 in X). The key claim is Bl4 X — X induces injection
H*(X) — H*(BI).

So can assume X — P! a “Lefschetz fibration”.

(3) Enough to understand eigenvalues of Frobenius on the parts of the leray spectral sequence con-

tributing to the middle cohomology of X, i.e. on

(a) H2 (PL, R ')
R '7,Q, will be a constant sheaf (this is not obvious). Hence, this is equal to H" ™' (X, Q) (—1).
Let Y C X; be a smooth hyperplane section (exists by Bertini). The Lefschetz hyperplane

theorem will tells us that
Hn_l(Xtv QIZ) — Hn_l (Yv QZ)

and this latter space is the middle cohomology of an even dimensional variety (dimY =n—1),
so can induct.

(b) H'(P!, R"7,.Qy)
This cases uses the MAIN LEMMA (LEMMA [27.2)). The monodromy won’t be big in general,

but there will be a piece of it that is big. More details next time.
(c) H°(PY, R"'7.Qy)
In good situations, this is again a constant sheaf. Win via application of Lefschetz hyperplane

+ Poincaré duality.
With the strategy written down, let’s prove the MAIN LEMMA.

Proof of MAIN LEMMA [27.2 Let & be a locally constant Qg-sheaf on Xo w/ F, ~ &, having rational
char poly, skew-symmetric non-deg ¢ : E X E — Qp(—n) and big monodromy. We want to show that
(a) E has weight n.

Lemma 27.6 (Lemma 1). <E®(2k))ﬂ.lét(x) = Qu(—kn)®N, i.e. this tensor-power has simple coinvariants.
Lemma 27.7 (Lemma 2). If for all k, {(Xo, éa()@%,t) converges for t < qleJrl, then E has weight n.

Let’s show these sublemma imply MAIN LEMMA (a). We first remark that lemma 1 gives the
hypothesis of lemma 2. To see this, note that

¢(Xo, E9% 1) = poly coming fgom Hl(X, g@zk)Q |

Above, HS(X ,&92k) = (0 since X affine, so first factor in the denominator is 1. Furthermore,

H2(X, 6%) 22 HO(X, (6Y)% (1)) = (((EV)@?’“)’“? <1>)v = BZ2H(-1) = Qu(—kn — 1)V,
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Hence,

poly
((Xo, &0, t) = W

which satisfies the hypotheses of lemma 2. We’ll talk about the proofs of these lemmas next time. |
28 Lecture 28

28.1 Proof of MAIN LEMMA 27.2

Recall we were in the middle of proving the MAIN LEMMA.

Recall 28.1 (MAIN LEMMA 27.2). Let X, C Ph with X = (Xo)g,. Let & be a locally constant

Q¢-sheaf on Xy, and let E be the corresponding w¢t-representation. Assume
1

(1) Frobenius F, ~ &, acting on the stalks have rational characteristic polynomial for z € | X]|
(2) There’s a non-deg skew-symmetric form ¢ : E X E — Q(—n)
(3) m1(X) — Sp(E, ) has open image

Then,

(a) F has weight n, i.e. eigenvalues of F,, ~ E, have absolute value |a| = ¢"(de82)/2 for all embeddings

Q(a) = C
(b) F ~ H.(X,&) has rational characteritic polynomial and eigenvalues § satisfying |3| < ¢"/?*2

(c) F ~H"(P,j.&), j: X — PL, has rational char poly w/ eigenvalues v satisfying

q"? < || < g

Last time we reduced the proof of (a) to the following two lemmas...

Lemma 28.2.

(®) -@®acm
2k 1 (X)
Proof. First consider the case where kK = 1. Note that
HOIHTFI(X)(E QR FE, Q[) = HOIIl((E X E)WI(X), Q[)

contains our skew-symmetric form ¢ : E x E — Q(—n). Since m; has dense image in Sp(F, 1), we see
that (£ ® E),, (x) = (E ® E)gp(p,yp) from which it follows that Hom((E ® E),, (x), Q¢) = span {1}

For general k, we have

Hom((E®*")sp (.4, Q¢) = span {H (i, 'Uiz)} -

k

110



This is a ‘linear algebra statement about coinvariants of the symplectic statement.” Since each copy of ¥
contributes a Q;(—n) and each spanning element above contains k copies of 1), we see the whole rep is
Q¢ (—kn)®N for some N. [ ]

Lemma 28.3. If for all k, ((X, E®?* t) converges for t < ﬁ? then E has weight n.

Proof. We start off with the Euler product of these zeta functions:

1
det (1 — Ftdegz | gf’?k)-

C(x, 6%, 0= ]

z€e|X]|

Note that if the product converge, then each factor must converge. Hence, det (1 — Ftdes | 51;@2’“)71
converges for [t| < ¢~*"+1). Hence each eigenvalue of Frobenius must satisfy |a| > g(deg@)kn+1 Ap
application of the tensor power trick now gives |a| > ¢(dee®)n/2 " The pairing then gives the other
inequality |a| < g(des®)n/2, |

This proves (a) of the MAIN LEMMA.
Let’s start proving (b), i.e. that F ~ H!(X, &) has rational characteristic polynomial and eigenvalues
 satistying |B] < "/*+2

Proof of (b) of MAIN LEMMA . We're trying to understanding the zeta function ((Xo, &, t); this
is controlled by Frob action on H.(X,&). First recall that H’(X, &) = 0 since X affine. Furthermore,
H?(X ,&) = E, (x)(—1) by Poincaré duality. Since 7 is dense in the symplectic group this is furthermore

H2(X,&) = Er (x)(—1) = Egp(p,4)(—1) =0

(the standard representation of the symplectic group has no coinvariants). Thus,

1
(1 — Fytdes= | &)

((Xo, &,1) =det (1= F*t[HL(X,6)) = []
z€|X|

These factors have rational coefficients, so their product det (1 — F*t | H!(X,& )) does as well. This gives
the first part of (b).

To understand the eigenvalues, it suffices to show this product []det(1 — F,t3%? | &,) converges for
[t] < 1/q”/2Jrl Let a; , be the eigenvalues of F, ~ &,. It’s enough to show that

Z ‘aiﬁmtdegx‘ converges for [t| < leﬂ
This follows from
(1) ‘ai@‘ — q(degac)n/2
Follows from MAIN LEMMA (a).
(2) # closed points of degn is < ¢" + 1
X is an (affine open) subset of P! and P!(Fyn) = ¢" + 1. |

58Poles of this are zeros of its reciprocals or something like that
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This just leaves part (c): F ~ H*(P!,j.&), j : X — P! has rational char poly w/ eigenvalues 7y
satisfying
q"? < ]y| < ¢

Proof of MAIN LEMMA [27.9(¢). Recall the short exact sequence (the third object is a sum of skyscraper

sheaves supported on the complement)
0 — ji& — ju& — 1,17 j & — 0
where X J, P! B P!\ Xy. The LES in cohomology looks like

0 ——— H(P!,j.&) —— H(PL ,i.i%j.&) — S HY(X, &) —— H'(PL ,j.&) —— 0

0 .
H (X, &) Hl(]P’%q,jIé”‘)
We first want to show that frobenius action on Hl(IP’l, j«&) has rational characteristic polynomial. The
main point is that

charpoly (F'| HY(X, &)) - charpoly(F | H(P, j.&))
charpoly (F|im ¢)

charpoly <F| Hl(IP’%q,j*éaD =

and the details of checking that the RHS is rational is left as an exercise.
Let a be an eigenvalue of F' ~ H*(P!,,&). Note that MAIN LEMMA (b) -+ the surjection above

show that || < ¢"™/**1. For other pairing, use Poincaré duality, which gives a perfect pairing
H'(P',j.&) x H' (P, j.6V (1)) — H? (P!, Q(1)).

This sheaf &V (1) satisfies hypotheses of lemma, so can apply upper bound to it’s eigenvalues, concluding

the lower bound we want here. [ |

28.2 Understanding j.& for & locally constant on X

Proposition 28.4. Suppose U C Y 1is an affine open inside a proper geometrically connected curve over
k=k. Let A =Z/{"Z or Qq, { # chark. Let F be a sheaf of A-modules on' Y. Then,

(a) F = j.j*F is an iso iff
(i) For all s € Y \ U, the cospecialization map F, — F5 is injective

(ii) image of above cospecialization map is f#, invariants of inertia group at s.

(b) For F a Qq-sheaf satisfying the above and locally constant on U, the cup product pairing
H'(Y, . 7) x BV (Y, . 7Y (1)) — HA(Y, Qu(1))

is perfect.

(a) is a local computation, and (b) comes out of Verdier duality.
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28.3 Cohomology of Lefschetz Pencils

“T would love to just teach a whole course on this.”

Setup 28.5. Let X be a smooth projective variety with fixed embedding X < P". Let L C P be a

Lefschetz pencil. To this data, one associates the family of hyperplane sections

This satisfies

e generic fiber is smooth

e the singular fibers have unique singularities which are ordinary double points
Recall explicitly that X; = Blynx X where A is the base locus of L.
Notation 28.6. Let S C P! be the set of t € P! where X, is singular.
Assumption. Assume that the fiber dimension is n = 2m + 1 odd.

Notation 28.7. Let U = P!\ S be the locus where 7 is smooth. Let I — s be tame inertia at s, and let
V = (R"7.Q¢);, the ‘monodromy representation of this family.’

Claim 28.8.
(a) Forr #n,n+1, R"m,Qy is locally constant (hence constant since w{{(P!) = 0).
(b) R"m.Qq|y is locally constant and tame (no wild inertia)

(c) For each s € S, there exists a “vanishing cycle” 65 € V(m), well-defined up to sign, so that span{ds}

is dual to the cokernel of the cospecialization map Vs — V.
(d) There’s an exact sequence

cospec.

0 — H™(X,, Q¢) 22 H" (X7, Qe) 25 Qu(m —n) — 0
(e) oy €I, =1, Ze(1) *5 Zy(1). Givenz €V, 0,(z) =z £ ty(0,)(s U d,)0s.

29 Lecture 29

29.1 Refresher on Lefschetz pencils and inertia
Hopefully we can finish sketching the proof of the Riemann hypothesis today.

Question 29.1 (Audience). Can you remind us how the inertia subgroup I is constructed?
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Answer. Start by recalling the context. We have a Lefschetz fibration X C P", a smooth projective
variety, along with a line L C P (of hyperplanes) s.t. the base locus (intersection (0 e, H) intersects
X transversely; X; := X N H; is smooth for almost all ¢ € L; and finally, any singular X; has a unique
singular point which is an ordinary double point (analytically-locally looks like cone point of a cone over
a non-deg quadratic). Recall that, by a Bertini argument, any smooth projective variety (maybe after
changing the projective embedding) admits such a Lefschetz pencil.

Let X := Blpase locus X- Get map 7 : X — L with 771(t) = X;. We wanted to understand the
monodromy of this family, the higher push forwards of the constant sheaf through =. These will be
locally constant Q-sheaves (on some subset(s) of L), and we wanted to understand how ¢
them.

The question was about inertia subgroups of m$. Let S C L be the set of points ¢ so that X is singular.

acts on

Then, R'm,Qy| r\s is a locally constant Q-sheaf for all i, so it corresponds to some representation
(L §) — GLa(Q).
For each s € S, can consider the inclusion Spec Frac é’\L‘s — L\ S. Base changing to k, we get a map
7§t (Spec Frac 0;,_) — n$* (L \ S)7),

and the LHS above is called the inertia group at s € S, and denoted I;. Abstractly, this just looks like
an absolute Galois group GE(( )" Note that this is only well-defined up to conjugacy (omitted basepoints

in our discussion).

Intuition. L\ S is P! minus finitely many points. The picture you should have in mind is that I, is
generated by small loops around s. You don’t get a normal subgroup, but (if I understood correctly) the
normal subgroup it generates is ker (7$*(L\ S) — @$*(L\ (S'\ {s}))).

~

Also, if char k = 0, then this inertia group is just Z (get extensions by extracting roots of ¢).

Example. Consider the family of (affine) elliptic curves
E = {y2 =z(z—1)(z — )\)} — Al

(the coordinate on A! is \). This is smooth over Al \ {0,1}, but the fibers over 0,1 are nodal cubics.
Let’s first consider the picture over C. Note that (topological 1)

™ (A}c \ {0, 1}an) = (70,71)

is free on two generators, a loop around 0 and a loop around 1. Note that R'm,Qy is a locally constant

Qq-sheaf on Al \ {0,1}, so it corresponds to some representation

m (AT {0,1}*") — GLy(Qy).
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One can compute analytically that (after choosing appropriate bases), this representation is

1 2 d 1 0
— an — .
Y0 0 1 g4l 9 1

Note that this is trivial mod 2@ Also note that these two elements topologically generate an open
subgroup of SLa(Qy).

Daniel drew some pictures and explained what was going on, but I didn’t take notes on this... A
Warning 29.2. Properties of these representations depend on parity of cohomological degree. °

Example. Consider quadric surfaces {2 +y?+ 22 +tw? = 0} — P}. Here, inertia will act by reflections

0 1
on H?, i.e. 7 (A!\ 0) ~ Z has generator acting on H*(X;,Z) via (1 O). A

When proving RH, we’ll use special properties of the symplectic group, and this is why we wanted to

reduce to the case of middle cohomology in even dimensional varieties.

29.2 Claims about Lefschetz fibrations w/ odd-dimensional fibers
Call the fiber dimension n = 2m — 1.
(1) For r # n,n+ 1, the sheaves R"m,Qy are locally constant on L (base of Lefschetz fibration).

Example. In elliptic curve example from earlier, we have fibers of dimension 1 = 2(1) — 1. Hence,
for r # 1,2 (i.e. for r = 0), we expect R"7,.Qy to be locally constant. Indeed, R°m,Q, = m.Q, = Q¢

since all fibers are geometrically connected. A

Non-example. To see that R?m,Q, need not be locally constant, imagine a family of genus 2

curves degenerating to two elliptic curves meeting at a point. v

(2) R"m.Qe|r\s is locally constant (use smooth and proper base change), tame (tame inertia is 7)

(3) For s € S, get co-specialization map
0 — H"(X,,Qr) — H"(X7, Q) =25 Qu(m —n) — 0.

Above, 0, € H"(X7,Q¢)¥(m — n) = H"(X7,Q¢(n))(m — n) = H" (X5, Q¢(m)) is the image of
1 under the natural map Q, — H"(X7,Q¢(m)) dual to — U ;. Concretely, the span of 65 is
the kernel ker (H" (X7, Q¢(m))Y — H"(X,,Qr)"). This is why these are called vanishing cycles

(think, ‘homology’ class vanishing when restricted to special fiber).

(4) o5 € I, acts on x € H" (X7, Q) via (Picard-Lefschetz formula)
os(x) =z +t(os)(xUds)ds where t: Iy — Zy(1)

is the natural map (onto the Galois group of the extension obtained by only adding ¢-power roots
of t).

59Ultimately because this representation has to act trivially on the 2-torsion of your elliptic curve
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Example. Returning to the elliptic curve example, we see that the vanishing cycle has cup product
2 with the other loop@ Thus, the vanishing cycle isn’t quite the loop you might have expected,
but is instead twice it. This sort of corresponds to the fact that the lambda line mapping to M; ;

is not an isomorphism, but is instead ramified of degree 2. Don’t ask me why (though maybe ask
Daniel why). A

Let’s quickly recap the road to RH. We want to understand H"H(X ,Qp) and will compute using the
Leray spectral sequence. The interesting part will be HI(IP’l, R"m,Qyp). Hence, we need to understand
this sheaf better.

Goal. Understand 7 acton on the span of the vanishing cycles in H" (X5, Q¢(m)),

Let E C H" (X5, Q) be the span of the vanishing cycles (get well defined span without twisting since
over algebraically closed field).

Proposition 29.3. E is stable under m (L \ S) with orthocomplement
L= H" (X, @Z)WI(L\S)'

Proof. Use Picard-Lefschetz. First observe that {I}scs generate (the tame piece of) m$*(L/S) (ultimately
b/c I generate w1 (P! \ S) in characteristic 0). Hence, to show E is 7i-stable, it is enough to show that
I;(0s) C E, but this holds since

05(55/) =04 :I:t(as)((Ss @] 55’)55 € FE.

Now, say z € E+. Then, os(x) = x so EX C H" (X5, Qg)ﬂ-it, and the other direction is the same
argument. [

Remark 29.4. We want to study the following filtration of middle cohomology
0C ENE+ C EcCH" (X7 Q).

Note that E N E+ is constant (local system) by above. Similarly, H"(X5, Q,)/E is also constant (by
Picard-Lefschetz). The interesting piece is E/(E N E~L). o

We would like to apply MAIN LEMMA to E/(ENEL).
Proposition 29.5.
(1) char poly of Frob on E/E N E* are rational
(2) There’s non-deg skew-symmetric pairing

E E
: X — Q¢(—n
v ENEL  EnNE+L Qel=n)
60Picture a torus. Picture a red loop going the long way around, and a blue loop going the short way around. We

degenerate by pinching the blue loop (giving a nodal curve, i.e. P! with two points glued together). The red loop is the
“other loop” in the sentence before this footnote.
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(8) The image of
mi(L\ S) — Sp(E/ENE*, )

1S open.

Proof. (1) Skip. Non-trivial but “not that bad.”

(2) Pairing inherited from cup product. This is obvious skew-symmetric since cup product is. Why
non-degenerate? Well, we modded out by the orthocomplement.

(3) First step is to show E/ENE* is absolutely simple as a 7;-rep. Use Picard-Lefschetz + vanishing

cycles all conjugate to each other. Then, use the following result

Theorem 29.6 (Kazhdan-Marguliz). Let v be a non-deg symplectic form on a Qg-vector space W, and
let G C Sp(W, ) be a closed subgroup s.t.

(a) W is absolutely simple G-module (i.e. simple over algebraic closure)
(b) G is generated by transvections x — x + ¢ (x,0)d
Then, G contains an open subgroup of Sp(W, ).

Proof sketch. First show G is an £-adic Lie subgroup. Then it is enough to show that Lie G = Lie Sp(W, ¢)
(and use f-adic exponential). Property (b) tells us that Lie G is generated by = +— =+ (z,d)d. At this

point, one is reduced to linear algebra. |
|

Thus, E/E N E+ satisfies the hypotheses of the MAIN LEMMA

30 Lecture 30

Plan today
e sketch remainder of proof of RH
e statement of main theorem in Weil II

e | some applications

30.1 Outline of proof of Riemann Hypothesis
We have reduced things to the following

Claim 30.1. Let X be even dimensional of dimension n+1. The eigenvalues o of Frob ~ H"‘H(XE, Qp)
satisfy the inequality
q"? < |a| < ¢"/*T

The proof of this is via induction on n
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(1) Find an embedding X — PV s.t. there exists a Lefschetz pencil L.
Over an algebraically closed field, can do this (Theorem [27.5), and the claim is unphased by base

extension, so find one over k and then extend to a large enough (finite) subfield for this pencil to
still be defined.

(2) Enough to show theorem for Blyase 1ocus(z) X because H*(X) — H*(B1X), so we will replace X
with this blowup.

(3) Have Lefschetz fibration 7 : BIX — P!. We want to understand H"! of this blowup, so use Leray
H (P, Ri7, Q) = HM(BIX, Q).

The interesting groups are (want to show Frobenius eigenvalues satisfy desired inequality in each

of these groups)

(i) H*(P', R 'm.Qp)
This sheaf R" ', Qy is actually constant, so this is simply H?(P', H" ! (fiber)) = H" ! (fiber)(—1).

The fiber is a variety of odd dimension n. Taking a hyperplane section Z, get a map
H"!(fiber) — H" 1 (2)

(weak Lefschetz for injectivity). The RHS is middle cohomology of an even dimensional variety,
so win by induction.

(i) H' (P!, R"7.Qy)
This is the sheaf we studied in terms of vanishing cycles, so recall the subspace E C R"m,Qy
spanned by vanishing cycles. Let E be its orthocomplement. We break things into the pieces

(a) R"7.Qu/E
This is a constant sheaf by Picard-Lefschetz. Done by Weak Lefschetz.

(b) E/ENE+
Saw last time that this satisfies hypotheses of MAIN LEMMA [27.2] so we win in this case.
(c) ENnEL

This is a constant sheaf by Picard-Lefschetz. Done by Weak Lefschetz.
(iii) HO(P', R"'7.Qy)
In good situations, this is again a constant sheaf. Use the same argument as in (i) + Poincaré

duality.

30.2 Weil IT + Applications

(A special case of?) the main theorem of Weil II is the following:

Theorem 30.2 (Deligne). Suppose U/F, is a smooth geometrically connected (possibly non-proper) curve,
and let F be a Qq-sheaf on U which is pure of weight zero, i.e. F, ~ %, has eigenvalues a s.t. |a| =1 |[Can get in
(under any embedding). Then, Hi(UE7§) is mixzed of weights < 1, i.e. eigenvalues o of Frobenius @ |this situa-
satisfy || = ¢*/? where i € Z>_. tion e.g. by
twisting a
118 sheaf which
is pure of

some other

weight




Corollary 30.3 (by PD). Hl(UFq,ﬁ) is mized of weights > 1.

In particular, the eigenvalues in the corollary can’t have absolute value 1 (in more particular, they
can’t be 1).

30.2.1 Application 1: Semisimplicity of some monodromy

Say m: X — U is a smooth proper morphism of varieties over a field k. For each i, get
pi 73 (Up,u) — GL ((R'm.Qq)u)

(monodromy representation on fiber over u, or something like that).

Theorem 30.4 (Deligne). These representations p; are semisimple, i.e. direct sums of irreducible rep-

resentations.

Proof. Step (i) reduce to case of finite fields. Note m, X, U are all defined over some f.g. Z-algebra (only
finitely many coefficients appear in description of everything). Then specialize to finite ﬁeldlﬂ
Step (ii). Let E C R'm.Qy be a locally constant subsheaf. Want to show it has a complement, i.e.
that
0—>E—>Ri7T*Qg—>F—>O

splits. This extension gives an element of
1
Eth?(Uﬁq) (F E).
In fact it lives in a subgroup of this, it lives in the Frobenius invariants

Extle g ) (F, B)™oP

Us,)
(after replacing k with finite extension so things descend to ground field).
Step (iii) show Ext%t(% ) (F E)¥rob — (. This group is the same as

q

H' (71" (Ug, ), Hom(F, E))*°" = Hy, (Ug , Hom(F, E))"™".

Note that F, E have the same weight i (both subquotients of Rim,Qy), so Hom(F, E) has weight 0. Weil
IT then tells us that Hl(Uﬁq,Hom(F, E)) is mixed of weights > 1 (in fact, of weights 1,2), so 1 is not an

eigenvalue of Frob and we win. |

30.2.2 Application 2: Chebotarev

Theorem 30.5 (Serre). Suppose X is normal with G-cover f :' Y — X, i.e. [ finite étale w/ Galois
group G. Here, X,Y are geometrically connected Fy-varieties. Let p: m{*(X) — G be the representation

determined by f. Let C C G be a conjugacy class. Then,

lim #{r € X(Fgn) | Frob, € C}  #C
n—00 #X(Fq") B #G

61something something specialization map surjective on prime-to-p fundamental group something something
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(we will even see explicit error terms).

Serre did this using Lang-Weil estimates.

Proof. Let 1¢ : G — Qg be the indicator function of C. We want to count

>

z€X (Fgn)

1C(p(FrObz))

This looks somewhat Lefschetz-y. Note that we have a basis of (class) functions on G given by characters,

SO we can rewrite

Z 1c(p(Frobg)) = Z Z aixi(p(Frobg))
zeX (Fyn) zeX (Fyn) x€Ch(G)
where )
a; = % Z #C - xi([C)).
xi€Ch(G)
That is,

c(p(Froby)) (p(Frob,)).

> 1

zeX (Fgn)

4o 2 2 wlC

xEX(IE‘ n) xi€Ch(G)

We'd like to interpret this sheaf-theoretically. Given x; we get a Qg-sheaf .#,, associated to the repre-
sentation

(X)L @ 5 QL (Q0)

(xi is a character, i.e. trace of a representation p,,). Unwinding definitions, we have that
Xi(p(Frobg)) = Tr (Froby ~ (Fy,)a)

(xi is the trace of p,,). Hence, the sum from before becomes

#C e 2dim X '
T Y Y wOWEe, [(F)=Tg X (€)X (<) Tr(Frob | Hi(X,, £y,
XECh(G) z€X (Fyn) x:€Ch(G) i=0
Two possibilities
(1) x; trivial
Get 32290 ¥ Tr(Frob | H(Xg,, Qr)) = #X (Fyn).
(ii) x; non-trivial. Want
2dim X

T(n,x) :=

>

=0

T (Frob | HL(X5,, #y,))

small, i.e. T(n,x)/#X([Fsm) — 0 as n — oo. Now, note that HgdimX(Xﬁq,ﬂxi) is dual to

HO(XFQ ,.#,/(dim)) = 0 because x; has no fixed part (non-trivial irreducible). Get contributions to

Remember:

representatior

Note that

the sum T'(n, x) from Hi(XE , Fy,) for i < 2dim X, so the eigenvalues of Frob have absolute value
q"/? for i < 2dim X. Thus,

ZdJmX 1,

T(n,x) < th)

ZdlmH
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n dim X

so T(n,x)/q" 4™ X — 0 as n — oo. Since #X (F,n) grows like ¢ , we win.
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